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CHAPTER 17 SECOND-ORDER DIFFERENTIAL EQUATIONS

17.1 SECOND-ORDER LINEAR EQUATIONS

Ly —y-12y=0=r-1-12=0=(r—4)r+3)=0=>r=4orr= -3 =y =ce® +ce™

2.3y —y =0=32—1r=0=>13r—1)=0=>r=00rr =1 =y =c;e" + cre* = y = ¢; + coe*
3. ¥/ 43y —4y=0=r"+3r—-4=0= (r+4)r—1)=0=r=—dorr=1=y=cre ™™ +cre*

4.y =9y =0=r2—-9=0= (r—3)(r+3)=0=>r=30rr= -3 =y =cie™ +ce ™

5.y —4y=0=r"-4=0=(r-2)r+2)=0=r=2o0rr= -2 =y=cie* +ce >

6. y—-64y=0=12-64=0=(r—8)(r+8) =0=>r=8orr= -8 =y =ce®* +ce™™

7.2y =y =3y=0=2 ~1-3=0= 2r-3)r+1)=0=>r=3orr=—1=y=cre? +ce™

8. 9y”—y:0:>9r2—1:0:>(3r—l)(3r+l):0:>r:%orr:—%ﬁyzcle%x_i_%ef%x

9. 8y”710y’73y:0:>81r2710r7320é(4r+1)(21r—3):0;>r:fiorr:%:>y:cle’%"+cze%X
10. 3y =20y +12y =0=32 —20r + 12=0= (3r—2)(r—6) =0 = r= 2 orr = 6 = y = cje5* + ce™

1. y+9y=0=r*+9=0=r=0%£3i = y=e"(cjcos3x + c25in 3x) = y = c¢;cos 3x + c,sin 3x

12. y”+4y’+5y:Oér2+4r+5:Oér:w:72:|:iéy:e’z"(clcostrczsinx)

13. y/ +25y =0=1r>4+25=0=r=045i =y =e""(cicos 5x + cosin5x) = y = c;c0s 5X + c,sin 5x

4. y+y=0=r"+1=0=r=04i =y =e"(cjcos X + cp8inX) = y = c;cos X + Csin X

—(— — 27
15,y =2y +5y=0=1> - 2r+5=0=r= ( 2)j:~§(12)) B _ +2i = y = e*(c;co82Xx + c,sin 2x)

16. y/+16y=0=1r"+16=0=r1r=0+4i =y =e"*(cicos4x + cosin4x) = y = c;cos 4x + cpsin4x

17. y”+2y’+4y:0ér2+2r+420$r:%Z*li Siéy:e”‘(clcos 3x+czsin\/§x)

—(=2)%/(=2)*=4(1)(3)

18,y =2y +3y=0=r -2+3=0=r= 20

=1:2i=y= e"(clcos 2X + cpsin \/Ex)

19. y”+4y’+9y:0:>r2+4r+9:0:>r:w:—2:l: 5i:>y:e*2"<clcos 5x+czsin\/§x)
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33.
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35.

—(=4)E\/ (—47-4H)(13) .
4y — 4y + By =0=42 —4r+13=0=r= o =1 4+/3i
=>y= e (clcos 3 X 4 cysin \/gx)

Y =0=r1>=0=r=0, repeated twice = y = c1e’* + coxe’* = y = ¢| + cox

Y +8y +16y =0 =12+ 8416 =0 = (r+4)* = 0 = r = —4, repeated twice = y = cje** + coxe ™

%4—4% +4y=0=12+4r+4=0= (r+2)> =0=r= —2, repeated twice = y = cje X + cyxe >

d’y
dx?

—6%—|—9y:0:>r2—6r—|—9:0:>(r—3)2:0:>r:3,repeatedtwice:>y:cle3"—|-c2xe3X

%+6g—i+9y:0:>r2+6r+9202> (r+3)> =0 = r = —3, repeated twice = y = cje">* 4 cyx e

4?127}2'—12% +9y:O:>4r2—12r+9:0:>(2r—3)2:0:>r:g,repeatedtwice:>yzcle%"—&—czxe%x
4(12}’ 4d}’ — 2 _ 2 _ _ 1 : _ —1x —1x
wt4g ty=0=4"+4r+1=0= (2r+1)" =0 = r = —3, repeated twice = y = cje™2* + coxe 2
43%—4%—1—y:0:>4r2—4r+1:0:>(2r—1)2:O:>r:%,repeatedtwice:>y:cle%"+02xe%"

9327{+6g—i+y:0:>9r2+6r+1:Oé(3r+1)2:0§r:—%,repeatedtwice:>y:cle’%"—|—czxe’%"

93% - 12% +4y=0=9—-12r+4=0= (3r—2)2:():>r: %,repeatedtwice:>y:clf:%"~6-czxe§X
Y/ +6y +5y=0,y(0)=0,y(0)=3=r"+6r+5=0= (r+5)(r+1)=0=r=—-50rr=—1

S y=cie X t+ce =y =5 —ce X y(0)=0=c;+c;=0,andy'(0) =3 = —5¢; —¢c; =3
=C| = —%andq: % =>y= —f—‘e’sx—F%e*X

y' +16y=0,y(0) =2,y (0) = 2=+ 16 =0=r1=0=+4i = y = cjcos 4x + cpsin4x
=y = —4c;sindx + 4cyc084x; y(0) =2 = ¢y =2,and y'(0) = -2 = 4¢c, = —2=c¢; =2andc; = —%
=y = 2cos4x — 1sin4x

Y 4+ 12y =0,y(0)=0,y/(0) =1 =1 +12=0=r=0+2/3i =y = c;cos2v/3x + csin 2/3 x
=y = —2\/3c;sin2v/3x + 2/3 c2c0s 21/3 x; y(0)=0=c¢; =0,and y'(0) = 1 =2v/3c =1
=c¢;=0andc; = 21? =y= ﬁsinZ\/gx

12y" +5y =2y =0,y(0) =1L, y(0)=—-1= 12 +5r—2=0= (4r— 1)(3r+2) =0=>r=1 orr= —2
=y =crel/M 4 e @ oy = Lejell/Dr — 26,e=3% y(0) = 1 = ¢; + ¢ = 1, and y'(0) = —1

= %cl - %cz =—-1l=c = —14—1 andcy = 7 =>y= —14—16(1/4”‘ + %67(2/3))(

Y +8y=0,y(0)=—1,y(0) =2=>r>+8=0=r=0+2/2i=y=cicos 2¢/2x + csin 21/2x
=y = —2v/2¢sin 2¢/2x 4 2/2 cpc0s 2¢/2x; y(0)=—-1=c¢ =—1,and y'(0) =2 = 2v/2¢, =2
=c =—landc, = ﬁ =y =—cos2v/2x + ﬁsin 24/2x
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Section 17.1 Second-Order Linear Equations

Y 4+ 4y +4y=0,y(0)=0,y(0) =1 =2 +4r+4=0= (r+2)* = 0= r = —2 repeated twice
=S y=cie X +oxe X =y = 2ceF + e —2cxe X y(0) = 0= ¢; =0, and
V0)=1=-2ci+co=1=c¢ =0andc; =1 =y=xe >

Y —4y +4y=0,y(0)=1,y(0) =0=12 —4r+4=0= (r—2)* = 0 = r = 2 repeated twice
=y =cie® +cxeX =y = 2c1e® + e + 2c0xe?; y(0) =1 = ¢; = 1,and y(0) =0 = 2¢c; + ¢, =0
=c¢ =1landc, = —2:>y:e2x—2xe2"

4y" — 4y +y=0,y(0) =4,y(0)=4=4 —4r+1=0= 2r— 1)’ =0=>r= 1 repeated twice

=y =cieX* +cxeX =y = %cle%" +crerX + %czxe%"; y(0) =4 = ¢, =4,

and y'(0) =4 = %cl +c=4=c =4andc, :2:>y:4e%"+2xe%X

43% + 12% +9y =0, y(0) =2, g—Z(O) =1=2424+12r+9=0= (r+3°=0=>r= —3 repeated twice
=y= cle’%" + sze’%" = g—i = —%cle’%x + cze’%x — %czxe’%x; y(0) =2=c¢; =2, and %(0) =1

:>—%c1 +c=1=¢ :2and02:4:>y:2e’%"+4xe’%"

9;‘1‘% - 12% +4y=0,y(0) = —1, %(O) =1=92—12r+4=0=3r—2°=0=>r= 2 repeated twice

_ 2 2 dy _ 2 2 2 2 2 . _ _ dy _
=y=cie* tepxet = 3 = scieit + et + sexedy(0) = =1 = ¢ = —1,and (0) =1

:>%01+02:1:>cl :—land02:§:>y:—e§"+§xe%"

y' =2y =3y=0=r"-2r-3=0=(r-3)c+1)=0=r=30rr=—1=y=cie® +ce™

6y —y —y=0=62—1—1=0= 2r— )GBr+1)=0=r=1orr= -1 = y=cie* +cre
4y" 44y 4y =0=42 +4r+1=0= 2r+ 1)’ =0=>r1= -1 repeated twice = y = cje™2* + cpx e 2*

9y + 12y 44y =0=92 4+ 12r+4=0= 3r+2)’=0=>r= — 2 repeated twice = y = cre 3 + coxe 3

1005

4y"+20y:O:>4r2+2O:O:>r:0i5i:>y:e0"‘(clcos 5x+czsin\/§x):>y:clcos 5x+czsin\/§x

p— 2_
YV 42y +2y=0=r>+2r+2=0=r= %)4(1)(2) =—1+i=y=-e"*(cicosx + cpsinx)
25y +10y +y=0=252 +10r+1=0= (5r+ 1) =0=>r= —1 repeated twice = y = cre”s* + cpxe st

6y"+13y’—5y:O:>6r2+13r—5:O:>(3r—1)(21r+5)=0:>r:%orr:—%:>y:cle%"—|—cze‘%X

4y +4y +5y=0=>42 4+ dr+5=0=>1= — :—%ii:>y:e‘%x(clcosx+02sinx)

—4/(4)7-4(1)(6)

V' 44y +6y=0=r+4r+6=0=>r1r= )

16y” —24y' +9y =0= 161 —24r+9=0= (4r—3)> =0=r= 2 repeated twice = y = crei® + cox et

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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52.
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62.

6y" —5y —6y=0=6r"—5r—6=0= (2r—3)3r+2)=0=r=3o0orr=—2 = y=cre? +ce
9y" +24y 416y =0=92 +24r+ 16 =0= (3r+4)* =0=r= —% repeated twice = y = cre 3 + cpxe 3t

4y” + 16y' + 52y =0= 41‘2 +1l6r+52=0=r= w = -24+31 = y = efzx(clcos3x+ C2Sin3X)

6y”—5y’—4y:O:>6r2—5r—4:0:>(3r—4)(2r—|—1):0:>r:%orr:—%:>y:cle%"+cze‘%"

Y -2 42y =0,y(0) = 0,y(0) =2 2~ 2 +2=0=r= SV THOD
=y =e*(cjcosx + cp8inx) = y' = e*(cicos x + ¢;8inx) + e*(—c¢ysinx + cycosx); y(0) = 0= ¢; =0, and
y(0)=2=c¢ +c=2=c =0andc, =2 =y =2e*sinx

=1=+i

Y 42y +y=0,y0) =1Ly (0) =1=r242r+1=0= (r+ 1) = 0= r = —1, repeated twice
>y=cle *toxe*=>y =——ce*—cxe*+e Ny0)=1=c=1lLady(0)=1= —c;+c; =1
=c=landc; =2=y=e*+2xe*

4y”—4y’+y:0,y(0):—1,y’(0):2:>4r2—4r+1:0:>(2r—1)2:O:>r:

=>y= cre2® + cpx et = y = %cle%" + %czxe%" + cze%"; y(0)=—-1=c¢; =—1,andy'(0) =2

l .
2 repeated twice

1 1
:>%cl+02=2:>cl :—landczz%:>y:—ei"—|—%xefX

3y"+y—14y =0,y(0) =2,y(0) = -1 =32 +r—14=0= 3r+7)r—2)=0=r=—Jorr=2

Sy=cie Pt e =y = —lee 4206 y(0) =2 = ¢+ =2,and y(0) = —1 = —L¢j +2cp = —1

_ 15 1 1573 1.2
=c;=Bandc; =} = y=Be /I 4 Lex

— 27
Ay +4y + 5y =0,y(n1) =1,y (m) =0=4’ + 4r+5=0=r1= w =—1 +i
=y =e 2*(cicos X + Cy8inx) =y = —%e‘%x(clcosx + c8inx) 4 e 2 (—cysinx + cac08 x); y(7) = 1
= —e"ic; = l,andy'(7) =0 = f%e’%cl +eicy=0=¢c, =—-e?andc, = f%e%

1

=y =e 2*(—elcosx — le’sinx)

Let r; and r; be real roots with r; # rp. If e"* and e™* are linearly independent, then e"* is not a constant multiple of e™*
1y
Zsz

= XX — ¢ = e TR)X — ¢ Since 1y # 15, ¢ is not a constant, which is a contridiction. Thus e"* and e™* are linearly

(and vice versa). Assume that e"* is a constant multiple of e"*, then for some nonzero constant ¢, e"* = ce™ =

=c
independent.

