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CHAPTER 2. DIFFERENTIATION

Section 2.1 Tangent Lines and Their Slopes
(page 100)

1. Slope of y = 3x − 1 at (1, 2) is

m = lim
h→0

3(1 + h) − 1 − (3 × 1 − 1)

h
= lim

h→0

3h

h
= 3.

The tangent line isy − 2 = 3(x − 1), or y = 3x − 1. (The
tangent to a straight line at any point on it is the same
straight line.)

2. Since y = x/2 is a straight line, its tangent at any point
(a, a/2) on it is the same liney = x/2.

3. Slope of y = 2x2 − 5 at (2, 3) is

m = lim
h→0

2(2 + h)2 − 5 − (2(22) − 5)

h

= lim
h→0

8 + 8h + 2h2 − 8

h
= lim

h→0
(8 + 2h) = 8

Tangent line isy − 3 = 8(x − 2) or y = 8x − 13.

4. The slope ofy = 6 − x − x2 at x = −2 is

m = lim
h→0

6 − (−2 + h) − (−2 + h)2 − 4

h

= lim
h→0

3h − h2

h
= lim

h→0
(3 − h) = 3.

The tangent line at(−2, 4) is y = 3x + 10.

5. Slope of y = x3 + 8 at x = −2 is

m = lim
h→0

(−2 + h)3 + 8 − (−8 + 8)

h

= lim
h→0

−8 + 12h − 6h2 + h3 + 8 − 0

h

= lim
h→0

(

12− 6h + h2
)

= 12

Tangent line isy − 0 = 12(x + 2) or y = 12x + 24.

6. The slope ofy =
1

x2 + 1
at (0, 1) is

m = lim
h→0

1

h

(

1

h2 + 1
− 1

)

= lim
h→0

−h

h2 + 1
= 0.

The tangent line at(0, 1) is y = 1.

7. Slope of y =
√

x + 1 at x = 3 is

m = lim
h→0

√
4 + h − 2

h
·
√

4 + h + 2
√

4 + h + 2

= lim
h→0

4 + h − 4

h
(√

h + h + 2
)

= lim
h→0

1
√

4 + h + 2
=

1

4
.

Tangent line isy − 2 =
1

4
(x − 3), or x − 4y = −5.

8. The slope ofy =
1

√
x

at x = 9 is

m = lim
h→0

1

h

(

1
√

9 + h
−

1

3

)

= lim
h→0

3 −
√

9 + h

3h
√

9 + h
·

3 +
√

9 + h

3 +
√

9 + h

= lim
h→0

9 − 9 − h

3h
√

9 + h(3 +
√

9 + h)

= −
1

3(3)(6)
= −

1

54
.

The tangent line at(9, 1
3) is y = 1

3 − 1
54(x − 9), or

y = 1
2 − 1

54x .

9. Slope of y =
2x

x + 2
at x = 2 is

m = lim
h→0

2(2 + h)

2 + h + 2
− 1

h

= lim
h→0

4 + 2h − 2 − h − 2

h(2 + h + 2)

= lim
h→0

h

h(4 + h)
=

1

4
.

Tangent line isy − 1 =
1

4
(x − 2),

or x − 4y = −2.

10. The slope ofy =
√

5 − x2 at x = 1 is

m = lim
h→0

√

5 − (1 + h)2 − 2

h

= lim
h→0

5 − (1 + h)2 − 4

h
(

√

5 − (1 + h)2 + 2
)

= lim
h→0

−2− h
√

5 − (1 + h)2 + 2
= −

1

2

The tangent line at(1, 2) is y = 2 − 1
2(x − 1), or

y = 5
2 − 1

2x .
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11. Slope of y = x2 at x = x0 is

m = lim
h→0

(x0 + h)2 − x2
0

h
= lim

h→0

2x0h + h2

h
= 2x0.

Tangent line isy − x2
0 = 2x0(x − x0),

or y = 2x0x − x2
0.

12. The slope ofy =
1

x
at (a, 1

a ) is

m = lim
h→0

1

h

(

1

a + h
+

1

a

)

= lim
h→0

a − a − h

h(a + h)(a)
= −

1

a2
.

The tangent line at(a,
1

a
) is y =

1

a
−

1

a2 (x − a), or

y =
2

a
−

x

a2 .

13. Since limh→0

√
|0 + h| − 0

h
= lim

h→0

1

|h|sgn(h)
does not

exist (and is not∞ or −∞), the graph of f (x) =
√

|x |
has no tangent atx = 0.

14. The slope of f (x) = (x − 1)4/3 at x = 1 is

m = lim
h→0

(1 + h − 1)4/3 − 0

h
= lim

h→0
h1/3 = 0.

The graph of f has a tangent line with slope 0 atx = 1.
Since f (1) = 0, the tangent has equationy = 0

15. The slope of f (x) = (x + 2)3/5 at x = −2 is

m = lim
h→0

(−2 + h + 2)3/5 − 0

h
= lim

h→0
h−2/5 = ∞.

The graph of f has vertical tangentx = −2 at x = −2.

16. The slope of f (x) = |x2 − 1| at x = 1 is

m = limh→0
|(1 + h)2 − 1| − |1 − 1|

h
= lim

h→0

|2h + h2|
h

,

which does not exist, and is not−∞ or ∞. The graph
of f has no tangent atx = 1.

17. If f (x) =
{√

x if x ≥ 0
−

√
−x if x < 0

, then

lim
h→0+

f (0 + h) − f (0)

h
= lim

h→0+

√
h

h
= ∞

lim
h→0−

f (0 + h) − f (0)

h
= lim

h→0−

−
√

−h

h
= ∞

Thus the graph off has a vertical tangentx = 0.

18. The slope ofy = x2 − 1 at x = x0 is

m = lim
h→0

[(x0 + h)2 − 1] − (x2
0 − 1)

h

= lim
h→0

2x0h + h2

h
= 2x0.

If m = −3, thenx0 = − 3
2 . The tangent line with slope

m = −3 at (− 3
2, 5

4) is y = 5
4 − 3(x + 3

2), that is,
y = −3x − 13

4 .

19. a) Slope ofy = x3 at x = a is

m = lim
h→0

(a + h)3 − a3

h

= lim
h→0

a3 + 3a2h + 3ah2 + h3 − a3

h
= lim

h→0
(3a2 + 3ah + h2) = 3a2

b) We havem = 3 if 3a2 = 3, i.e., if a = ±1.
Lines of slope 3 tangent toy = x3 are
y = 1 + 3(x − 1) and y = −1 + 3(x + 1), or
y = 3x − 2 and y = 3x + 2.

20. The slope ofy = x3 − 3x at x = a is

m = lim
h→0

1

h

[

(a + h)3 − 3(a + h) − (a3 − 3a)
]

= lim
h→0

1

h

[

a3 + 3a2h + 3ah2 + h3 − 3a − 3h − a3 + 3a
]

= lim
h→0

[3a2 + 3ah + h2 − 3] = 3a2 − 3.

At points where the tangent line is parallel to thex-axis,
the slope is zero, so such points must satisfy 3a2 − 3 = 0.
Thus,a = ±1. Hence, the tangent line is parallel to the
x-axis at the points(1, −2) and (−1, 2).

21. The slope of the curvey = x3 − x + 1 at x = a is

m = lim
h→0

(a + h)3 − (a + h) + 1 − (a3 − a + 1)

h

= lim
h→0

3a2h + 3ah2 + a3 − h

h
= lim

h→0
(3a2 + 3ah + h2 − 1) = 3a2 − 1.

The tangent atx = a is parallel to the liney = 2x + 5 if
3a2 − 1 = 2, that is, if a = ±1. The corresponding points
on the curve are(−1, 1) and (1, 1).

22. The slope of the curvey = 1/x at x = a is

m = lim
h→0

1

a + h
−

1

a
h

= lim
h→0

a − (a + h)

ah(a + h)
= −

1

a2 .

The tangent atx = a is perpendicular to the line
y = 4x − 3 if −1/a2 = −1/4, that is, if a = ±2. The
corresponding points on the curve are(−2,−1/2) and
(2, 1/2).
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23. The slope of the curvey = x2 at x = a is

m = lim
h→0

(a + h)2 − a2

h
= lim

h→0
(2a + h) = 2a.

The normal atx = a has slope−1/(2a), and has equa-
tion

y − a2 = −
1

2a
(x − a), or

x

2a
+ y =

1

2
+ a2.

This is the linex + y = k if 2a = 1, and so
k = (1/2) + (1/2)2 = 3/4.

24. The curvesy = kx2 and y = k(x − 2)2 intersect at(1, k).
The slope ofy = kx2 at x = 1 is

m1 = lim
h→0

k(1 + h)2 − k

h
= lim

h→0
(2 + h)k = 2k.

The slope ofy = k(x − 2)2 at x = 1 is

m2 = lim
h→0

k(2 − (1 + h))2 − k

h
= lim

h→0
(−2 + h)k = −2k.

The two curves intersect at right angles if
2k = −1/(−2k), that is, if 4k2 = 1, which is satisfied
if k = ±1/2.

25. Horizontal tangents at(0, 0), (3, 108), and(5, 0).
y

-20

20

40

60

80

100

x-1 1 2 3 4 5

(3, 108)

y = x3(5 − x)2

Fig. 2.1.25

26. Horizontal tangent at(−1, 8) and (2, −19).
y

-30

-20

-10

10

20

x-2 -1 1 2 3

(−1, 8)

(2, −19)

y = 2x3 − 3x2 − 12x + 1

Fig. 2.1.26

27. Horizontal tangent at(−1/2, 5/4). No tangents at
(−1, 1) and (1, −1).

y

-3

-2

-1

1

2

x-3 -2 -1 1 2

y = |x2 − 1| − x

Fig. 2.1.27

28. Horizontal tangent at(a, 2) and (−a, −2) for all a > 1.
No tangents at(1, 2) and (−1,−2).

y

-3

-2

-1

1

2

x-3 -2 -1 1 2

y = |x + 1| − |x − 1|

Fig. 2.1.28

29. Horizontal tangent at(0,−1). The tangents at(±1, 0)

are vertical.
y

-3

-2

-1

1

2

x-3 -2 -1 1 2

y = (x2 − 1)1/3

Fig. 2.1.29

30. Horizontal tangent at(0, 1). No tangents at(−1, 0) and
(1, 0).
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y

1

2

x-2 -1 1 2

y = ((x2 − 1)2)1/3

Fig. 2.1.30

31. The graph of the functionf (x) = x2/3 (see Figure 2.1.7
in the text) has a cusp at the originO, so does not have
a tangent line there. However, the angle betweenO P
and the positivey-axis does→ 0 as P approaches 0
along the graph. Thus the answer is NO.

32. The slope ofP(x) at x = a is

m = lim
h→0

P(a + h) − P(a)

h
.

Since P(a + h) = a0 + a1h + a2h2 + · · · + anhn and
P(a) = a0, the slope is

m = lim
h→0

a0 + a1h + a2h2 + · · · + anhn − a0

h
= lim

h→0
a1 + a2h + · · · + anhn−1 = a1.

Thus the liney = ℓ(x) = m(x − a) + b is tangent to
y = P(x) at x = a if and only if m = a1 and b = a0,
that is, if and only if

P(x)−ℓ(x) = a2(x − a)2 + a3(x − a)3 + · · · + an(x − a)n

= (x − a)2
[

a2 + a3(x − a) + · · · + an(x − a)n−2
]

= (x − a)2Q(x)

where Q is a polynomial.

Section 2.2 The Derivative (page 107)

1.
y

x

y = f ′(x)

2.
y

xy = g′(x)

3.
y

x

y = h ′(x)

4.
y

x

y = k′(x)

5. Assuming the tick marks are spaced 1 unit apart, the
function f is differentiable on the intervals(−2,−1),
(−1, 1), and(1, 2).

6. Assuming the tick marks are spaced 1 unit apart, the
function g is differentiable on the intervals(−2, −1),
(−1, 0), (0, 1), and(1, 2).