Let r be the only repeated real root. If e* and x e"* are linearly independent, then e'* is not a constant multiple of x e"*
(and vice versa). Assume that x e"* is a constant multiple of e'*, then for some nonzero constant c, xe"™* = ce"™

=xef—ce*=0=e"(x —c)=0=¢e*=0o0rx —c=0. Since e”™* # 0 = x = c, thus c is not a constant, which
is a contridiction. Thus e"™* and x e"* are linearly independent.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 17.1 Second-Order Linear Equations 1007

63. Letr; = a+ifandr, = a — i be complex roots. If e**cos 3 x and e**sin 3 x are linearly independent, then e®*cos (3 x
is not a constant multiple of e**sin 4 x (and vice versa). Assume that e“*cos 3 x is a constant multiple of e“*sin 3 x, then
for some nonzero constant ¢, e**cos S x = ce®*sin Fx = e**cos fx —ce**sinFx =0 = e**(cos fx —csinGx) =0

=e** =0orcos@x —csinFx = 0. Since e** # 0 = ¢ = cot 3 x, thus c is not a constant, which is a contridiction.
Thus e**cos # x and e**sin 3 x are linearly independent.

64. Lety; and y, be linearly independent solutions of P(x) y” + Q(x) ¥y + R(x)y = 0. Lety; = y1 +y2 = y5 =y| + ¥,
=y3 =y +y). ThenP(x)y5 + Q(x)y5 +R(x)y3 = P(x) (y +y5) + Q(x)(yi +¥3) + R(X) (y1 + y2)
=P(x)y{ +P(x)y5 +Q(x)y{ + Q(x)y; + R(x) y1 +R(X)y>
=Px)y{ +QX)y{ +R(X)y1 +P(X) y7 + Q(x)y; +R(x)y2 =0+ 0=0.Letys =y1 —y2 = y3 = y{ — ¥;
= y3=y{ —ys-Then P(x) y} + Q(x) y; + R(x) y4 = P(x) (y{' — y2) + Q(x)(y{ = y3) + R(x) (y1 — y2)
=PX)y{ —P(x)y; + Q(x)y; = Q(x)y; + R(x) y1 —R(x)y>
=Px)y/ + QX)y; + R(X)y1 — [P(X) y5 + Q(x) y3 + R(x) y2] = 0 — 0 = 0. Thus y3 and y4 are both solutions.

Suppose that y3 is a constant multiple of ya, then there is a nonzero constant ¢ such that y3 = cy;.

_ I4c
1—c

=y +y2 = c(y1 — y2). If we solve this equation for y; we obtain y; = y2 = y1 is a constant multiple of y»,

which is a contradiction since y; and y, are linearly independent = y; + y, and y; — y; are linearly independent.

65. (a) Y +4y=0,y(0)=0,y(mr) =1 =1 +4=0=1r=042i = y=e"*(c;cos2x + cysin2x)
=y = ¢1c08 2x + ¢3sin2x; y(0) =0 = ¢; = 0, and y(7r) = 1 = ¢; = 1 = no solution
b) ¥y +4y=0,y00)=0,y(r) =0=>r>+4=0=r=0=+2i = y=e"*(c;cos2x + c,sin 2x)
=y = ¢1€08 2x + ¢5sin 2x; y(0) = 0 = ¢; = 0, and y(7r) = 0 = ¢; = 0 = ¢; = 0, ¢, can be any real number
=y = cps8in2x

—btyb’—4ac _ b + v/ b2—4ac
2a - 2a 2a
CaseI:  Two distinct real solutions = b — 4ac > 0. Since a, b, and ¢ are positive = 4ac > 0andb > 0

= —dac<0and -b<0=0<b>—dac<b?’=0< /b2 —4dac<b=—-b++/b2—4dac<0
and —b — /b2 — 4ac < 0. Since 2a > () = —bEvb—dac 3:274“ < 0. Thus r; — —biybiodac VZELMC < 0 and

66. Let a, b, and c be positive constants, then r = . There are three cases to consider.

1, = —bovbidac szz_“ac < 0. The general solution to the differential equation is y = c;e"* + c,e™*.
lim (cie"* 4+ c,e”*) =0+ 0 =0.
X—00

Case II:  One repeated real solution = b2 — 4ac = 0. Since a, b, and ¢ are positive = 2a > 0 and —b < 0

=>r= —% < 0. The general solution to the differential equation is y = cje"* + cox e"*. Since
r<0= —r>0. lim(cie™ 4+ cxe™) = lim (cje™ + ) = lim (ce™) + lim (%)
X—00 X—00 € X—00 x—00 €

=0+ lim (=) = 0, using L'hopital's rule to evaluate the limit of the second expression.

—re~TX
X—00 re

Case III: Two complex, nonreal solutions =- b% — 4ac < 0 = 4ac — b? > 0. Since a, b, and ¢ are positive = 2a > 0 and

-b< 0= —% < 0. The roots are r; = —% + —V“;Z_bzi andr, = —% — —V“;z_yzi, thus o = —% < 0 and

8= @ > 0. The general solution to the differential equation is y = e**(cycos 8 x + c,sin 3x). Since
—I<sinffx<land—1<cosBx <1= —lcg| <casinfBx < |co] and —|c1] < cicos Bx < ¢y

= —lc1| — Jea] < cicos Bx +casinFx < [eq] + |co

= e™(—le1] = |ea]) < e™(cicos Bx + cosin fx) < e ([er| + [ca])

lim [e®*(—|c1| — |c2|)] = (=|e1] — |c2|) lime™ = 0 and lim [e**(|c1| + |c2|)] = (Je1] + |e2|) lime®™ =0
X—00 x—00 X—00 x—00

thus by the Sandwich theorem, lim [e**(cicos 5 x + cosin Fx)] = 0.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



1008 Chapter 17 Second-Order Differential Equations

17.2 NONHOMOGENEOUS LINEAR EQUATIONS

I y/=3y —10y=-3=r-3r—10=0= (r—5)r+2)=0=>r=50rr=-2=y. =cie™ +ce ™ y, = A
=y =0=y/=0=>0-3(0)—10A=-3=>A=3 =>y=ce™+ce >+ 3

2. ¥/ =3y —10y=2x-3=r2-3r—10=0= (r—5)(r+2)=0=r=5o0rr = -2 =y, = ;e + cpe >;
Yp=Ax+B =y, = A=y’ =0=0—-3A— 10(Ax + B) = 2x — 3 = —10Ax + (—3A — 10B) = 2x — 3
= —10A=2,-3A-1B=-3=A=-1B=3 =>y=ce™+ce - ix+ 5

3. y—y =sinx=rP-r=0=r1r—-1)=0=r=0o0rr= 1=y, = c1e"™ + ce* = ¢ + c2¢";
Yp = Asinx + Bcosx =y, = Acosx — Bsinx =y’ = —Asinx — Bcosx
= —Asinx —Bcosx — (Acosx —Bsinx) =sinx = (—A + B)sinx + (—A — B)cosx = sinx
=-A+B=1,-A-B=0=>A=-1B=1=y=c| +ce" — Jsinx+ Jcosx

4. vy 42y +y=x2=r2+2r+1=0= (r+ 1)’ =0 = r = —1 repeated twice = y. = c;e™* + coxe™*;
¥p = Ax> + Bx+ C = y] = 2Ax + B =y = 2A = (Ax’ + Bx + C) + 2(2Ax + B) + 2A = x?
= A+ (4A+B)x+ (2A+2B+C)=x> > A=1,4A+B=0,2A+2B+C=0=A=1,B = 4,
C=6=>y=ce*+cxe *+x>—4x+6

5. y'+y=cos3x=r’+1=0=r=0+i=y.=e"(cicos x + c8inX) = cjcos X + csin x;
Yp = Asin3x + Bcos3x =y, = 3Acos 3x — 3Bsin3x =y, = —9Asin 3x — 9B cos 3x
= —9Asin3x — 9B cos 3x + (Asin3x + B cos 3x) = cos 3x = —8Asinx — 8B cos x = cos 3x
= —-8A=0,-8B=1=A=0,B= —% =y = C|COSX + Cp8in X — %cos3x

6. YV+y=eX*=12+1=0=r=0+i=y.=e"(cjcos X + c»8inX) = cjcos X + c,sinx;
yp = Ae™ =y =2Ae™ =y =4Ae™ = 4AeM + Ae™ =™ = 5Ae™ = = 5A =1

= A=1=y=cjcosx + cpsinx + 1e*

7.y —y —2y=20cosx =1 —1r—2=0=(r—2)(r+1)=0=r=2o0rr=—1 = y. = cje®* + cre™%;
Yp = Asinx + Bcosx = yy = Acosx — Bsinx = y;' = —Asinx — Bcosx
= —Asinx —Bcosx — (Acosx — Bsinx) — 2(Asinx + B cosx) = 20cos x

= (=3A + B)sinx + (—A — 3B)cosx = 20cosx == —3A+B=0,-A—-3B=20=A=-2,B=—6
=>y= cre® +cre”™* — 2sinx — 6cosx

8. vy +y=2x+3"=>r"+1=0=r=0%i=y.=cjcosx +csinx; y, = Ax + B + Ce* =y, = A + Ce*
=y, =Ce* = Ce* + (Ax + B +Ce*) =2x +3¢* = Ax + B +2Ce* =2x +3e* == A=2,B=0,2C=3
=A=2B=0,C=3=y=cjcosx + csinx + 2x + 3¢*

9. v —y=e+x=1-1=0=(r—-1)(r+1)=0=>r=lorr=—1 =y, =cie* +ce™™;
yp = Axe* + Bx* + Cx + D = y] = Ae* + Axe* + 2Bx + C = y;/ = 2Ae* + Axe* + 2B
= (2Ae* + Axe* + 2B) — (Axe* + Bx? + Cx + D) = e* + x? = 2Ae* — Bx> — Cx + (2B — D) = * + x*
éZA:L—B:1,—C:O,2B—D:0éA:%,B:—I,C:O,D:—Z

=y =cie" + e 4 gxe* —x? —2
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Section 17.2 Nonhomogeneous Linear Equations 1009

10. v/ +2y +y=6sin2x =12 +2r+1=0= (r+1)> = 0 = r = —1, repeated twice = y. = cje”* + c;xe™*;
Yp = Asin2x + Bcos2x = y; = 2A cos 2x — 2B sin2x =y, = —4Assin 2x — 4B cos 2x
= —4Asin2x — 4B cos 2x + 2(2A cos 2x — 2B sin 2x) + (A sin 2x + B cos 2x) = 6sin 2x

= (—3A — 4B)sin2x + (4A — 3B)cos2x = 6sin2x = —3A —4B=6,4A-3B=0=A= -2 B= 18

25 25

=y =cie ™+ cxe* — 3¢ sin2x — 28 cos 2x
2X.

1.y —y —6y=e*—Tcosx =1 —1—-6=0=(r—3)1+2)=0=r=30rr= -2 = y. = cie¥* + cpe™>;
Yp = Ae™* + Bsinx + Ccosx =y, = —Ae ¥ + Bcosx — Csinx =y = Ae™ — Bsinx — Ccos x
= Ae™™ —Bsinx — Ccosx — (—Ae ™ + Bcosx — Csinx) — 6(Ae™ + Bsinx + Ccosx) = e™* — 7cos x
= —4Ae* + (=7B + C)sinx + (—B — 7C)cosx = e * — Tcosx = —4A=1,-7B+C=0,-B - 7C = -7
=A=-1B=5C=8=y=ce™ +ce ™ — je* + Lsinx + Lcosx

YV 43y +2y=e*+e X —x=r2+3r+2=0=(r+1)(r+2)=0=r=—lorr= -2 =y. = cje > + ce 2,

yp = Axe* +Bxe ™ + Cx+D =y, = Ae * — Axe >+ Be > —2Bxe > 4+ C
—2Ae ¥+ Axe ¥ —4Be X + 4Bxe X = —2Ae X + Axe ¥ — 4Be > + 4Bxe X

12.

" __
=y =
+3(Ae™ —Axe > +Be > —2Bxe X +C) + 2(Axe X +Bxe * +Cx+D) =e* +e ¥ —x

— Axe ™ —Be 2 +2Cx+ (3C+2D)=e* fe > —x=A=1,-B=1,2C=—1,3C+2D =0
=A=1,B=-1,C=-1D=1=y=ce™+ce > +xe*—xe > —Ix+1

&y dy _ 2 2 — — _ — _ _ 0-x —5x __ —5x
13. ZH+5E =15 =2 +5r=0=1(r+5)=0=r=0o0rr= —5=y. = cie”* +ce™* = ¢; +cre™%;
yp = Ax® + Bx® + Cx = y) = 3Ax* + 2Bx 4+ C =y} = 6Ax + 2B = 6Ax + 2B + 5(3Ax* + 2Bx + C) = 15x

= 15Ax*> + (6A + 10B)x + (2B 4+ 5C) = 15x* = 15A = 15,6A+ 10B=0,2B+5C=0=A=1,B=-3,C= £

—5x 3 3,2 6
=y =c] +ce + X7 — X7+ 55X
r—1)=0=r=00rr=1=y. =ce? +cre!™ =c; + coe*;

Py & gy 13=2 r=0=r
—8x+3= —-2Ax+ (2A—-B)=—8x+3

4. =5 — 2
dx? dx
yp:Ax2+Bx:>yr’,:2Ax+B:>yl;’:2Axé2Af(2Ax+B):

= 2A=-82A-B=3=A=4,B=5=y=c +cef+4x>+5x

15. %— g—i:e3"—12x:>r2—3r:0:>r(r—3):0:>r:00rr:3:>yc=cle°"‘+cze3":cl+c2e3";

¥p = Axe™ 4+ Bx® + Cx = y] = Ae™ 4 3Ax e’ + 2Bx + C = y/ = 6Ae™ + 9Axe™ + 2B

= 6Ae™ + 9Axe®™ + 2B — 3(Ae™ + 3Axe™ + 2Bx + C) = e — 12x = 3Ae®™* — 6Bx + (2B — 3C) = e — 12x
=3A=1,-6B=122B-3C=0=A=4B=2C=7 = y=cy +ce™ + {xe™ +2x* + {x