7. y = f (x) has its minimum atx = 3/2 where f ′(x) = 0
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y

x

y

x

y = f (x) = 3x − x2 − 1

y = f ′(x)

Fig. 2.2.7

8. y = f (x) has horizontal tangents at the points near 1/2
and 3/2 where f ′(x) = 0

y

x

y

x

y = f (x) = x3 − 3x2 + 2x + 1

y = f ′(x)

Fig. 2.2.8

9. y = f (x) fails to be differentiable atx = −1, x = 0,
and x = 1. It has horizontal tangents at two points, one
between−1 and 0 and the other between 0 and 1.

y

x

y

x

y = f (x) = |x3 − 1|

y = f ′(x)

Fig. 2.2.9

10. y = f (x) is constant on the intervals(−∞,−2), (−1, 1),
and (2, ∞). It is not differentiable atx = ±2 and
x = ±1.

y

x

y

x

y = f (x) = |x2 − 1| − |x2 − 4|

y = f ′(x)

Fig. 2.2.10

11. y = x2 − 3x

y ′ = lim
h→0

(x + h)2 − 3(x + h) − (x2 − 3x)

h

= lim
h→0

2xh + h2 − 3h

h
= 2x − 3

dy = (2x − 3) dx
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12. f (x) = 1 + 4x − 5x2

f ′(x) = lim
h→0

1 + 4(x + h) − 5(x + h)2 − (1 + 4x − 5x2)

h

= lim
h→0

4h − 10xh − 5h2

h
= 4 − 10x

d f (x) = (4 − 10x) dx

13. f (x) = x3

f ′(x) = lim
h→0

(x + h)3 − x3

h

= lim
h→0

3x2h + 3xh2 + h3

h
= 3x2

d f (x) = 3x2 dx

14. s =
1

3 + 4t
ds

dt
= lim

h→0

1

h

[

1

3 + 4(t + h)
−

1

3 + 4t

]

= lim
h→0

3 + 4t − 3 − 4t − 4h

h(3 + 4t)[3 + (4t + h)]
= −

4

(3 + 4t)2

ds = −
4

(3 + 4t)2 dt

15. g(x) =
2 − x

2 + x

g′(x) = lim
h→0

2 − (x + h)

2 + x + h
−

2 − x

2 + x
h

= lim
h→0

(2 − x − h)(2 + x) − (2 + x + h)(2 − x)

h(2 + x + h)(2 + x)

= −
4

(2 + x)2

dg(x) = −
4

(2 + x)2 dx

16. y = 1
3x3 − x

y ′ = lim
h→0

1

h

[

1
3(x + h)3 − (x + h) − (1

3x3 − x)
]

= lim
h→0

1

h

(

x2h + xh2 + 1
3h3 − h

)

= lim
h→0

(x2 + xh + 1
3h2 − 1) = x2 − 1

dy = (x2 − 1) dx

17. F(t) =
√

2t + 1

F ′(t) = lim
h→0

√
2(t + h) + 1 −

√
2t + 1

h

= lim
h→0

2t + 2h + 1 − 2t − 1

h
(√

2(t + h) + 1 +
√

2t + 1
)

= lim
h→0

2
√

2(t + h) + 1 +
√

2t + 1

=
1

√
2t + 1

d F(t) =
1

√
2t + 1

dt

18. f (x) = 3
4

√
2 − x

f ′(x) = lim
h→0

3
4

√
2 − (x + h) − 3

4

√
2 − x

h

= lim
h→0

3

4

[

2 − x − h − 2 + x

h(
√

2 − (x + h) +
√

2 − x)

]

= −
3

8
√

2 − x

d f (x) = −
3

8
√

2 − x
dx

19. y = x +
1

x

y ′ = lim
h→0

x + h +
1

x + h
− x −

1

x
h

= lim
h→0

(

1 +
x − x − h

h(x + h)x

)

= 1 + lim
h→0

−1

(x + h)x
= 1 −

1

x2

dy =
(

1 −
1

x2

)

dx

20. z =
s

1 + s
dz

ds
= lim

h→0

1

h

[

s + h

1 + s + h
−

s

1 + s

]

= lim
h→0

(s + h)(1 + s) − s(1 + s + h)

h(1 + s)(1 + s + h)
=

1

(1 + s)2

dz =
1

(1 + s)2 ds
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21. F(x) =
1

√
1 + x2

F ′(x) = lim
h→0

1
√

1 + (x + h)2
−

1
√

1 + x2

h

= lim
h→0

√
1 + x2 −

√

1 + (x + h)2

h
√

1 + (x + h)2
√

1 + x2

= lim
h→0

1 + x2 − 1 − x2 − 2hx − h2

h
√

1 + (x + h)2
√

1 + x2
(√

1 + x2 +
√

1 + (x + h)2
)

=
−2x

2(1 + x2)3/2 = −
x

(1 + x2)3/2

d F(x) = −
x

(1 + x2)3/2 dx

22. y =
1

x2

y ′ = lim
h→0

1

h

[

1

(x + h)2
−

1

x2

]

= lim
h→0

x2 − (x + h)2

hx2(x + h)2 = −
2

x3

dy = −
2

x3 dx

23. y =
1

√
1 + x

y ′(x) = lim
h→0

1
√

1 + x + h
−

1
√

1 + x
h

= lim
h→0

√
1 + x −

√
1 + x + h

h
√

1 + x + h
√

1 + x

= lim
h→0

1 + x − 1 − x − h

h
√

1 + x + h
√

1 + x
(√

1 + x +
√

1 + x + h
)

= lim
h→0

−
1

√
1 + x + h

√
1 + x

(√
1 + x +

√
1 + x + h

)

= −
1

2(1 + x)3/2

dy = −
1

2(1 + x)3/2 dx

24. f (t) =
t2 − 3

t2 + 3

f ′(t) = lim
h→0

1

h

(

(t + h)2 − 3

(t + h)2 + 3
−

t2 − 3

t2 + 3

)

= lim
h→0

[(t + h)2 − 3](t2 + 3) − (t2 − 3)[(t + h)2 + 3]

h(t2 + 3)[(t + h)2 + 3]

= lim
h→0

12th + 6h2

h(t2 + 3)[(t + h)2 + 3]
=

12t

(t2 + 3)2

d f (t) =
12t

(t2 + 3)2 dt

25. Since f (x) = x sgnx = |x |, for x 6= 0, f will become
continuous atx = 0 if we define f (0) = 0. However,
f will still not be differentiable atx = 0 since|x | is not
differentiable atx = 0.

26. Sinceg(x) = x2 sgnx = x |x | =
{

x2 if x > 0
−x2 if x < 0

, g

will become continuous and differentiable atx = 0 if we
defineg(0) = 0.

27. h(x) = |x2 + 3x + 2| fails to be differentiable where
x2 + 3x + 2 = 0, that is, atx = −2 andx = −1. Note:
both of these are single zeros ofx2 + 3x + 2. If they
were higher order zeros (i.e. if(x + 2)n or (x + 1)n were
a factor ofx2 + 3x + 2 for some integern ≥ 2) thenh
would be differentiable at the corresponding point.

28. y = x3 − 2x

x
f (x) − f (1)

x − 1
0.9 0.71000
0.99 0.97010
0.999 0.99700
0.9999 0.99970

x
f (x) − f (1)

x − 1
1.1 1.31000
1.01 1.03010
1.001 1.00300
1.0001 1.00030

d

dx
(x3 − 2x)

∣

∣

∣

∣

x=1
= lim

h→0

(1 + h)3 − 2(1 + h) − (−1)

h

= lim
h→0

h + 3h2 + h3

h
= lim

h→0
1 + 3h + h2 = 1

29. f (x) = 1/x

x
f (x) − f (2)

x − 2
1.9 −0.26316
1.99 −0.25126
1.999 −0.25013
1.9999 −0.25001

x
f (x) − f (2)

x − 2
2.1 −0.23810
2.01 −0.24876
2.001 −0.24988
2.0001 −0.24999

f ′(2) = lim
h→0

1

2 + h
− 2

h
= lim

h→0

2 − (2 + h)

h(2 + h)2

= lim
h→0

−
1

(2 + h)2
= −

1

4

30. The slope ofy = 5 + 4x − x2 at x = 2 is

dy

dx

∣

∣

∣

∣

x=2
= lim

h→0

5 + 4(2 + h) − (2 + h)2 − 9

h

= lim
h→0

−h2

h
= 0.

Thus, the tangent line atx = 2 has the equationy = 9.
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31. y =
√

x + 6. Slope at(3, 3) is

m = lim
h→0

√
9 + h − 3

h
= lim

h→0

9 + h − 9

h
(√

9 + h + 3
) =

1

6
.

Tangent line isy − 3 =
1

6
(x − 3), or x − 6y = −15.

32. The slope ofy =
t

t2 − 2
at t = −2 and y = −1 is

dy

dt

∣

∣

∣

∣

t=−2
= lim

h→0

1

h

[

−2 + h

(−2 + h)2 − 2
− (−1)

]

= lim
h→0

−2 + h + [(−2 + h)2 − 2]

h[(−2 + h)2 − 2]
= −

3

2
.

Thus, the tangent line has the equation
y = −1 − 3

2(t + 2), that is, y = − 3
2 t − 4.

33. y =
2

t2 + t
Slope att = a is

m = lim
h→0

2

(a + h)2 + (a + h)
−

2

a2 + a
h

= lim
h→0

2(a2 + a − a2 − 2ah − h2 − a − h)

h[(a + h)2 + a + h](a2 + a)

= lim
h→0

−4a − 2h − 2

[(a + h)2 + a + h](a2 + a)

= −
4a + 2

(a2 + a)2

Tangent line isy =
2

a2 + a
−

2(2a + 1)

(a2 + a)2 (t − a)

34. f ′(x) = −17x−18 for x 6= 0

35. g′(t) = 22t21 for all t

36.
dy

dx
=

1

3
x−2/3 for x 6= 0

37.
dy

dx
= −

1

3
x−4/3 for x 6= 0

38.
d

dt
t−2.25 = −2.25t−3.25 for t > 0

39.
d

ds
s119/4 =

119

4
s115/4 for s > 0

40.
d

ds

√
s

∣

∣

∣

∣

s=9
=

1

2
√

s

∣

∣

∣

∣

s=9
=

1

6
.

41. F(x) =
1

x
, F ′(x) = −

1

x2
, F ′

(

1

4

)

= −16

42. f ′(8) = −
2

3
x−5/3

∣

∣

∣

∣

x=8
= −

1

48

43.
dy

dt

∣

∣

∣

∣

t=4
=

1

4
t−3/4

∣

∣

∣

∣

t=4
=

1

8
√

2

44. The slope ofy =
√

x at x = x0 is

dy

dx

∣

∣

∣

∣

x=x0

=
1

2
√

x0
.

Thus, the equation of the tangent line is

y = √
x0 +

1

2
√

x0
(x − x0), that is, y =

x + x0

2
√

x0
.

45. Slope of y =
1

x
at x = a is −

1

x2

∣

∣

∣

∣

x=a
=

1

a2 .

Normal has slopea2, and equationy −
1

a
= a2(x − a),

or y = a2x − a3 +
1

a

46. The intersection points ofy = x2 and x + 4y = 18 satisfy

4x2 + x − 18 = 0

(4x + 9)(x − 2) = 0.

Thereforex = − 9
4 or x = 2.

The slope ofy = x2 is m1 =
dy

dx
= 2x .

At x = −
9

4
, m1 = −

9

2
. At x = 2, m1 = 4.

The slope ofx + 4y = 18, i.e. y = − 1
4x + 18

4 , is
m2 = − 1

4 .
Thus, atx = 2, the product of these slopes is
(4)(− 1

4) = −1. So, the curve and line intersect at right
angles at that point.