16. %4—73—1:42x2+5x—|—1:>r2+7r:0:>r(r+7):0:>r:00rr:—7:>yc:cleo"—i—cze’%‘:cl—i—cze’h,

Yp = Ax® + Bx* + Cx =y, = 3Ax* + 2Bx + C = y;' = 6Ax + 2B
= 6Ax + 2B + 7(3Ax? + 2Bx + C) = 42x? 4+ 5x + 1 = 21Ax> + (6A + 14B)x + (2B + 7C) = 42x> + 5x + 1
2 = y=ci+ee M +2x3 - 1x? + 3x

= 21A=42,6A+14B=52B+7C=1=A=2B=-1,C=2

V4y =x, =22+r=0=rr+1)=0=r=00rr=—-1=y. =ce® +ce*=ci+ce*=y =1y, =e*

17.
0 e ‘1 0
>vi=p ;: = =22e" —xand v} = 10;}( =2 =xe =y :fxdx: 1x? and
‘0 —e ‘0 —e*
=i —x+1=y=ci+ce*+1ix*—x

vy = f—xe"dx = —xe*+e* =y, = 3x*(1) + (—xe* +ef)er =}
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1010 Chapter 17 Second-Order Differential Equations
<x<Z=r+1=0=r=0%xi=y.=cC[COSX + Cp8inX = y| = COSX, yp = sinX

18. y' +y = tanx,
0  sinx cos X 0
tanx cosx —si . —sinx tanx .
:> V/ — ; — sin X tan X — —sinX - S — sm X andv - — COS X tan X — COSX - sin X — sin X
1 Cos X s X 1 COS X COS X 2 COS X sSin x 1 COsS X
—sinx cosx —sinx cosx
:>v1:—fs'"," 7f°°”_l x—f C"”— L ) x:f(cosx—secx)dx:sinx—ln|secx+tanx| and
COsS X Cos X COS X COS X
) = fsinxdx = —CosX = yp, = (sinx — In[secx + tanx|)(cosx) 4+ (—cos x)(sinx) = —(cos x) In|sec x + tan x|

=y = cC0s X + cp8in X — (cos x) In|sec X + tan x|

2+1zoérzoiiéyc:clcostrczsinxéy] = COSX, Y2 = sinx

19. y+y=sinx=r
0 sin X cos X 0
sinx cosXx —sin2 . —sinx sinx i .
=v| = L = —S0X — _gin?x and v} = —— = SNXCOSX — gin X cOs X
cosx  sinx 1 cosX  sinx 1
—sinx cosx —sinx cosx
— _'2d_ cos2x —1 _ 1 _ 1 d _ : d_l~2
= V] = sSIN“Xdx = P dx = 4sm2x 2X, anda vy = SIN X COS X dX = 251n X
?x — Ixcosx + sinx — 1sinx cos’x

= yp = (4sin2x — 1x)(cosx) + (3sin’*x)(sinx) = 1sinx cos
1XCOSX 4 3sinx =y = ¢jcos x + cpsinx — $x cosx

2
- —X

20. y' 42y +y=¢" =2 +2r+1=0= (r+ 1) =0=r = —1, repeated twice = y. = cje”* + c,xe
=y =e %y, =xe*
0 xe™* e 0
;o e et exe ] x —e* et 1.2 _ 2X 3v 1o .2x |, 1.2x
=V == ] = o = x e2 andvz—ixe,x = x=e"=v fxe dx xe* + ;e
—e* e *—xe* —e* e *—xe*
_ 2 gy — 142 _ 2% 4 1.2 1.2 —xy _ 1 - - 1
andvz—fe"dx—iexéyp—( ixe™ + ™) (e™) 4 (3e¥) (xe™) = je* = y = cje* + coxe* + je
21 y/ 42y +y=e™* =2 +2r+1=0= (r+1)> =0 = r = —1, repeated twice = y. = cje™* + c;x e *
=y =e Xy, =xe*
0 xe * e * 0
p_ et e oxe M| xe™ ’_ —e* et e — — _1y2
=V =1= = = xand v, = = Py _e,ZX_1:>v1_ fxdx_ X
—e * e *—xe* —e * e *—xe *
1 - - 1,2.— -
andvzzfldx:xéyp:(fi)(?)(e )+ (x)(xe™) = 1x%e ¥ = y = cje ¥ + coxe F + Ix%e ™
2.y —y=x=r'-1=0=0-1)r+1)=0=r=lorr=—-1=y.=cie¥+ e *=y =y, =e*
0 e~ et 0
X —ef| _ —xe™* _ 1 —X o et x _oxer 1, .x _1 —X _ _lya—x _ l,—x
=V PR 5o =sxetand v, = 7 = 55 = —3Xe :>V1—2fxe dx = —5xe €
er —e X er —e X
_ 1 X _ 1 X 1 .x _ 1 —X 1 ,—x)ax 1 X 1 x\.—x
andvz_—zfxe dx = —1xe* 4 je* =y, = (—3xe ™ — je¥)e* + (—ixe* 4 jet)e ™t = —x
=y=cet+ce*—x
23y —y=e=rP-1=0=(r-1)+1)=0=r=lorr=—-1=y. =cie* +ce "=y =€y, =e*
0 e* et 0
p_ e —e P A R S g _fl 1 __lfzx _ 1.2
SV = =g msad vy =7 =5 =" =V = [;dx=3xand v, = —; JeTdx = —ze
eX 787)( eX 767)(
1 X 1 .2x) .—x 1 X —X
= yp = (3x)e* + (—je)e™ = jxe* — je* =y =cje* + e F + jxe
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Section 17.2 Nonhomogeneous Linear Equations 1011

24,y —y=sinx=r’-1=0=(r-1)+1)=0=>r=lorr=—-1=y. =cie* +ce * =y =, ys =e ¥

0 e e* 0
;o sinx —e™|  _eXginx _ 1 —X o ;o |€ sinx| efginx _ 1.x o
SV = Ha T = o = e Ssinxand vy = (7 = S25F = —je¥sinx
eX _67X eX _67X
=v = %fe"‘sinxdx = —je *cosx — ye *sinxand v, = —%fe" sinxdx = Je*cosx — je*sinx
— (_1,—x ol a—x g X 1.x _ 1l.x -x _ _ 1 _ X —XaX _ 1g;
= yp = (—3e 7 cosx — e *sinx)e* + (je*cosx — ye*sinx)e™ = —1sinx = y = cje* + cre¥e* — 3sinx
4/ A5 . _ .
25. Y +4y +5y=10=>r>+4r+5=0=r1= T()() = —24i=y=e(cjcosX + cp8inx)
0 e 2Xsinx
_2x A OXes r_ 10 e *cosx—2e~>sinx _ —10e7¥sinx 1 (a2Xe
= y] = e 7CosX,yr = e~ *sinxX = V| = ~Toorx Ty = — = —10e”*sinx
—e ZXsinx—2e"2Xcosx e 2*cos Xx—2e~Z*sin x
‘ e 2Xcosx 0
e 2Xg; —9, 2Xr v 10 —2x
and v} = —¢ _sinx—de T oosx o = 10 Zeosx — 10eZ*cos x
e COS X e Sin X €
‘ —e ZXsinx—2e"2Xcos X e Z*cos Xx—2e~Z*sin x
=V, = —flOez"sinxdx = 2e*cos x — 4e*sinx and v, = f 10e*cos x dx = 2e*sin x + 4e?*cos x

=y, = (2e®cos x — 4e*sinx) (e "*cos x) + (2e*sin x + 4e*cos x)(e"Hsinx) = 2 = y = e *(cjcos X + c8inx) + 2

26y -y =2=12—r=0=rr—-1)=0=r=00rr=1=y. =cie"* +ce* =c; +ce* = y; = 1,y, = ¢&*
0 e 10
r_ |2 e ke o |0 2] x onx _ fx _ 15
=V =T = ====-2 andvzflexfe—xf(g) = vy =— [2*dx = 52" and
0 et 0 et
_ 2\X 30 1 (2)\X _ (1 Ax 1 (2\X\ax _ (1 1 X _ _In2—1 »~x
V2 = f(e) dx=75(3) = Y% = (@22) D+ (25 (2) ) = (2 + 27)2" = W2(n2-1) 2
_ X In2—1 X
=y =c1+ e + a2
& . . .
27. d—x¥+y:secx,f§ <x<g:>r2+1:0:>r:0:t1éyc:clcosx+czslnxéy1 = COSX, Y2 = sinx
0 sin X cos X 0
SeCX COSX —si —sinx secx .
= v = > = ZSOXSCX — _fapxandvj = —————— = L —g§inx= v, = f—tanxdx
cosX  sinx 1 cosX  sinx 1
—sinx CcosX —sinX CcoSX

= —f%dx = In|cos x| and v, = fl dx = x =y, = (In|cos x|)(cos x) + (x)(sinx) = cosx In|cos x| + x sinx

=y = C1€08X + C28in X + cos x In|cos x| + x sin X

d?y dy X 2 0-x X X
B g =ccosx=1r-1=0=rr—-1)=0=r=00rr=1=y.=cie’* +ce* =c; +cze
0 e*

1 0
= =1 _aX = ! e*cosx e _ —eXcosx _ X d ! ‘0 e*cos x _ efcosx __
Yyir=1,y,2=¢ Vi = T o = — = —e*cosxand v, = T = Tt = COsX
0 e* 0 ex
=V = ffe"cosxdx: f%e"sinxf %excosx and and v, = fcosxdx: sin X

= yp = (—2e*sinx — Le¥cosx) (1) + (sinx)(e*) = 1e¥sinx — leXcosx = y = ¢| + cpe* + Le¥sinx — 1eXcosx
29. y" = 5y' = xe™, yp, = Ax’¢™ 4 Bxe™* = y, = 5Ax%e”* + 2Axe™ + 5Bxe”™ + Be™
= yg = 25Ax%e> + 20Ax e + 2Ae>* + 25Bxe>* + 10B &>

= (25Ax%e™ + 20Ax e + 2Ae™ + 25Bxe™ + 10B &™) — 5(5Ax%e™ + 2Ax ™ + 5Bxe™ + Be¥) = xe¥*

= 10Axe™ + (2A+ 5B)e™ =xe¥ = 10A=1,2A+5B=0=A= 1 B=—L =y, = Lx%
P?-5r=0=rr—-5=0=r=00rr=5=y. = cie?* + e = ¢ + ¥

— 5x 1 2.5x 1 .5x
=y =cC1+ce" + jgXxe 35X¢€

Sx 1 ¢ a5x.
35Xe,
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1012 Chapter 17 Second-Order Differential Equations

30. y" =y =cosx +sinx,y, = Acosx + Bsinx = y; = —Asinx + Bcosx = y,' = —Acosx — Bsinx
= —Acosx —Bsinx — (—Asinx + Bcosx) = cosx + sinx = (A — B)sinx + (—A — B)cosx = cosx + sinx
:>A—B:1,—A—B:l:>A:O,B:—1:>yp:—sinx;r2—r:0:>r(r—1):O:>r:Oorr:l

=y, = c1e%* + cre* = ¢ + cref = y=cj+ cre™ —sinx

31. y" +y =2cosx +sinx, y, = Axsinx + Bxcosx =y, = Axcosx + Asinx — Bxsinx + Bcosx
=y, = —Axsinx + 2Acosx — Bxcosx — 2B sinx
= (—Axsinx + 2Acosx — Bxcosx — 2B sinx) 4+ (Axsinx + Bxcosx) = cosx + sinx
= —2Bsinx + 2Acosx = 2cosx +sinx = —2B=1,2A=2=A=1,B= —% = yp = Xsinx — %XCOSX;
r2—|—1:0:>r:0:|:i:>yc:clcosx+czsinx:>y:clcosx+czsinx+xsinx—%xcosx
32. y' 4y — 2y =xe',y, = Ax%¢* + Bxe* =y, = Ax’¢* + 2Axe* + Bxe* + Bet
= yg = Ax?e* + 4Axe* + 2Ae* + Bxe* + 2B e*
= (Ax%e* + 4Axe* + 2Ae* + Bxe* + 2Be*) + (Ax%e* + 2Axe* + Bxe* + Be*) — 2(Ax%e* + Bxe*) = xe*
= 6Axe* + (2A+3B)e* =xe™ = 6A=1,2A+3B=0=A =1 B=—1 =y, = Ix% — Jxe¥
P4r—2=0=(r+2)r—1)=0=r=-2orr=1=y. =cie > +ce* = y = cje > + cz¢* + 1x%" — ixe*

33 dz—y—d—y—ex—i—e_"=>r2—r—O:>r(r—])—0=>r—00rr—1:> = c;e0* X = X
e e = = = = Ye = C1€°" 4+ C2€" =1 + €

0 & ‘1 0
— _ X ;o |ette et e X —X 10 e eqex —2x
@ yn=lyp==="=vi=—mgagr— =" =—¢-—ctadv,= "G =""=1+e¢
0 e* 0 e

= v = f(—eX —e¥)dx=—e* +e andv, = f(l +e ) dx =x — 1e™™

= yp = (—e* +e ) (1) + (x — ze77)(e*) = —e* +xe* + je ¥ >y = +exet + je
(b) yp = Axe* +Be™ =y, = Axe* + Ae* —Be ¥ =y, = Axe* + 2Ae* + Be™*

= (Axe* +2Ae*+Be ™) — (Axe* + Ae* —Be ™) =e* e = Ae* +2Be ¥ =e* +e7*

=A=1,2B=1=A=1B=1=y=c+ce"+xe"+je*

34, &y 743—1 +4y=2e" =12 —4r+4=0= (r—2)° =0=r = 2, repeated twice = y. = c;e** + c;x 2

dx2
0 xeX e* 0
a2 g a2x ;o |28 eP42xe™| | _oxet ) dv! — 2e™ 2™ — 2" _ 9y
(@) y1=e™,y, =xe” = Vi = e X 62X = Tk = —<Xand vy = ¢ XX — T

2e?* e 42x e 2e? e 42x e

=V = f(—ZX) dx = —x*and v, = f2dx =2x =y, = (—x%)(e*) + (2x)(x ) = x? &*
=y =cre® + cxe* +x2 e

(b) yp = Ax?e™ =y, = 2Axe™ + 2Ax%e™ =y = 2Ae™ 4 8Axe™ + 4Ax% ™
= (2Ae™ + 8Axe™ + 4Ax% e™) — 4(2Ax e + 2Ax? ) + 4Ax% ™ = 2e™* = 2A ™ = 2e™
=2A=2=A=1=y=cie® +cxe* +x%e*

35. %—43—1—Sy:e"—i-4:>r2—4r—5:0:>(r—5)(r+1):0:>r:50rr:—l:>yC:cle:5"+cze‘x

0 e e 0 ‘
@ yi=ety=et = v)= 1 T o clolet _ dend g 25 gngy) = PO CHE e L 2
5e%  —e X 5% _e—x
=V = f(ée"‘" + %6’5") dx = —ﬁe"‘" — %6’5" and v, = f(—éez" — %e") dx = —%ez" — %e"
=yp=(—ge ™ —Ze™) (™) + (—pe* —2e*)(e ) =g —t > y=cie +t e — et — 2

(b) yp=Ae*+B =y, = Ae* =y, = Ae* = Ae* —4Ae* + —5(Ae* +B) =e* +4= —8Ae* —5B=¢"+4

= -8A=1-5B=4=A=—§ B=-1=y=ce™+ce*—je'—1
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37.