47. Let the point of tangency be(a, a2). Slope of tangent is
d

dx
x2
∣

∣

∣

∣

x=a
= 2a

This is the slope from(a, a2) to (1, −3), so
a2 + 3

a − 1
= 2a, and

a2 + 3 = 2a2 − 2a

a2 − 2a − 3 = 0

a = 3 or − 1

The two tangent lines are
(for a = 3): y − 9 = 6(x − 3) or 6x − 9
(for a = −1): y − 1 = −2(x + 1) or y = −2x − 1
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y

x

(a,a2)

(1,−3)

y = x2

Fig. 2.2.47

48. The slope ofy =
1

x
at x = a is

dy

dx

∣

∣

∣

∣

x=a
= −

1

a2 .

If the slope is−2, then−
1

a2 = −2, or a = ±
1

√
2

.

Therefore, the equations of the two straight lines are

y =
√

2 − 2

(

x −
1

√
2

)

and y = −
√

2 − 2

(

x +
1

√
2

)

,

or y = −2x ± 2
√

2.

49. Let the point of tangency be(a,
√

a)

Slope of tangent is
d

dx

√
x

∣

∣

∣

∣

x=a
=

1

2
√

a

Thus
1

2
√

a
=

√
a − 0

a + 2
, so a + 2 = 2a, anda = 2.

The required slope is
1

2
√

2
.

y

x

(a,
√

a)

y=
√

x

−2

Fig. 2.2.49

50. If a line is tangent toy = x2 at (t, t2), then its slope is
dy

dx

∣

∣

∣

∣

x=t
= 2t . If this line also passes through(a, b), then

its slope satisfies

t2 − b

t − a
= 2t, that is t2 − 2at + b = 0.

Hencet =
2a ±

√
4a2 − 4b

2
= a ±

√

a2 − b.

If b < a2, i.e. a2 − b > 0, thent = a ±
√

a2 − b
has two real solutions. Therefore, there will be two dis-
tinct tangent lines passing through(a, b) with equations

y = b + 2
(

a ±
√

a2 − b
)

(x − a). If b = a2, then t = a.

There will be only one tangent line with slope 2a and
equationy = b + 2a(x − a).
If b > a2, thena2 − b < 0. There will be no real solution
for t . Thus, there will be no tangent line.

51. Supposef is odd: f (−x) = − f (x). Then

f ′(−x) = lim
h→0

f (−x + h) − f (−x)

h

= lim
h→0

−
f (x − h) − f (x)

h
(let h = −k)

= lim
k→0

f (x + k) − f (x)

k
= f ′(x)

Thus f ′ is even.
Now supposef is even: f (−x) = f (x). Then

f ′(−x) = lim
h→0

f (−x + h) − f (−x)

h

= lim
h→0

f (x − h) − f (x)

h

= lim
k→0

f (x + k) − f (x)

−k
= − f ′(x)

so f ′ is odd.

52. Let f (x) = x−n . Then

f ′(x) = lim
h→0

(x + h)−n − x−n

h

= lim
h→0

1

h

(

1

(x + h)n
−

1

xn

)

= lim
h→0

xn − (x + h)n

hxn(x + h)n

= lim
h→0

x − (x + h)

hxn((x + h)n
×

(

xn−1 + xn−2(x + h) + · · · + (x + h)n−1
)

= −
1

x2n
× nxn−1 = −nx−(n+1).
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53. f (x) = x1/3

f ′(x) = lim
h→0

(x + h)1/3 − x1/3

h

= lim
h→0

(x + h)1/3 − x1/3

h

×
(x + h)2/3 + (x + h)1/3x1/3 + x2/3

(x + h)2/3 + (x + h)1/3x1/3 + x2/3

= lim
h→0

x + h − x

h[(x + h)2/3 + (x + h)1/3x1/3 + x2/3]

= lim
h→0

1

(x + h)2/3 + (x + h)1/3x1/3 + x2/3

=
1

3x2/3
=

1

3
x−2/3

54. Let f (x) = x1/n . Then

f ′(x) = lim
h→0

(x + h)1/n − x1/n

h
(let x + h = an , x = bn)

= lim
a→b

a − b

an − bn

= lim
a→b

1

an−1 + an−2b + an−3b2 + · · · + bn−1

=
1

nbn−1 =
1

n
x (1/n)−1.

55.
d

dx
xn = lim

h→0

(x + h)n − xn

h

= lim
h→0

1

h

[

xn +
n

1
xn−1h +

n(n − 1)

1 × 2
xn−2h2

+
n(n − 1)(n − 2)

1 × 2 × 3
xn−3h3 + · · · + hn − xn

]

= lim
h→0

(

nxn−1 + h

[

n(n − 1)

1 × 2
xn−2h

+
n(n − 1)(n − 2)

1 × 2 × 3
xn−3h2 + · · · + hn−1

])

= nxn−1

56. Let

f ′(a+) = lim
h→0+

f (a + h) − f (a)

h

f ′(a−) = lim
h→0−

f (a + h) − f (a)

h

If f ′(a+) is finite, call the half-line with equation
y = f (a) + f ′(a+)(x − a), (x ≥ a), the right tangent
line to the graph off at x = a. Similarly, if f ′(a−)

is finite, call the half-liney = f (a) + f ′(a−)(x − a),
(x ≤ a), the left tangent line. If f ′(a+) = ∞ (or −∞),
the right tangent line is the half-linex = a, y ≥ f (a) (or
x = a, y ≤ f (a)). If f ′(a−) = ∞ (or −∞), the right
tangent line is the half-linex = a, y ≤ f (a) (or x = a,
y ≥ f (a)).
The graph has a tangent line atx = a if and only if
f ′(a+) = f ′(a−). (This includes the possibility that both
quantities may be+∞ or both may be−∞.) In this
case the right and left tangents are two opposite halves of
the same straight line. Forf (x) = x2/3, f ′(x) = 2

3x−1/3.

At (0, 0), we have f ′(0+) = +∞ and f ′(0−) = −∞.
In this case both left and right tangents are thepositive
y-axis, and the curve does not have a tangent line at the
origin.
For f (x) = |x |, we have

f ′(x) = sgn(x) =
{1 if x > 0

−1 if x < 0.