38.

39.

40.

41.

42.

Section 17.2 Nonhomogeneous Linear Equations

©odx?

2.

dy —93—1 =9%*=r-9r=0=r(r—9) :O:>r:00rr:9:>yc:cleo"‘+cze9x:c1 + ce¥*
0 e9x
967 9% _geltx o 9e 06

@ yi =1y, =¢* =V = T o — 9% — ande_ o] = o = 1
‘0 9e9% ‘O 9e%

= v, = f(—e9")dx = —ge™and v, = f(l)dx =x =y, = (—4¢™) (1) + (x)(€™) = —ge*™ + x e
:}y:cl+0269x+xeg
(b) yp = Axe™ =y, = 9Axe”™ + Ae”™ = yy = 81Axe™ + 18A ™
= (81Axe™ + 18Ae™) — 9(9Ax e + Ae™) = 9e™ = 9Ae* = 9% = 9A =9 = A =1
=y =cy +ce”™ +xe*

V+y=cotx,0<x<7m=r’+1=0=r=041i=y.=cjcosXx + cz8inX = y; = cOSX, y = sinx

0 sinx COos X 0
’ CcOtX CcOosX —si ’ —sinXx cotx < < 2
=v| = : — =sinxcotx _ _ginx ¢ — —cosX and v) = ¢ — COSXCOLX _ oy . gpsx —_ c9s X
COS X S x 1 sin X COS X S x 1 s x S x

—sinx cosx —sinx cosx

=V = —fcosxdx =sinxand v, = fcs‘l’;;‘dx = fl SI“I‘I“x"dx = f(ﬁ — %)dx = f(cscx — sinx)dx
= In|cscx + cotx| — sinx = y, = (sinx)(cosx) + (In|cscx + cotx| — sinx)(sinx) = —(sinx) In|csc x + cot x|

=y = C1c08X + cz8in X — (sinx) In|csc x + cot x|

V+y=cscx,0<x<m=rP+1=0=r=0+i=y.=c[CoSX + cosinX = y; = COSX, y» = sinx

COos X 0
—sinx cscx

0 sin X
CSCX COSX

— zsinxesex _ _gpnx L — _1andv. =
1 Sin X 2

__ COSXCSCX __ 1 __ cosx
= =COSX* =7 = ==
1 sin X sinx

A
=v| =

cosx  sinx cosx  sinx

—sinX CcOSX

—sinX cosX

=V = f(—l)dx = —xand vy = f“’“dx =In|sinx| = yp, = (—x)(cosx) + (In[sinx|)(sinx)

Sin x

= —xcosx + (sinx)In [sinx| = y = cjcos x + ca8inx — x cos X + (sin x)In |sin x|

yV -8y = =12 - 8r=0=r1r—8)=0=r=0o0rr =8 =y, = c1e®* 4 c,e® = ¢; + c,e¥*
yp = Axe® =y = Ae™ + 8Axe® = y// = 16Ae™ + 64Axe* = (16Ae™ + 64Axe™) — 8(Ae™ + 8Axe™) =
= 8Ae™ =e™ = BA=1=A =1 =y=c +ce™ + gxe™

V' +dy=sinx = 1> +4=0=r1r=0%2i = y. = e”*(c;cos 2x + csin 2X) = c;c0s 2X + c,sin 2x;

Yp = Asinx + Bcosx =y, = Acosx — Bsinx = y;/ = —Asinx — Bcosx

= (—Asinx — Bcosx) + 4(Asinx + Bcosx) = sinx = 3Asinx + 3Bcosx =sinx == 3A=1,3B=0
= A=1,B=0=y=cicos2x + cpsin2x + § sinx

V—y=xX"=1—r=0=rr—-1)=0=r=00rr=1=y. = ;e + c,e* = ¢| + c2¢*;
yp = Ax* + Bx? + Cx? +Dxéyp*4Ax + 3Bx? +2Cx+D:>y”*12Ax + 6Bx + 2C
= (12Ax% + 6Bx + 2C) — (4Ax3 + 3Bx®> + 2Cx + D) = x*

= —4Ax® + (12A — 3B)x> + (6B —2C)x + (2C —D) = x> = —4A = 1, 12A—3B =0,6B—2C =0,2C — D =

:>A:—%,B:—1,C:—3,D:—6:>y:cl+czex—%x4—x3—3x2—6x

YV 44y +5y=x+2=1+4+5=0=>r= _4iv3;1) = -24+i=y,=e2*(cicosX + cysinx)
Yyp=Ax+B =y, = A:>y”—0:>0—|—4A+5(AX—|—B)—X+2:>5AX+(4A—|—5B)—X+2:>5A—1
4A+5B=2=A=1B=2=5=y=e(cicosx + cosinx) + 1x +
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1014 Chapter 17 Second-Order Differential Equations

43 Yy 42y =X~ =P+ 2r=0=r1rr+2)=0=r=00rr = -2 =y, = ;e + cre > = ¢; + cre™ >,
¥p = Ax® + Bx® + Cx + De* = y; = 3Ax” 4 2Bx + C + De* = y;' = 6Ax + 2B + De*
= (6Ax + 2B + De*) + 2(3Ax% + 2Bx + C + De*) = x> — e¥ = 6Ax> + (6A + 4B)x + (2B + 2C) + 3De* = x> — &*
=6A=16A+4B=0,2B4+2C=0,3D=-1=A={B=—;,C=4D=—1
=y=c +ce ¥+ ix* — 1+ {x — 3¢
44, y" +9y =9x —cosx = 12 +9 =0 =1 =04 3i = y. = e”*(c;cos 3x + c3sin 3x) = c;cos 3x + cosin 3x;
Yp = Ax + B+ Csinx + Dcosx = y; = A + Ccosx — Dsinx =y = —Csinx — Dcosx
= (—Csinx —Dcosx) + 9(Ax +B + Csinx + Dcos x) = 9x — cosx = 9Ax + 9B + 8Csinx + 8D cosx = 9x — cosx
=9A=9,9B=0,8C=0,8D=—-1=A=1,B=0,C=0,D=—§ =y =cjcos3x + ¢psin3x + X — §C0s X

2 . . .
45. % +y =secxtanx, —5 <x < J =r+1 =0=r=041=y, =cicosXx + c8InX = y; = COSX, y2 = sinx
0 sin x
secxtanx COSX

cos X 0
—sinx secxtanx

—sin x sec x tan X

= ; — —tan?x and V2/ — __ cosxsecxtanx

=v| = . = tanx
Cos X s x

—sinx cosx

cosx  sinx
—sinx cosx

=v = fftanQde = f(l — sec’x)dx = x — tanx and v, = ftanxdx = fzg;’)‘(dx = —In|cosx |
= yp = (x —tanx)(cos x) + (—In|cos x |)(sinx) = xcosx — sinx — (sinx)In|cosx |

=y = C1C08X + ca8in X + x cos X — (sin x)In|cos x |

46. y' =3y +2y=¢e" —2% =1 -3r+2=0=(r—1)r—-2)=0=r=lorr=2 =y, = cie* + ce*;
yp = Axe™ 4+ Bxe* = y) = 2Axe™ + Ae™ 4 Bxe* + Be* = y/ = 4Axe™ + 4Ae™ 4 Bxe* + 2Be*
= (4Axe®™ + 4Ae®™ + Bxe* + 2Be*) — 3(2Axe* + Ae™ + Bxe* + Be*) + 2(Axe®™ + Bxe*) = e* — 2e*
éAez"fBe":e"fZez"éA:fZ,fB:1éA:fZ,B:fléy:cle"Jrczezfoxez"fxex

47. Y’*3y:exér73:0:>r:3:>yc:cle3";yp:Ae"éyl;:Ae":>Ae"—3Ae":e"é—2Aex:e"
= 2A=1=A=—]=y=ce™ -l
48. Y +dy=x=1+4=0=>r1r= 4=y =ce ™y, =Ax+B=y =A= A+ 4Ax+B)=x
= 4Ax+(A+4B)=x=>4A=1,A+4B=0=>A= B=—F =>y=ce ™+ ix—
49. y’—3y:5633":>r—3:O:>r:3:>yC:cle3)‘;yp:Axe3":>yl[’,:3Axe3"—|—Ae3x
= (3Axe™* + Ae¥) — 3Axe™* =5e* = Ae¥ =5e¥ = A =5=y = e + 5xe¥*

50. y+y=sinx=>r+1=0=>r=-1=y. :cle”‘;yp:Asinx+Bcosx:>yP’, = Acosx — Bsinx
= (Acosx — Bsinx) + (Asinx +Bcosx) = sinx = (A — B)sinx + (A+ B)cosx =sinx=A—-B=1,A+B=0
=A=41,B=—-1=y=ce™+ isinx — Jcosx

SIS by =sec?x, T <x<Z,y0)=y(0)=1=r2+1=0=r=0+i = i
ety s =5 3,y y'(0) =71’ + =7 i = y. = c1cosX + Ccpsinx
= y| = COSX, Yy, = sinXx

0 sinx cos X 0
‘6‘2 cos e 2 —si . C2 5
= v = oAl = Ssinxseex — _gecx fanx and vy = o1 = COSKSECX — gecx
Cos X Sinx 1 COos X Sinx 1
—sinx cosx —sinx cosx
=V = f—secxtanxdx = —secxand v, = fsecxdx = In|sec x + tan x|
= yp, = (—secx)(cosx) + (In|sec x + tanx|)(sinx) = —1 + (sinx)In|secx + tan x|

=y =cjcosXx + casinx — 1 + (sinx)In|secx + tanx|; y(0O) =1 = 1=¢; — 1 =¢; = 2;
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D-lﬁ-
> <

= —c¢ysinXx + cacos X + (cos x)In|sec x + tan x| + (sinx)secx, y'(0) = 1= 1=1c¢,

=y =2cosx +sinx — 1 + (sinx)In|sec x + tan x|
%—l—y:ez",y(O):O,y/(O):%:>r2—|—1:0:>r:0:|:i:>yc:clcosx+czsinx

Yp=Ae™ =y, =2Ae” =y =4Ae™ = 4Ae A =P > 5AeN =P = 5A= 1= A=

1

5

=y = C1COSX + CrsinX + 1e2* =y = —¢sinX + cycosX + 2e25; y(0) =0 = ¢+ L+ =0=¢; = —1;

y 5 y 5 y 5 5
Y/(O):%:>Cz+%I%:>02:0:>y:—%cosx+ée2"

Y Y =x% =5 -xy0)=0y(0) =0y, =5 —x=y=x-1=y=1=y+y=1+x-1=x

= X = X =y, satisfies the differential equation. y" +y =0=r*+r=0=r(r+1)=0=r=0orr= —1
:>yc:cleO'X—&—cze’X:cl—i—cze’x:>y:cl—|—cze’x+%2 —x=>y =—ce*+x—1;
y0)=0=0=ci+c,y(0)=0= - -1=0=c=lLo=-]l=y=1-e*+5 —x

Y'+y =Xy, =2sinx +x,y(0) = 0,y'(0) = 0;y, = 2sinx + x =y, = 2cosx + | = y; = —2sinx

=y’ +y=(-2sinx) + (2sinx + X) = x = X = X =y, satisfies the differential equation. y’ +y=0=r>+1=0
=r1r=0%1= y. =C[COSX + ¢38iNX = y = ¢1CO8X + ¢8inX + 2sinX + X = y' = —c¢;sinX + ¢ycos X + 2cosx + 1;
y0)=0=0=c;;y(0)=0=0=c,+3=c,=-3=y=—3sinx+ 2sinx + x = —sinx + X

5Y" 4y +y = 4e*(cosx —sinx), y, = 2e*cosx, y(0) = 0, y'(0) = 1;y, = 2e*cos x =y}, = 2e*cos x — 2e*sinx

=y, = —4de’sinx = Iy +y +y=1(—4e'sinx) + (2e*cos x — 2e*sinx) + 2e*cos x = 4e*cos x — 4e*sinx

= 4e*cos x — 4e*sinx = 4e*(cosx — sinx) =y, satisfies the differential equation. Jy” +y +y=0= 12 +r+1=0
2(3)