At (0, 0), f ′(0+) = 1, and f ′(0−) = −1. In this case
the right tangent isy = x , (x ≥ 0), and the left tangent is
y = −x , (x ≤ 0). There is no tangent line.

Section 2.3 Differentiation Rules
(page 115)

1. y = 3x2 − 5x − 7, y ′ = 6x − 5.

2. y = 4x1/2 −
5

x
, y ′ = 2x−1/2 + 5x−2

3. f (x) = Ax2 + Bx + C, f ′(x) = 2Ax + B.

4. f (x) =
6

x3 +
2

x2 − 2, f ′(x) = −
18

x4 −
4

x3

5. z =
s5 − s3

15
,

dz

dx
=

1

3
s4 −

1

5
s2.

6. y = x45 − x−45 y ′ = 45x44 + 45x−46

7. g(t) = t1/3 + 2t1/4 + 3t1/5

g′(t) =
1

3
t−2/3 +

1

2
t−3/4 +

3

5
t−4/5

8. y = 3
3
√

t2 −
2

√
t3

= 3t2/3 − 2t−3/2

dy

dt
= 2t−1/3 + 3t−5/2

9. u =
3

5
x5/3 −

5

3
x−3/5

du

dx
= x2/3 + x−8/5

49

Copyright © 2014 Pearson Canada Inc.



SECTION 2.3 (PAGE 115) ADAMS and ESSEX: CALCULUS 8

10. F(x) = (3x − 2)(1 − 5x)

F ′(x) = 3(1 − 5x) + (3x − 2)(−5) = 13− 30x

11. y =
√

x

(

5 − x −
x2

3

)

= 5
√

x − x3/2 −
1

3
x5/2

y ′ =
5

2
√

x
−

3

2

√
x −

5

6
x3/2

12. g(t) =
1

2t − 3
, g′(t) = −

2

(2t − 3)2

13. y =
1

x2 + 5x

y ′ = −
1

(x2 + 5x)2 (2x + 5) = −
2x + 5

(x2 + 5x)2

14. y =
4

3 − x
, y ′ =

4

(3 − x)2

15. f (t) =
π

2 − π t

f ′(t) = −
π

(2 − π t)2 (−π) =
π2

(2 − π t)2

16. g(y) =
2

1 − y2
, g′(y) =

4y

(1 − y2)2

17. f (x) =
1 − 4x2

x3 = x−3 −
4

x

f ′(x) = −3x−4 + 4x−2 =
4x2 − 3

x4

18. g(u) =
u
√

u − 3

u2 = u−1/2 − 3u−2

g′(u) = −
1

2
u−3/2 + 6u−3 =

12− u
√

u

2u3

19. y =
2 + t + t2

√
t

= 2t−1/2 +
√

t + t3/2

dy

dt
= −t−3/2 +

1

2
√

t
+

3

2

√
t =

3t2 + t − 2

2t
√

t

20. z =
x − 1

x2/3
= x1/3 − x−2/3

dz

dx
=

1

3
x−2/3 +

2

3
x−5/3 =

x + 2

3x5/3

21. f (x) =
3 − 4x

3 + 4x

f ′(x) =
(3 + 4x)(−4) − (3 − 4x)(4)

(3 + 4x)2

= −
24

(3 + 4x)2

22. z =
t2 + 2t

t2 − 1

z′ =
(t2 − 1)(2t + 2) − (t2 + 2t)(2t)

(t2 − 1)2

= −
2(t2 + t + 1)

(t2 − 1)2

23. s =
1 +

√
t

1 −
√

t

ds

dt
=

(1 −
√

t)
1

2
√

t
− (1 +

√
t)(−

1

2
√

t
)

(1 −
√

t)2

=
1

√
t(1 −

√
t)2

24. f (x) =
x3 − 4

x + 1

f ′(x) =
(x + 1)(3x2) − (x3 − 4)(1)

(x + 1)2

=
2x3 + 3x2 + 4

(x + 1)2

25. f (x) =
ax + b

cx + d

f ′(x) =
(cx + d)a − (ax + b)c

(cx + d)2

=
ad − bc

(cx + d)2

26. F(t) =
t2 + 7t − 8

t2 − t + 1

F ′(t) =
(t2 − t + 1)(2t + 7) − (t2 + 7t − 8)(2t − 1)

(t2 − t + 1)2

=
−8t2 + 18t − 1

(t2 − t + 1)2

27. f (x) = (1 + x)(1 + 2x)(1 + 3x)(1 + 4x)

f ′(x) = (1 + 2x)(1 + 3x)(1 + 4x) + 2(1 + x)(1 + 3x)(1 + 4x)

+ 3(1 + x)(1 + 2x)(1 + 4x) + 4(1 + x)(1 + 2x)(1 + 3x)

OR

f (x) = [(1 + x)(1 + 4x)] [(1 + 2x)(1 + 3x)]

= (1 + 5x + 4x2)(1 + 5x + 6x2)

= 1 + 10x + 25x2 + 10x2(1 + 5x) + 24x4

= 1 + 10x + 35x2 + 50x3 + 24x4

f ′(x) = 10+ 70x + 150x2 + 96x3

28. f (r) = (r−2 + r−3 − 4)(r2 + r3 + 1)

f ′(r) = (−2r−3 − 3r−4)(r2 + r3 + 1)

+ (r−2 + r−3 − 4)(2r + 3r2)

or

f (r) = −2 + r−1 + r−2 + r−3 + r − 4r2 − 4r3

f ′(r) = −r−2 − 2r−3 − 3r−4 + 1 − 8r − 12r2
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29. y = (x2 + 4)(
√

x + 1)(5x2/3 − 2)

y ′ = 2x(
√

x + 1)(5x2/3 − 2)

+
1

2
√

x
(x2 + 4)(5x2/3 − 2)

+
10

3
x−1/3(x2 + 4)(

√
x + 1)

30. y =
(x2 + 1)(x3 + 2)

(x2 + 2)(x3 + 1)

=
x5 + x3 + 2x2 + 2

x5 + 2x3 + x2 + 2

y ′ =
(x5 + 2x3 + x2 + 2)(5x4 + 3x2 + 4x)