=y = —e *(cicos x + cp8inx) + e *(—cysin X + cpcos x) + 2e*cos x — 2e*sinx; y(0) =0=¢; +2=0=¢; = —2;

y(0)=1=—c+c+2=1=c,=-3=y=e*(—2cosx — 3sinx) + 2e*cosx = 2(e* — e *)cosx — 3e *sinx

=>r= =—1+i=y. =e*(cjcosx + csinx) =y = e *(cjcos x + ¢8in x) + 2e*cos x

Y=y =2y=1-2x,y,=x-Ly0)=0,y0) =Ly, =x— 1=y, =1=y, =0

=y -y -2y=0-1-2(x—-1)=1-2x=1-2x =1 — 2x =y, satisfies the differential equation.
V -y —-2y=0=r -r-2=0=(r—-2)r+1)=0=r=2o0rr=—1=y. =ce* +ce™
=y=ce¥x+e*+x—1=y =2 -ce*+1y0)=0=ci+c—1=0=c;+cy =1,
Y(O0)=1=2c;—c+1=1=2c;—c;=0.Thusc; +co =1,2c; —c; =0=¢; =1, co =2
=y=1e"+2e*+x-1

y' =2y +y=2¢e%y, = x*5 y(0) = 1,y'(0) = 0y, = x’¢* =y}, = x’¢* + 2xe* =y, = x’e* + 4xe* +2¢*

=y’ =2y +y=(x% +4xe* 4+ 2¢e") — 2(x%e* + 2xe¥) + x%e* = x%e* = x%e* = x%e* =y, satisfies the differential
equation. y’ —2y' +y=0=1r2—2r+1=0= (r—1)> =0 = r = 1, repeated twice = y. = c;e* + ¢, xe*

=y =cre* +crxe’ +x%e* =y =cre* +crxeX + ceX + x%e* +2xe%;y(0)=1=¢; =1;y(0) =0=c; +c, =0
=cy=—1=y=¢e"— xe* +x%"

Y =2y +y=x"'e5,x>0,y, =xe*Inx,y(1) =e,y' (1) =0; y, = xe*Inx = Yp = €* +xe*Inx +e*Inx
éyﬁ:Zex+xe"lnx+e"lnx+%x
=y -2y +y=(2¢"+xe*Inx+e*Inx + e;) —2(e*+xe*lnx + e*lnx) + xe*Inx = e; = e; =x"leX

= y, satisfies the differential equation. y” —2y' +y=0=1>—2r+1=0= (r— 1)> = 0 = r = 1, repeated twice

S vy.=cief +crxe* = y=ce* +crxe* +xe*lnx =y = cie¥ + cpxeX + et +ef +xeflnx + eflnx;
y y y
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1016 Chapter 17 Second-Order Differential Equations

y(l)=e=cie+ce=ey(l)=0=cie+2ce+e=0=cje+2e=—e=c;+c;=1,¢; +2¢c;, = —1
=c;=3,c0=—-2=y=23"—2xe* +xe*lnx

59. x%y" 4+ 2xy =2y =x%, y1 =x %,y =x

0 x x~2 0’
2 2
X2 —2x73 X —
o X2 _ =X __ _ 1.3 I 2] ox- 1
= \/1 =T %7 Xl — 3% 3X and Vz - X2 x|l 3% 2 3
—2x73 1 —2x73 1
_ 1 _ 1 4Y (=2 1 _ 12
évl—f x*dx = —5x*and v, = f dx = 3x = yp = (—15x*") (x %) + (5%) (x) = 3x
60. X2y +xy —y=x,y1 =x"L,y2 =x
0 x X712 0
31 R -2
[ _ -1 _ 1 2| x2 _ 1,-1
=V = x1 x| 2x1T 2xand V2 1 x| 2T 2%
x2 1 —x2 1

= v = f——x dx = —{x%and v, = f%x‘ldx =1lnfx| =y, = (—3x3) (x7 1) + (3In]x]) (x) = —1x + IxIn[x|
17.3 APPLICATIONS
Lo mg=16=m=10k=16=1= 108 1 1& 1y—0= 18 L &4y 0y(0)=2y/(0)=2

2. mg=8lb=m=2:8=k 4=>k=26=15= 3% 4 15% 12y =0= 19y 1 38 4oy —0,y(0) = -2,
y'(0) =3

3. 20=k-1=2k=40w=25b=>m=2;6=0= 2% 0.4 +40y—OIfw—251b it stretches the
sprmg 25 =40x = x = g ft = spring is now stretched @ — % = ft below equilibrium = y(0) = 274 ; initial velocity
isvo &L =% fL — y/(0) = ¥ Thus we have 2 fhzy + 40y = 0, y(O) 2y(0)=1%
— 2 — anlb _ 20 10 20 d —
4. w=10lb=m=13; 10=k- (ﬁ);»k_wﬂ,é_7 f:»—z +\Fd¥+60y—0

= PR+ 5 +60y=0.y(0) = {.Y(0) =0

5. E(t) = 20cost; R% = 4% 1q — 10g; LY = 2%9 = 299 | 439 4 10q = 20c0st, q(0) = 2,¢'(0) = 3

6. L=2,R=12,C= &, E(t) = 300 = 244 + 129 4 16q = 300, q(0) = 0,¢'(0) = 0

7. mg =16 = m = 1$; k = I; resistance = velocity = 6 = 1 = ;ig + 1‘;—{ +1ly=0,y(0)=2,y(0) =2
= iP+r+1=0=>r42r+2=0=r= w =—1+i=y=-e"(cicost+ cysint),
=y =e ' (—c¢sint + cycost) — e H(cjcost+ cpsint); y(0) =2 = ¢ =2, (0) =2 = —¢c =2 = ¢, =4
=y(t) =e'(2cost+4sint). Att =7,y = e "(2cos 7 + 4sinmw) = —2e™" = —0.0864 = 0.0864 ft above
equilibrium.

8 w=8=m=S5;8=k-4=k=2resistance = 1.5v=06=15= 15 1 1.5% 4 2y = 0,y(0) = -2, y(0) = 3
= P+ 15r+2=0=>r+6r+8=0=(r+4)(r+2)=>r=—4dorr=-2=y=ce " +ce ™
=y =—dcie ™ — 206N y(0) = 2=+ =-2 =y (0)=3= —4c —2c,=3=c =3, =—3
= y(t) =1e ™ — Je L Att =2,y = Je ¥ — 32 & —0.0456 = 0.0456 ft above equilibrium.
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9. 20=k-3=>k=40;w=25b=m=23:6=0= 3 ‘fhg + 0-F +40y = 0. If w = 25 Ib, it stretches the spring
25 = 40x =X = 5 ft = spring is now stretched @ — % ft below equilibrium = y(0) = 24, initial velocity is
B & o y(0) = Tuswehave 381 1 d0y = 0,5(0) = £, y(0) = 33 = BF 4 40— 0= 4 3 =
_ _ 6 6 _ _ 1.
=r=0+ \[1 =y= eO‘<clcos(\/ ) —i—czsm(T )) = clcos(\[ ) —l—czsm(\/gt),y(o) =57 = C1 = 535
y = —70151n<76 ) + \[02cos<\'/6§t) y(0)=5= 76 L == V?ng
_ 1 6 vo/5 7 6 voy/5
= y(t) = 53c0 (Tt) + % sm(\[ ) (in feet) or y(t) = —cos(Tt) e sm(\[ ) (in inches)
10. m=1,k=2,§=3=1.-9 +3‘31{+25y_0 y(0)=—1y(0)=3= ?+3r+2 =0
= 4r? —#12r+25—O:>1r—712“122(74 )(25) —34+2iy=e" 2(c;cos 2t + ¢sin 2t)

=y = e‘%t((—icl +2¢p)cos 2t + (—2¢; — %cz)sm2t); y(0)=—-1=¢c;=-1,y(0) =3= —3c; +2c, =3
=c=—-1,c= % =y() = e*%‘(—cos2t+ %Sin2t)

Homg=10=m=3:10=k §=k=60:6= & =5/2= 34y 1 5V2% 160y =0,y(0) = 1,y (0) =0

e
—16y/244/ (164/2) —4(1)(192)
= 224521460 =0=1+16\/2r+192=0=r= (2“)) = —8y/2+38i

=>y= e‘sﬁ‘(clcos 8t + cp8in8t) =y = e‘gﬁt<(—8\/§ ¢+ 8c2)cos 8t + (—801 —8y/2 cz)sin St);

y(0) =3 =c¢ :}Py’(O):O:>—8\/§cl+802:O:>cl == ‘/_:>y—e‘8\/it( cos 8t + ‘/_sm8t)

Solve y(t) =0 = e~ Sﬁ‘< cos 8t + ‘[smSt) =0=> tcos8t+ ‘[sm8t 0= tan8t = \1[ =t~ 0.3157 sec

12. w=mg;mg=k- 1 :>k:2mg:64m;6:0:>mdt2 +0- t Y + 64my =0, y(0) = %,y’(()) = % = mr? + 64m = 0,
=1+ 64 =0=1r=048i =y =e"(cicos 8t + cysin St) = ¢ycos 8t + ¢cys8in 8t = y' = —8cysin 8t + 8cycos 8t
yO)=1=ci=1y(0)=t=8c=1=c =1 c=5x=y(t)=tcos8t+ jsin8t
(a) Solvey(t)=0= écos 8t + ﬁsin 8t =0 = tan 8t = —8 = t ~ —0.1808, first positive solution is t = —0.1808 + ¢

~ 0.2119 sec

(b) y = —%sin8t+ tcos8t, solve y'(t) = 0 = —3sin8t + tcos8t =0 => tan8t = § = t ~ 0.4082 sec
= y(0. 4082) ~ 0.1680 ft
© y'= 3 2cos 8t — —s1n 8t, solve y'(t) =0 = ——cos 8t — —sm 8t=0=tan8t= -8 =t= w, first positive

solution where maximum occurs is at t = M +i=Yy (M + g)

%smS(M + ) + COSS(M + %) = —%sin (tan™' (—8) + 27) + jcos ((tan~' (—8) + 27))
= —3[sin (tan™'(—8))cos 27 + cos(tan~'(—8))sin 2] + & [cos (tan~' (—8))cos 27 — sin (tan~! (—8))sin 27
_ _4f__s8 i 1 _ =1 f 1 _ in -
=4 0]+ L[ - 0] = 8 = LV6s & 5 12(LV/65) = 2/65 2 Note that 2,/ 25 + 1 = 21/65
when g = 32.
13. First weight w = 10lb=m= 2;10=k- (}) > k=126 =0= 3% 1 0. ¥ 1 12y = 0,y(0) = L, y(0) = -}
= 15—6r2—|—12:0:>5r2—|—19220:>r:0:|: iléy:eo't(clcosit—&—czmn%t)
= cjcos 8‘/—t—i—c sin 8\/_t =y = 8\/—0 sin 8\/_t+ 8\/_0 cos 8\/— ty(0) =3 =c=4.y(0) =-3
2
= gsﬁcz =—1=c=fo= —g =y = icos 8\Ft ‘Fsm 8\Ft The amplitude is C = \/(%)2 + (—g)
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Second weight: x = cscoswt + casinwt, x(0) = —V71259, x'(0) =2 =x' = —wessinwt + wegcoswt; x(0) = —V71259

= Cc3 = %”,X’(O) =2=weu=2=c¢c3= \/7?, Ccy = % =X = \/;z?gcoswt—i— =sinwt. Since amplitude of second
2

spring:2C:>2(@) = (@) +(%)2:>w:%:>%:\/%:,/%ém—mémg— (%)32

= 8.8333 1bs

14. First spring: mg =k; - = k; = 128my; 6 = 0 = m, dg +0- S +128my =0,y(0) = 5,y (0) =0
ém1r2+128m1:O:>r2+128:0:>r:O:I:S\/_1:>y:eo“(clcos8\/§t+czsin8\/§t)
= c1c0s81/2t + Cosin8+/2t = y = —81/2¢sin8+/2t + 8v/2¢2c088y/26; y(0) = &5 = ¢1 = 5, y(0) =0

:>8f0220:>01 12,sz0:>y f120058\/>t
Second spring: myg = k; - Z:>k1 = 3 8my: 6 =0 = mz‘jni‘+0 Q—i— 128mzx_O X(O):i2 x'(0)=0

éit§‘+128X*O:>r @*0:>I'—0:|:8\/71:>X*60l(C3C058\/7t+C4S1n8\/7>
= 03cos8\/5t+04sin8\/jt =y = 78\/jc:3sin8\/jt+ 8\/g040058\/;t; x(0) =1L =c3=5,x(0)=0
ég\/704—0éC3 5. ca = 0= x(t) cos8\/7

Equal velocities = y' = x' = f¥sin 8\/§t = 73\/;sin 8\/§t =t~ 0.2237 sec

15, mg=16=>m=116=k-4=k=46=0=> 19 10-% 14y =0,y(0) =5y(0)=0= 12 +4=0

=r24+8=0=r=0+22i=y :eo‘t(clcOSZ\/Et—i—czng\/Et) = ¢1c0821/2t + casin 24/2t
=y = —ZﬁclsinZﬁt—l—ZﬁczcosZﬁt;y(O) =5=¢=5y(0)=0= 2720 =0=¢, =5, =0
= y(t) = 5cos 21/2t. The amplitude is C = /52 + 02 = 5

y = c3c0821/2 t + casin24/21t, y(0) =5y(0)=vo=y = —24/2¢38in2y/2 t + 24/2 cucos 24/2 t; y0)=5=c3=5
y'(0) = vo = 2\/504 =Vvg=>c3=15,¢c4 = zz—‘)ﬁ = y(t) =5cos2y/2t+ \[ sin24/2t, and the new amplitude is 2 - 5

=10 = /52 + (3 ):>v0 10/6 ~ 24.4949 &

2V2

16. mg=8=>m=1;8=k- 2:>k—32 §=2= 18y Lod L 3oy~ 0,y(0)=0,y(0) =4 = 1P +2r+32=0

28128 =0= 1= "0 _ _y1q/Fioy :e-4‘(c1cos4\ﬁt+c2sin4\ﬁt)

=y = e‘4‘[<—4c| +4\/702)cos4\/7t+ (—4\/%1 - 4cz)sin4 7t};y(0) =0=¢=0,y(0)=1%
§—4cl+4\/702:%§01:0,02 12\[§y() 12\[ ~H5in4 7t.Solvey(t):0:>ﬁe’4‘sin4 7t=0
= sindy/7Tt=0=t= 7 ~ 02969 sec

10072+ (In 10)*
100

1
period = 25ec:>2_m:>4 2b2:>W _7T+b2—7r—|—( 0)2:1007rl+0%nlo)-:>

10072+ (In 10)? 2y
k= o M= mdt2 + (150

)‘34-(% )y—O Wheny = § and y’ = —2, then

m&Y 4 (1n510m)(_2) n (IOOW‘K)((;nlO) m) (N =0= ((ii_l%/ — 20 _ 1007 ;r((;nlO) ~1.5596 - ft
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18. mg=10=m=2:10=k-2=>k=56§=L = V2 5dy 524

S 3R 5052 44/ 2r 4 16=0= 1=
= y(t) = e2V2 (clcos 24/2t+ cysin 2ﬁt)

=y =e? 2‘{(—2 2c1+2\/§cz)cos2\/§t+(—2 2¢; -2 2cz)sin2\/§t};y0 =1=c =3
Y(0)=0= —2v2¢c +2y/20,=0=¢ = L,¢ :—:>y—e‘2\/_‘( cos2ft+2s1n2ft)

To find maximum, solve y'(t) = 0 = y'(t f—2\/>e 25in24/2t = —2y/2e2V2sin2,/2t = 0
ést\/Et—Oét—

o = —2¢/24+2/2i

_m_ T

S5 Toandatt = 17, y(z f) ~ —0.02161 ft ~ —0.2593 in (above equilibrium)

19.L=LR=1,C=3LE0)=0= 1844 1.99 1 84-0,q0)=2,q(0)=4= 2 +r+8=0
>r24+5r+6=0= (r+3)r+2)=0=r=-3orr=-2=q(t) =cie X +cre ™
q0)=2=c;+c,=2;q(0) =4= —3c; —2co =4=¢; = -8,co=10=q= —8 " 4 10e™*
hmq—hm( 8e 3+ 10e™2) =0

t—oo

20. éq:qu;Rg—‘jzﬂ?,Ldl_2dt9,E()_o =299 +4% 4109 =0,q(0) =2,q(0) =3 =22+ 4r+10=0

> +2r+5=0=r= 2:|:v22 —1+2i = q(t) = e *(cicos 2t + c,sin 2t)

=q = e‘t(( 01 + 2c5)cos 2t + (—201 —¢y)sin2t); q(0) =2=c1+¢=2;4d(0)=3= —c; +2¢c; =3
=) = 1,0 =3 = q(t) = e™*(§cos 2t + 3sin 2t)

2. mg=16=>m=1616=k 4= k=46=4511)=4+e2 > 1

= @ TAST Ay =4+ y(0) =2,¥(0)
=P +45r+4=0=>r+9r+8=0=(r+8)r+1)=0=r=-8orr=—-1=y. =cie M +ce;

Yp=A+Be ™ =y, = —2Be? = y) =4Be ¥ = J(4Be™?) + 4.5(—2Be ) + 4(A+Be ) =4
=4A -3Be ! =4+4+e 2 =4A=4,-3B=1=A=1,B= —% =y(t) =cie M +cet+1— 1 e 2

=y =-8cie ¥ —cre” +2‘Zt,y():2:>cl—|—cz—|—%:2:>cl+cz éy’()—4:>—8c1—cz—&—§:4

35
=-8c—=Csc=-3c=2=yt)=—3eM+2 " +1- Ll

22. m=10;k =
>r24+9r+14=0=(1+2)r+7)=0=>r=-2o0rr=-7=y. =cie
= yp = Acost — Bsint = y; = —Asint — Bcost
= 10(—Asint — Bcost) + 90(Acost — Bsint) + 140(Asint + Bcost) = Ssint

= (130A — 90B)sint + (90A + 130B)cost = Ssint = A = &3 B = — =

+cre” "y, = Asint + Beost

500° ~ 30

=y(t) =cie ? +cy 6:‘7t + dsint — Jscost =y = —2cie7* — Tep e + d3cost+ ssint;

y(0)=0=ci+c— 55 =0,y(0) = —1= —2¢; = Tca + 55 = —1 = ¢ + ¢ = 55, —2¢1 — Tc3 = — 3
_ 9 _ _ 9 72t 929 —7t 13

éclf—%,caf%iy() —55€ "t 355 € —i—%smt—mcost

23. m=2=mg=2(9.8) =19.6;19.6 =k - 1.96 = k = 10; 6 = 4; f(t) = 20cost = 2dt2 + 4dy + 10y = 20cost,
y(0)=2,y(0)=3=2r" +4r+10=0=r= w —142i =y, =e "(cicos2t + cp8in 2t)
Yp = Asint + Bcost =y, = Acost — Bsint = y; = —Asint — Bcost
= 2(—Asint — Bcost) + 4(Acost — Bsint) + 10(Asint + Bcost) = 20cost
= (8A — 4B)sint + (4A + 8B)cost = 20cost = 8A —4B =0,4A+8B =20=A=1,B=2

= y(t) = e7'(c1c0o8 2t + cpsin 2t) + sint 4 2cost = y' = e7'((—cy + 2¢2)cos 2t + (—2¢; — ¢2)sin2t) + cost — 2sint;

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.

=q = -3cie? —2ce”

1019

2t

=4

140; 6 = 90; f(t) = 5sint = 10dtz + 90%? + 140y = Ssint, y(0) = 0,y'(0) = —1 = 10r* + 90r + 140 = 0
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y0)=2=¢4+2=2,y(0)=3= —c;+2c0+1=3=¢,=0,—¢c1+2c;=2=c¢; =0,c, =1
= y(t) = e 'sin 2t + sint + 2cost; y(w) = —2 = 2 m above equilibrium

2% mg=8=m=25:8=k-4=>k=26=15ft)=6+e "= LY 4 15% Loy — 64, y(0) = —2,y/(0) = 3
=P+ 15r+2=0=>r+6r+8=0= (r+2)(r+4)=0=r=-2o0rr=—4=y. =cie * +ce ™
Yp=A+Be'=y =-Be'=y/=Be'= ;(Be)+1.5(-Be ) +2(A+Be!) =6+e"
=2A+3Be'=6+c¢"'=2A=6,3B=1=>A=3B=3=y(t)=ce?+ce*+3+3e"
=y =2 —dpet —fehy0)=2=citat+E="2=c+c=-2,y(0)=3
= -2 —4c—3=3= -2 -d=C=c=-Z o=2=yt)=-Le M+ BDe M3+ e
y(2) =~ 2.98953 = 2.99 ft below equilibrium

25. L=10,R = 10, C = <L E(t) = 100 = 10£9 4+ 10% + 500q = 100, q(0) = 10, ¢'(0) = 0 = 10 + 10r + 500 = 0
:>r2+r+50=0:>r:71i— VARIIED) 1i\/171:>q =e 2(clcos@t+czsin@t)

B»=A=>q=0=q/ =0= 10(0)+10(0)+500A: 100 = 500A = 100 = A = 1
= q(t) = e 2! (clcos rt—i—c sin \/@ ) =(q = e‘i‘{(—lc + @c )cos @t—k (—@01 - 202) sin \/th}

q(O)—IO:>01+5—1O:>cl 459,q’(0)—0:>—§c Y (T
=q(t) = (49005 \/EH— 49Vl?sm \/IT ) + 5

995

26. RY = 499, Lq = 10g; LY = 299, E(t) = 20cost = 299 + 4% 4 10g = 0, q(0) =2,¢'(0) =3 = 2> +4r+ 10 =0

S 2424 5=0=r=—2v A0 V;zl) = —1£2i = qc = e (cjcos 2t + cysin 2t); g, = Asint + Bcost

= q, = Acost — Bsint = q; = —Asint — Bcost

= 2(—Asint — Beost) + 4(Acost — Bsint) + 10(Asint + Bcost) = 20cos t

= (8A — 4B)sint + (4A + 8B)cost = 20cost = 8A —4B =0,4A+8B=20=A=1,B=2

= q(t) = e *(cjcos 2t + cp8in 2t) + sint + 2cost = q' = e ((—cy + 2¢z)cos 2t + (—2¢; — ¢;)sin2t) + cost — 2sint;

q0)=2=¢14+2=2,4(0)=3= —c;+2co+ 1 =3= ¢, =1 = q(t) = 2e7'sin2t + sint + 2cos t; y(10) = —2.222
= 2.222 ft above equilbrium

17.4 EULER EQUATIONS

L X%y +2xy —2y=0=r+2-1)r—-2=0=r?+r—-2=0=(r—1)(r+2)=0=r=1lorr= -2

=y=cef+oe P =ce™ e s y=cx+$

2. Xy +xy —4y=0=+(1-1)r—4=0=>r"-4=0= (r—-2)(r+2)=0=r=2o0rr= -2
:>y:CIGZZ+CZe—2z:CleZInx+Cze—2lnx:>y:CIX2+%

3. X%y —6y=0=r’+0-1)r—-6=0=r -1-6=0=(r—3)r+2)=0=r=3o0rr= -2
:>y20163z+02€_2z:Cle31nx+Cze_2lnX:>y201X3+%

4 ' +xy —y=0=>r+(1-Dr=1=0=r-1=0=(r-1)+1)=0=r=1lorr=—I
:>y:CIG + cre” Z:C]elnx—|-026_lm(:>y:(;l)(_|_%2

5. X%y —5xy +8y=0=1r*+(-5-1)r+8=0=r —6r+8=0=(r—4)r—2)=0=>r=4orr=2
=y =ce*” + e = ;e + e’ = y =¢;x* + e x?

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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+7xy 42y =0=2r+ (7T-2)r+2=0=2+5r+2=0= 2r+ 1)(r+2)=0=>r=—Jorr= -2

6. 2x%y"
1 1
= y=cle 2+t =cre M f e sy = % +3

7. 3% +4xy =0=30+ (4-3r=0=32+r=0=13r+1)=0=>r=00rr= —1 = y = e + cre™

:cleo'ln"+cze*%l“":>y:cl+%
8. Xy +6xy +4y=0=>r"+(6-1)r+4=0=>r"+5r+4=0=>(r+1)r+4)=0=r=—lorr=—4
Sy=ce’+oe P =ce Mty =944

9. X%y —xy +y=0=r24(-1-1r4+1=0=r2-2r4+1=0= (r—1)> =0 = r = 1, repeated twice

=y =cie’+cyze’ = cie™ +cyInxet = y=cix+cyxInx
—(=2)%y/(-2)’-4(D)(2) .
6 =1=4i

10. X3y —xy +2y=0=1>+ (-1 -1)r+2=0=1"-2r+2=0=r=
=y = e*(cicos z + casinz) = e"*(cjcos(Inx) + cpsin(lnx)) = y = x (cjcos(Inx) + cosin(Inx))

—(=2)%/(=2)*=4(1)(5) .
M) =142

1. Xy —xy +5y=0=1>+ (-1 -1)r+5=0=1-2r+5=0=>r=
=y = e*(c1c08 2z + ¢5in 2z) = e"*(cjcos(2Inx) + cpsin(21Inx)) = y = x (ccos(2Inx) + cpsin(2Inx))

12, X%/ 4 Txy + 13y =022+ (T- D+ 13=0= 2 +6r 4+ 13=0=r= VOO — 349
=y = e %*(cic0s 2z + ¢8in 2z) = e ¥ (cjcos(2Inx) + cosin(21Inx)) = y = & (ccos(2Inx) + ¢psin(21nx))
— 27
2/ @m0

13. X%y +3xy +10y=0=1r*+3-1)r+10=0=>r>+2r+10=0=r= o0
=y = e *(cicos 3z + csin 3z) = e "*(cjcos(3Inx) + cosin(31nx)) = y = 1 (cjcos(31nx) + csin(31nx))

~(COE/(0P a0 _

2(1)

14, x3y" —5xy + 10y =0=r*+ (-5 Dr+10=0=r>—6r+ 10=0=r=
=y = e¥*(cicos z + csinz) = e*™*(c cos(Inx) + cosin(Inx)) = y = x3(ccos(Inx) + cysin(Inx))

—4£4/(4)*-4(4)(5) |

— w2l

15. 4x%y" +8xy +5y =0=r+ (8 —4)r+5=0=4 +4r+5=0=r=
cicos(Inx) + cpsin(Inx)) =y = ﬁ (cicos(Inx) + cosin(Inx))

(—8)%/(-8)°—4(4)(5) 14 L
- 2

16. 4x%y" —4xy +5y=0= 4" + (4 —4)r+5=0=4" —8r+5=0=r1= — @
)) = e“‘x(c]cos(% 1nx) + czsin(% lnx)) =>y= x(clcos(% lnx) + czsin(% lnx))

=y= e_%z(clcosz + cpsinz) = e‘%lnx(

=y=ce" (clcos (%Z) + cosin (%Z

17. X2y 4+3xy +y=0=>12+3—-r+1=0=r2+2r+1=0= (r+1)> =0 =r = —1, repeated twice
=S y=clet+czel=ce ™t lnxe M =y = o 4 ol

—(— — 2_

18 X%y~ 3xy 49y =0= P+ (3 - Dr+9=0=r —dr+9=0=r= VI 5y /5

=y =e% (clcos (\/gz) + cpsin (ﬁz)) = ezln"(clcos(\/glnx) + czsin<\/§1nx>>
=y=x> (clcos(\/glnx) + czsin(\/glnx))