(x5 + 2x3 + x2 + 2)2

−
(x5 + x3 + 2x2 + 2)(5x4 + 6x2 + 2x)

(x5 + 2x3 + x2 + 2)2

=
2x7 − 3x6 − 3x4 − 6x2 + 4x

(x5 + 2x3 + x2 + 2)2

=
2x7 − 3x6 − 3x4 − 6x2 + 4x

(x2 + 2)2(x3 + 1)2

31. y =
x

2x +
1

3x + 1

=
3x2 + x

6x2 + 2x + 1

y ′ =
(6x2 + 2x + 1)(6x + 1) − (3x2 + x)(12x + 2)

(6x2 + 2x + 1)2

=
6x + 1

(6x2 + 2x + 1)2

32. f (x) =
(
√

x − 1)(2 − x)(1 − x2)
√

x(3 + 2x)

=
(

1 −
1

√
x

)

·
2 − x − 2x2 + x3

3 + 2x

f ′(x) =
(

1

2
x−3/2

)

2 − x − 2x2 + x3

3 + 2x
+
(

1 −
1

√
x

)

×
(3 + 2x)(−1 − 4x + 3x2) − (2 − x − 2x2 + x3)(2)

(3 + 2x)2

=
(2 − x)(1 − x2)

2x3/2(3 + 2x)

+
(

1 −
1

√
x

)

4x3 + 5x2 − 12x − 7

(3 + 2x)2

33.
d

dx

(

x2

f (x)

)
∣

∣

∣

∣

x=2
=

f (x)(2x) − x2 f ′(x)

[ f (x)]2

∣

∣

∣

∣

x=2

=
4 f (2) − 4 f ′(2)

[ f (2)]2
= −

4

4
= −1

34.
d

dx

(

f (x)

x2

)
∣

∣

∣

∣

x=2
=

x2 f ′(x) − 2x f (x)

x4

∣

∣

∣

∣

x=2

=
4 f ′(2) − 4 f (2)

16
=

4

16
=

1

4

35.
d

dx

(

x2 f (x)
)

∣

∣

∣

∣

x=2
=
(

2x f (x) + x2 f ′(x)
)

∣

∣

∣

∣

x=2

= 4 f (2) + 4 f ′(2) = 20

36.
d

dx

(

f (x)

x2 + f (x)

)
∣

∣

∣

∣

x=2

=
(x2 + f (x)) f ′(x) − f (x)(2x + f ′(x))

(x2 + f (x))2

∣

∣

∣

∣

x=2

=
(4 + f (2)) f ′(2) − f (2)(4 + f ′(2))

(4 + f (2))2
=

18− 14

62
=

1

9

37.
d

dx

(

x2 − 4

x2 + 4

)

|x=−2 =
d

dx

(

1 −
8

x2 + 4

)
∣

∣

∣

∣

x=−2

=
8

(x2 + 4)2
(2x)

∣

∣

∣

∣

x=−2

= −
32

64
= −

1

2

38.
d

dt

[

t (1 +
√

t)

5 − t

] ∣

∣

∣

∣

t=4

=
d

dt

[

t + t3/2

5 − t

]
∣

∣

∣

∣

t=4

=
(5 − t)(1 + 3

2 t1/2) − (t + t3/2)(−1)

(5 − t)2

∣

∣

∣

∣

t=4

=
(1)(4) − (12)(−1)

(1)2 = 16

39. f (x) =
√

x

x + 1

f ′(x) =
(x + 1)

1

2
√

x
−

√
x(1)

(x + 1)2

f ′(2) =

3

2
√

2
−

√
2

9
= −

1

18
√

2

40.
d

dt
[(1 + t)(1 + 2t)(1 + 3t)(1 + 4t)]

∣

∣

∣

∣

t=0

= (1)(1 + 2t)(1 + 3t)(1 + 4t) + (1 + t)(2)(1 + 3t)(1 + 4t)+

(1 + t)(1 + 2t)(3)(1 + 4t) + (1 + t)(1 + 2t)(1 + 3t)(4)

∣

∣

∣

∣

t=0

= 1 + 2 + 3 + 4 = 10

41. y =
2

3 − 4
√

x
, y ′ = −

2
(

3 − 4
√

x
)2

(

−
4

2
√

x

)

Slope of tangent at(1, −2) is m =
8

(−1)22
= 4

Tangent line has the equationy = −2 + 4(x − 1) or
y = 4x − 6
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42. For y =
x + 1

x − 1
we calculate

y ′ =
(x − 1)(1) − (x + 1)(1)

(x − 1)2 = −
2

(x − 1)2 .

At x = 2 we havey = 3 and y ′ = −2. Thus, the
equation of the tangent line isy = 3 − 2(x − 2), or
y = −2x + 7. The normal line isy = 3 + 1

2(x − 2), or
y = 1

2x + 2.

43. y = x +
1

x
, y ′ = 1 −

1

x2

For horizontal tangent: 0= y ′ = 1 −
1

x2 so x2 = 1 and

x = ±1
The tangent is horizontal at(1, 2) and at(−1,−2)

44. If y = x2(4 − x2), then

y ′ = 2x(4 − x2) + x2(−2x) = 8x − 4x3 = 4x(2 − x2).

The slope of a horizontal line must be zero, so
4x(2 − x2) = 0, which implies thatx = 0 or x = ±

√
2.

At x = 0, y = 0 and atx = ±
√

2, y = 4.
Hence, there are two horizontal lines that are tangent to
the curve. Their equations arey = 0 and y = 4.

45. y =
1

x2 + x + 1
, y ′ = −

2x + 1

(x2 + x + 1)2

For horizon-

tal tangent we want 0= y ′ = −
2x + 1

(x2 + x + 1)2 . Thus

2x + 1 = 0 andx = −
1

2

The tangent is horizontal only at

(

−
1

2
,

4

3

)

.

46. If y =
x + 1

x + 2
, then

y ′ =
(x + 2)(1) − (x + 1)(1)

(x + 2)2 =
1

(x + 2)2 .

In order to be parallel toy = 4x , the tangent line must
have slope equal to 4, i.e.,

1

(x + 2)2 = 4, or (x + 2)2 = 1
4 .