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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19. x%y" +xy =0=1>+ (1 - 1)r=0= 12 =0 = r = 0, repeated twice = y = c¢;e"? + c,2e"* = ¢;e”"* + ¢, Inx *1"*
=y=c+clnx
20. 4x%y" +y=0=42 4+ (0—4r+1=0=42—dr+1=0= (2r—1)’=0=r= 1, repeated twice
:>y:cle%z+czze%z:cle%m"—i—czlnxe%l“":>y:cl\/§+cz \/glnx
21, 9%y 4+ 15Xy +y=0=92+ (15— 9+ 1=0=>92+6r+1=0= 3r+1)°=0=r= —1, repeated twice
= y=ce i+ cpze i =cre M Loy lnxe I =y = % + C%}'“;"
22. 16x%y" — 8xy' +9y =0= 161> + (—8 — 16)r +9=0= 161> —24r +9 =0 = (4r — 3)> =0 = r = 3, repeated
twice =y = 0164Z + 022642 = 01641“" + ¢y Inxeilnx = =y=cx*+cx/*Inx
23, 16x%y" + 56xy' + 25y = 0 = 161> + (56 — 16)r +25 = 0 = 162 + 40r + 25 =0 = (4r + 5)> =0 = r=—3,
repeated twice = y = cle’%Z + ¢z e % = cre~inx 4 ¢, Inxe inx = y = XCS—‘4 Cj(Sh?j‘
24. 4x%y" — 16Xy +25y =0 = 4> + (—16 = 4)r+25=0= 4> —20r +25=0= (2r — 5)° = 0 = r = 3, repeated
twice = y = ce3% + caze?? = ¢1e3™* f oy Inx e = y = ¢;x%2 + ¢, x2 Inx
25. xX%y" +3xy =3y =0,y(1)=1,y(1)=-1=r+B3-1)r—-3=0=r+2r-3=0=(r—1)r+3)=0
Sr=lorr=-3=y=ce’+oe Z=ce™ e ™ =y=cx+% =y =c — 3%
y(l):1:>C1+C2:1;y,(1):*1$C]*3C2—*1:>C1:%, cy = —éy——erng
26. 6x%y" +7xy =2y =0,y(1) =0,y(1) =1 =6+ (7—6)r—2=0=6r>+r—2=0= (2r—1)(3r+2) =0
Sr=lor=-2sy=cetoe P =ce™ foe ™ sy =c/x+ F =y = R — 22
yD)=0=ci+=06y1)=1=lcg-3ca=1=c=2% a=-3=y=2/x- s
27. X2y —xy +y=0,y()=Ly(1)=1=24+ (-1 -1)r4+1=0=2-2r4+1=0= (-1 =0=r=1,
repeated twice = y = cje” + cyze” = cre™ +cyInxe"* = y=ciXx+cxlnx =y =c¢; +clnx + ¢y;
yH)=l=cg=Ly(l)=1l=c+cu=1=c=1,c=0=>y=x
28. x2%y" +7xy + 9y = 0, y(1 ):1,y'(1):o:>r2+(7—1)r+9:0:>r2 +6r+9=0=(r+3)°’=0=r= -3,
repeated twice = y = cje ™2 + cpze ¥ = cre M 4y Inxe I =y = G 4 QX oy = G ¢ I3
y)=1=c=Ly(1)=0= -3¢ +ca=0=¢, =1, 02—3:>y—x3+3]“
[ (— — 27
29. Xy —xy 42y =0y() = ~Ly() =15+ (-1-Dr+2=0=r2 -2 42=0=r= VT
=1+i=y=e’(cicosz+ cysinz) = e"*(cicos(Inx) + csin(lnx)) = y = x (cicos(Inx) + cysin(Inx))
=y = (c1 +c2)cos(Inx) + (¢ —¢y)sin(lnx); y(1) =—1=c1=-Ly(l)=1=ci+cx=1=c;=—-1,c, =2
=y = x (—cos(Inx) + 2sin(Inx))
p— 2_
30. X%y +3xy 45y =0y() = Ly(1)=0= 2+ (3 - Dr+5=0= 2 +2a+5=0=r= VO 00

= —142i =y = e *(c1c0s 2z + c3sin2z) = e "*(cicos(2Inx) + ¢zsin(2Inx)) = y = 1 (cjcos(2Inx) + cosin(21Inx))
=y = =% ((c; — 2c2)cos(21Inx) + (2¢; + ¢o)sin(2Inx)); y(1) =1 = ¢; = Ly (1) =0= —¢; + 2, =0=¢; = I,
c; =% = y=1(cos(2Inx) + 3sin(21Inx))
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17.5 POWER-SERIES SOLUTIONS

Loy +2y =0= > nn—1)cx" 2 +23 ncyx" ' =0= > n(n— 1)c,x" 2 + > 2nc,x" 1 =0

1023

n=2 n=1 n=2 n=1
power of X coefficient equation
x0 2(1)cp +2(1)e; =0 = Cy = —Cj
x! 3(2)es +2(2)er = 0 = oy =20, = L¢
x? 4(3)cs +2(3)c; = 0 Scp=—lo = _%cl
x? 5(4)cs +2(4)cs =0 = 5= —2cs = 2c
x4 6(5)06 + 2(5)05 =0 = Ce = —%05 = 42501
X" (m+2)(n+ Dega +2(n+ 1)ep =0 = cpyr = —ni—zcnﬂ
_ 2 _ (2 2 _ (2 2 2 _ =
orey = —en1 = (=3) (—Fen2) = (=3) (%) (-7%5¢n-3) = —r—ci,n 2. Thus
y:co+cleclx2+%clx3f%clx —+ clx57425c1x =+ . —co+cl(xfx2+%x3f—x +—x f%x6+...)
ory:CO_|_%1_%14_%1(2)()_01@_’_01(2") _%1(2’(!) +71(25X')5 _0_21%_,’_
2x 2x)* 2x)* 2x e —2x)"
Y:(CO+%)_%<1 (2x) + - ) (3!> +(4!) - 5!> ( '“)Z(CO"'%)_%Z%( n!)
n=|
=(co+ %) —Ye ™ =a+be > wherea=co+ < andb=—%
2. ¥ 4+2y +y=0= > n(n—1)c, x"~ 2—i—2§:nc x4 Zc x"=0
n=2 n=1 n=0
= S n(n—1)c, x" 2+ Y 2nc, x" ! + ch X" =0
n=2 n=1 n=0
power of x coefficient equation
x0 2(1)ey +2(1)ey +¢co =0 = ¢y = —C| — %co
x! 3(2)cs +2(2)ca +¢; =0 =c3=—30— ¢c; = écl + 1co
x2 4(3)C4 + 2(3)03 4+c,=0 = C4 = —%C3 — 502 = 601 éCQ
x3 5(4)cs +2(4)ca+¢3=0 = 05 = —2C4 — 553 = 2,01 + 35C0
x* 6(5)ce + 2(5)05 +cs=0 = Cp = —1C5 — 2504 = — 1351 — 153C0
x" (Il+ 2)([1 + I)Cn+2 + 2(n+ I)Cn+] +cp = 0 = Cpg2 = *ﬁcn_;_] - mc
y=co+eix+(—c - lCO)X + (301 + CO)X + (__Cl — goo)x* + (24C1 + 3¢ )X + ( T3¢ — TgC)x° + ..
=co— 5co x> + 3co x> — feox* + %COXS — x4 . Fox—cox? + foxd — foxt + —4€1x5 — 2CxS+ .
:co(l—lxz—l—lx3 1x4—|——x —mx +. )+cl(x—x2+lx3 1x“—&——x —lé—ox +. )
Note that in each coefficient equation, the coefficient of ¢; can be given by <(n )1) To find the coefficient of cy, note that:
1 _ L1 111 _ _ 1 _ 1 _1_ _(1_1Y_ L1y 11 11
_E__(l_i)__(ﬁ_ﬁ)’§_§_€_ _ﬁ_ﬁ’_g__(g_ﬁ)__(ﬁ_ﬂ)’%_ﬁ_m 4 5
n—1 n n—1
so the coefficient of ¢y can be given by (—1)"" {(n+1), - H = ((;17)1)! + @ Thus ¢, = [(@91)! + (_ Ok }Co + <(n )1)1 C
or ¢, = = ) co+ << )> (co+c¢y)forn 2. Thusy—co—i—clx—&—Z( (< )) (c0+c1)) n
n—1
_c0+clx—|—coz "X + ¢ Z((n>l),x +C|Z _1 X"
—1
=Cy fcox+coz -
= Z 1! xl Clxz (71_1;! x" ! =cg Z;—!x“ +(co+ci)x> ((;1_>1;, xn!
n=0 n=1 n=0 n=1
o0 1“ o0 lk
=coy. (7“!) X"+ (co+¢1)xY. ( k,> XK =cpe™* + (co+c¢y)xe X =ae* +bxe ™, wherea = cpand b = ¢ + ¢;
n=0 k=0
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3.y 44y =0= Yo — De,x™2 +43 ¢ x" = 0= Son(n = e, x™2 + 3 depx® = 0

n=2 n=0 n=2 n=0
power of x coefficient equation

X0 2(1)cy +4cy =0 = ¢ = —2¢

x! 3(2)cz +4¢; =0 = C3 = —%Cl

x2 4(3)04 +4c, =0 = C4 = —%CZ = %CO

x3 5(4)cs +4c3 =0 =cs=—1ic; = Z¢

x* 6(5)ce +4cs =0 = cp = — 0y = —1cp

X" (n+2)(n+ ey +4ch =0 = cpy2 = _m%

5_ 4 6
35C0X +...

y:CO+C1X—200X2— %CIX3+%COX4+%CIX

= o — 2c0x> + Zcox* — Aeox® + ... +ox — X + Zod + ..
2 2 2x)° 2x)3 2%)°

:Co(l_%—i-(:!) —(21) —|—,..>+%‘(2X_(3"!) _;'_(SX!) +"'):CO

= €oC0s 2X + 5'sin2x = acos 2x + bsin 2x, where a = cp and b = %

=
LrJe

—1)" 15 \2 = (=) 2n+1
(207 + 4 22 iy (2™

4. y" =3y +2y=0= Y nn— e, x" > =33 nc, x" ' + 2 ¢, x" =0
n=2 n=0

N N N n=1
= Yn(n— ey x" 2 — 3 3nc, x4+ 37 2¢,x" =0
n=2 n=1 n=0

power of x coefficient equation

x0 2(1)co —3(1)cy +2¢o =0 =y = %c] —cp

x! 3(2)cz3 —3(2)ca+2¢; =0 =Cc3 =0 — %cl = %cl — ¢

x2 4(3)cy —3(3)c3 +2c, =0 = C4=3C3— $C = 3¢ — 17200

x> 5(4)cs —3(4)cq +2¢3 =0 =05 =3cy — ey = 1321001 — 1%

x* 6(5)ce — 3(5)05 +2c4=0 = C6 = 3C5 — 115 C4 = 9501 — 25C0

X" (n+2)(n+ l)cpn — 3(n+ Deprr +2¢, =0 = cun = n%zan - mc
= omens (G =+ (B o) (561 = o+ (s — )+ (o = gheo +
=co—cox? —cox’ — 5eoxt — Jeox® — hco x4 ... 4+ oix + Joix? + Ioid + Zeixt + 2heix® + Hox® + .
:co(l—xz—%x3—172x4—}1x5—33610 6 _ )—|—cl(x—|—3x2—|—7x + x —&—13710)( —|——x +. )

Note that if we use the techniques of Section 17.2, our solutionis y = ae* +be* = a Z % + bz (2I+" Thus
n=0 n=0

(a+b)+(a+2b)x+... —co+clx+( i fco)x +( c fco)x +( co)x + (12001 f—co)x +.
If the series are equivalent, then take co = a + b and ¢; = a + 2b and substitute in our first series for ¢y and c; to obtain
y={(a+b)+ (a+2b)x+ (3(a+2b) — (a+b))x* + (Z(a+2b)—(a+b))x3+(g(a+2b)—17—2(a+b))x4

+ (i (a+2b) — 3(a+b))x* + (g5(a + 2b) — 555(a+b))x°
=(a+b)+ (a+2b)x + (Ja+2b)x* + ($a+ $b)x> +(24a+2b)x +(120a+ 7£b)X0 + (Fhga+ 45b)x 0 + ..
:a+ax+§ax2+gax —|—§ax +max —&—max +... + b+ 2bx + 2bx> —|—§bx +be —|—ibx —&-%bx +...

—a(l x4+ 0+ 3+ Ixd 4 L 4 IxS 4 )+b(1+2x+ e ab - NEC SRt

L ) 2x)"
=ay & +bz% =ae* +beX
n= n=0
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Section 17.5 Power-Series Soutions

X2y —2xy' +2y =0=x>>_n(n — 1)cy x" 2 = 2x> ncy x" 1 +23 ¢, x" =0

n=2 n=1 n=0
= > nn—1c,x" — > 2nc, X"+ Y 2¢,x" =0
n=2 n=1 n=0

power of x coefficient equation

x0 2¢co0 =0 =co=20

X —2(1)c; +2¢1 =0 =0=0

x2 2(1)C272(2)02 +2¢c, =0 =0=0

x3 3(2)03—2(3)C3 +2c3=0 =c =0

x4 4(3)04—2(4)C4 +2c4 =0 =c =0

x.“ n(n—l)cn—éncn+2cn:0 = ¢y :.O,n 3

y = c1X + cox?

Y —xy'+y=0= Y n(n— e, x" 2 —=xXnc, x" ' + e, x" =0
n=1 n=0

n=2
= > nn—1)c,x" 2 — Y ne, x" + Yepx" =0
n=2 n=1 n=0

power of x coefficient equation
x? 2(1)ca +¢co =0 =, = —1cp
x! 3(2) ( )Cl-‘rcl_o =c3=0
x2 4(3)04 — (2)02 4+c,=0 = C4 = %Cg = —21—400
x3 5(4)cs — (3)cs +c3 =0 = ¢5 = 1563 =0
x4 6(5)ce — (4)04 +cs=0 = Ce = %04 = *ITI;QC()
X" (n+2)(n+ l)c,ﬂrz—ncn—kcn =0 =cCyp= m

y = co + c1x — 5cox? — reox* — ppcox® + ... =co(1 — 3x* — 4x* — 7ox®+ ... ) +eix

(14+x)y —y=0= (1+x)>n(n—1)c,x" 2= Y c,x" =0

n=2 n=0
= > n(n—1)cyx" 2+ Yon(n— ey x" = Yy x" =0
n=2 n=2 n=0

power of x coefficient equation
x0 2(1)02—00 =0 = C = %Co
X1 3(2)03 + 2(1)02 —C = 0 = C3 = —%Cz + %Cl = éCl — %Co
X2 4(3)C4 + 3(2)03 —Cy = 0 = C4 = —%C3 + %Cz = —1]—2C1 + 1C()
X3 5(4)05 + 4(3)04 —C3 = 0 = C5 = —%04 + 503 = 1;—001 12C()
x4 6(5)ce +5(4)cs —cy =0 = Cp = —32C5 + 35C4 = —22C| + 255:Cp
x" (n + 2)(n + I)Cn+2 + n(n + I)Cn+] — Cp = 0 = Cp42 = <n+2>Cn+] + mc

y=~Co+cCiX+ 3 cox +( f%co)x3+( 3¢+ co)x +(120C1 fﬁco)x +( c1+720c0) b+ ...

_ 1,2 1.4 1,5 43 1,3 1 4 7 5 6
*C0(1+§X—a +gxt = 5+ apxC ) Fe (x4 e = x4 g = x4+ )

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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1026 Chapter 17 Second-Order Differential Equations

8. (1—=x2)y" —4xy +6y=0= (1—x3)>n(n—1)cyx" 2 —4x> nc, x" '+ 6> ¢, x" =0
n=2 n=1 n=0
= > n(n—1)c, x" 2 — Y n(n— 1)cy x" — > 4nc, x" + Y 6c,x" =0
n=2 n=2 n=1 n=0
power of x coefficient equation
x0 2(1)cy +6¢co =0 = ¢, = —3¢
x! 3(2)C3 — 4(1)C1 +6c; =0 = C3 = —%Cl
X2 4(3)C4 — 2(1)02 — 4(2)02 + 602 =0 = C4 = %Cz = —Cp
X3 5(4)05 — 3(2)03 — 4(3)C3 + 6C3 =0 = C5 = %C3 = —%Cl
x* 6(5)C6 — 4(3)C4 — 4(4)C4 +6c4 =0 = Cg = %C4 = 7}*100
X" (n+2)(n+ ez —n(n— 1)cy —4nc, +6c, =0 = cppp = %cn
y = o+ ¢1x — 3cox? — 3o1x% — cox* — 1o1x® — Hcox® — ...
=co(1 =32 —x*—xb — )+ (x— 1 -1 —..))
9. (X®—1y"+2xy =2y =0= (x>=1)>n(n — ey x" 2 +2x> nc, x" 1 =23 ¢, x" =0
n=2 n=1 n=0
= > n(n—1)cyx" — Yon(n — 1)ey x" 2 + 3 2nc, x" — Y 2¢,x" =0
n=2 n=2 n=1 n=0
power of x coefficient equation
x0 —2(1)C2 —2¢0=0 = C = —Cp
x! —3(2)C3 + 2(1)01 —2¢1 =0 =c3=0
x2 2(1)c; —4(3)ca +2(2)ca —2¢2 =0 =cy=10=—1c
x> 3(2)c3 — 5(4)cs +2(3)c3 — 23 =0 = cs=1c3 =0
x4 4(3)cy — 6(5)ce +2(4)cy —2c4 =0 = o = 3c4 = —1cg
X" nn—1)c, — (n+2)(n+ 1)cpsr +2nc, =26, =0 = cppp = (“%})cn
y = co +c1x — cox® — teox* — Legx® — .. =cp(l —x* — Ix* — Ix®—...) +oix
10. y/+y —x2y =0= > n(n—1)cyx" 2+ Yoncy x" 1 = x> ¢y x" =0
n=2 n=1 n=0
= > n(n—1)c, x" 2+ Yonc, x* ! — chx"+2 =0
n=2 n=1 n=0
power of x coefficient equation
XO 2(1)02+(1)Cl =0 :>C2:—%C1
x! 3(2)es + (2)e2 =0 =03 =—3C = ¢
x? 4(3)cs + (3)c3 —cp =0 =4 = —1C3+ 500 = —54C1 + 15C0
x3 5(4)cs + (4)ca —c; =0 = c5 = —é04 + 2—1001 = ﬁ)cl + %co
X-4 6(5)06 + (5?05 —C) = 0 = C¢ — —%C5 + 3]—002 = —%Cl — 1?13_000
x" (Il + 2)(11 + 1)Cn+2 + (1’1 + 1)Cn+1 — Cp—2 = 0 = Cpg2 = _ﬁCIH’l + mcn,g

— _1 2,1 3 _ 1 1 4 1 1 5 1. 1 6
Yy =Co + €1X — 3€0X" + gC1X +( 22C1+ 1200)X + (120CI + 3000)X +( 720 €1 ISOCO)X +.

— 1,2 1 4 15 1 .6 1,3 1 4 1 .5 13 ,6
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Section 17.5 Power-Series Soutions

1. (Z=1)y" —6y=0= (x>-1)>n(n—1)c, x" 2 = 6> ¢, x" =0
n=2 n=0
= > n(n—1)cy x" — >on(n — 1)c, x"72 — > 6c,x" = 0
n=2 n=2 n=0

power of x coefficient equation
x0 —2(1)c; —6¢cp =0 = ¢ = —3¢p
x! —3(2)C3 —6c; =0 = C3 = —(Cj
x2 2(1)02 — 4(3)04 —6c, =0 = C4 = —%Cz =Co
x3 3(2)cs — 5(4)cs —6e3 =0 =c =0
x* 4(3)C4 — 6(5)C6 —6cy =0 = C¢ = —%04 = —3C0
x" nn—1)c, —(n+2)(n+ 1)cpi2 — 66, =0 = cpp2 ﬁcn

y = o+ ¢1x — 3cox? — ¢1x® 4 cox* — Teox® — ... =co(1 — 3x% + x* bt ) +eakx—x)

12. xy" — (x+2)y +2y =0=x>_n(n — 1)c, x" 2 —

(0]

= > n(n — 1)c, x"!

n=2
power of x

y = o + coX + Fcox? + c3x® + deax® + Seax’ 4.

13. (x2=1)y" +4xy +2y =0= (x> = 1)Y_n(n — 1)c,

n=2

n=1 n=1 n=0
coefficient equation
—2(1)e; +2¢o =0

2(1) (1)01 ( )C2+201 =0
3(2)cs — (2)ca — 2(3)c3 +2¢, =0
4(3)04 (3)C3 (4)04 + 203 =0
5(4)C5 (4)04 — 2(5)05 +2¢c4 =0

(n+ 1)ncy —ney —2(n+ Deper +2¢, =0

(x+2)Y ne, x" 1 +25 ¢, x" =0

n=0

— Y ne, x® = 3 2nc, x4 3020, x" =0

= C1 =¢Cp

= = 3¢ = 5
=0=0
:>C4—% C3

= C5 = éC4: %03
= Cpt1 = (n+1)cn

=co(l+x+3x?) +c3(x* + gx* + 5Hx7+...)

X"2 4 4x3 e, x4+ 23 e, x" =0

n=2 =1 n=0
= > n(n—1)cy x" — Yon(n — 1)ey x" 2 + Y dnc, x" + Y 2¢,x" =0
n=2 n=2 n=1 n=0

power of X coefficient equation

x0 —2(1)02 +2co=0 = C) = (o

x! —3(2)cs +4(1)c; +2¢; =0 = C3 =Cj

x2 2(1)ca —4(3)cy +4(2)ca +2c, =0 =Cc4=C)=Cp

x> 3(2)03 — 5(4)05 + 4(3)03 +2c3=0 = C5 =C3 =y

x* 4(3)04 — 6(5)C6 + 4(4)C4 +2¢c4 =0 = Cg = C4 = Cp

x.n n(n — 1)c, — (n+2)(n + epss +4nc, +2¢, =0 = cn+2': Cn

y = co+clx+cox2+03x3 +clx4+clx5 +cox6 — ...

=co(l +x>+x* +x0+...

Y+ (x+x3+x34+..0)

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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1028 Chapter 17 Second-Order Differential Equations

14. y" —2xy' +4y=0= > n(n— 1)c, x" 2

—2xY nc, X" 443, x" =0

n=2 n=1 n=0
= > n(n— 1)cy x" 2 — Y 2nc, X"+ Y dc, x" =0
n=2 n=1 n=0

power of x coefficient equation

x? 2(1)ca +4co=0 = ¢y = —2¢

] 3(2)cs —2(1)er +4c1 =0 =3 = —3C

x2 4(3)04 — 2(2)C2 +4c, =0 =c4 =0

x3 5(4)cs —2(3)c3 +4c3=0 =cs =& 7063 = fﬁcl

x4 6(5)ce — 2(4)04 +4cs =0 = ce = 1504 =0

x" (n+2)(n+ 1)cpy2 —2ncy, +4c, =0 = cuyn = %cn
y = ¢+ c1x — 2cox? — 3017 — 5017 — ... =co(1 = 2x?) + ¢y (x — §x} — Hx7 —...)

15. ¥y = 2xy’ +3y=0= Y n(n— e, x" 2 —=2x> " nc, x" 1 + 33 ¢, x" =0

n=2 n=1 n=0
= S n(n— 1)cyx" 2 — Y 2nc, x" + 3 3¢, x" =0
n=2 n=1 n=0
power of x coefficient equation
x0 2(1)cy + 3¢ =0 == -3¢
x! 3(2)03 2( )C] +3c; =0 = C3 = —%Cl
x2 4(3)cy —2(2)ca +3co =0 = ¢4 = 156 = —3Co
x> 5(4)cs —2(3)c3 +3c3 =0 = 05 = 5503 = —25C}
x* 6(5)ce — 2(4)C4 +3cs =0 = Cp = 104 = —25C0
X" (n+2)(n+ 1)cn+2 —2ncy+3¢, =0 =cppp= %cn
y=co+cix — icox2 — éclx3 — %cox“ — 4loclx5 418c0x6 —

:Co(l—%x2—éx4 418)(6—...)—&—01( —Exg—%xs— )

16. (1 —x%)y" —xy'+4y=0= (1-x3)Yn(n— e, x" 2 —=xY¥ nc, x" ' +45 ¢, x" =0
n=2

n=1 n=0
= in(n—l)cnx Zn(n—l)cnx - chnx +Z4Cnx =0
n=2 n=2 =1 n=0
power of x coefficient equation
x? 2(1)ca +4co=0 = ¢y = —2¢
x! 3(2)cs — (l)cy +4¢, =0 =c3= —%cl
x2 4(3)04 — 2(1)02 — (2)02 +4c, =0 =c=0
x3 5(4)cs —3(2)c; — (3)c3 +4c3 =0 =5 = tc3 = — ¢
x4 6(5)ce —4(3)cs — ( Jea+4cs =0 =g =3c4 =0
x0 (n+2)(n+ l)cptz —n(n— l)ch —nc, +4¢c, =0 = cun = ﬁcn
y =co+cix — 2cox? — fe1x — go1x° — ... =co(l —x?) o (x — 3xP — §x° —...)
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17. y/ —xy'+3y=0= > n(n—1)c, x"~

for Thomas Calculus 12th Edition by Thomas
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—xznc X"~ '+320nx =0

n=2 n=1 n=0
= > n(n— 1)cy x" 2 — Yoncy x" + Z3Cnx“ =0
n=2 n=1 n=0

power of x coefficient equation

x0 2(1 )cz +3co=0 = =—3c
! 3(2)03 )C[ 4+3¢c; =0 = C3 = —%Cl

x2 4(3)cy — (2)cy +3co =0 =4 = — 150 = %o
x3 5(4)cs — (3)cs +3c3 =0 =c5=0
X-4 6(5)C6 — (4)04 +3c4 =0 = Cq = %.C4 = %Co
X" (n+2)(n+ l)cn+2—ncn+3cn:0 = Chi2 = ST S

y = o+ c1x — 3cox? — fo1x® + deox* + shicox® — ... =co(1 — 3x* 4+ Ix* 4+ Ex0 + L) + oy (x — 1x)

18. x%y" —4xy’ + 6y =0 = x> n(n — 1)c, x"2 4xchn -l +6Zc x"=0
n=2 n=1 n=0
= > nn— e, x" — > dnc, x" + Y 6c,x" =0
n=2 n=1 n=0

power of x coefficient equation
x0 6¢co =0 =co=0
x! —4(1)c; +6¢; =0 =c¢ =0
x? 2(1)ca—4(2)ca +6c2 =0 =0=0
x3 3(2)c3—4(3)c3 +6¢c3 =0 =0=0
x4 4(3)04—4(4)04 +6¢c4 =0 =c =0
X0 n(n—l)cn—4ncn+6cn:0 :>c;1:0

y = cox? 4 c3x°
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