Hencex + 2 = ± 1
2 , and x = − 3

2 or − 5
2 . At x = − 3

2 ,

y = −1, and atx = − 5
2 , y = 3.

Hence, the tangent is parallel toy = 4x at the points
(

− 3
2,−1

)

and
(

− 5
2, 3

)

.

47. Let the point of tangency be(a, 1
a ). The slope of the

tangent is−
1

a2 =
b − 1

a

0 − a
. Thusb − 1

a = 1
a and a =

2

b
.

Tangent has slope−
b2

4
so has equationy = b −

b2

4
x .

y

x

(

a,
1
a

)

y =
1

x

b

Fig. 2.3.47

48. Since
1

√
x

= y = x2 ⇒ x5/2 = 1, thereforex = 1 at

the intersection point. The slope ofy = x2 at x = 1 is

2x

∣

∣

∣

∣

x=1
= 2. The slope ofy =

1
√

x
at x = 1 is

dy

dx

∣

∣

∣

∣

x=1
= −

1

2
x−3/2

∣

∣

∣

∣

x=1
= −

1

2
.

The product of the slopes is(2)
(

− 1
2

)

= −1. Hence, the
two curves intersect at right angles.

49. The tangent toy = x3 at (a, a3) has equation
y = a3 + 3a2(x − a), or y = 3a2x − 2a3. This line
passes through(2, 8) if 8 = 6a2 − 2a3 or, equivalently, if
a3 −3a2 +4 = 0. Since(2, 8) lies on y = x3, a = 2 must
be a solution of this equation. In fact it must be a double
root; (a − 2)2 must be a factor ofa3 − 3a2 + 4. Dividing
by this factor, we find that the other factor isa + 1, that
is,

a3 − 3a2 + 4 = (a − 2)2(a + 1).

The two tangent lines toy = x3 passing through(2, 8)

correspond toa = 2 anda = −1, so their equations are
y = 12x − 16 andy = 3x + 2.

50. The tangent toy = x2/(x −1) at (a, a2/(a−1)) has slope

m =
(x − 1)2x − x2(1)

(x − 1)2

∣

∣

∣

∣

x=a
=

a2 − 2a

(a − 1)2
.

The equation of the tangent is

y −
a2

a − 1
=

a2 − 2a

(a − 1)2
(x − a).

This line passes through(2, 0) provided

0 −
a2

a − 1
=

a2 − 2a

(a − 1)2 (2 − a),
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or, upon simplification, 3a2 − 4a = 0. Thus we can have
either a = 0 or a = 4/3. There are two tangents through
(2, 0). Their equations arey = 0 and y = −8x + 16.

51.
d

dx

√

f (x) = lim
h→0

√
f (x + h) −

√
f (x)

h

= lim
h→0

f (x + h) − f (x)

h

1
√

f (x + h) +
√

f (x)

=
f ′(x)

2
√

f (x)

d

dx

√

x2 + 1 =
2x

2
√

x2 + 1
=

x
√

x2 + 1

52. f (x) = |x3| =
{

x3 if x ≥ 0
−x3 if x < 0

. Therefore f is differen-

tiable everywhere exceptpossibly at x = 0, However,

lim
h→0+

f (0 + h) − f (0)

h
= lim

h→0+
h2 = 0

lim
h→0−

f (0 + h) − f (0)

h
= lim

h→0−
(−h2) = 0.

Thus f ′(0) exists and equals 0. We have

f ′(x) =
{

3x2 if x ≥ 0
−3x2 if x < 0.

53. To be proved:
d

dx
xn/2 =

n

2
x (n/2)−1 for n = 1, 2, 3, . . . .

Proof: It is already known that the casen = 1 is true:
the derivative ofx1/2 is (1/2)x−1/2.
Assume that the formula is valid forn = k for some
positive integerk:

d

dx
xk/2 =

k

2
x (k/2)−1.

Then, by the Product Rule and this hypothesis,

d

dx
x (k+1)/2 =

d

dx
x1/2xk/2

=
1

2
x−1/2xk/2 +

k

2
x1/2x (k/2)−1 =

k + 1

2
x (k+1)/2−1.

Thus the formula is also true forn = k + 1. Therefore it
is true for all positive integersn by induction.
For negativen = −m (wherem > 0) we have

d

dx
xn/2 =

d

dx

1

xm/2

=
−1

xm

m

2
x (m/2)−1

= −
m

2
x−(m/2)−1 =

n

2
x (n/2)−1.

54. To be proved:

( f1 f2 · · · fn)′

= f ′
1 f2 · · · fn + f1 f ′

2 · · · fn + · · · + f1 f2 · · · f ′
n

Proof: The casen = 2 is just the Product Rule. Assume
the formula holds forn = k for some integerk > 2.
Using the Product Rule and this hypothesis we calculate

( f1 f2 · · · fk fk+1)
′

= [( f1 f2 · · · fk) fk+1]′

= ( f1 f2 · · · fk)
′ fk+1 + ( f1 f2 · · · fk) f ′

k+1

= ( f ′
1 f2 · · · fk + f1 f ′

2 · · · fk + · · · + f1 f2 · · · f ′
k) fk+1

+ ( f1 f2 · · · fk) f ′
k+1

= f ′
1 f2 · · · fk fk+1 + f1 f ′

2 · · · fk fk+1 + · · ·
+ f1 f2 · · · f ′

k fk+1 + f1 f2 · · · fk f ′
k+1

so the formula is also true forn = k + 1. The formula is
therefore for all integersn ≥ 2 by induction.

Section 2.4 The Chain Rule (page 120)

1. y = (2x + 3)6, y ′ = 6(2x + 3)52 = 12(2x + 3)5

2. y =
(

1 −
x

3

)99

y ′ = 99
(

1 −
x

3

)98
(

−
1

3

)

= −33
(

1 −
x

3

)98

3. f (x) = (4 − x2)10

f ′(x) = 10(4 − x2)9(−2x) = −20x(4 − x2)9

4.
dy

dx
=

d

dx

√

1 − 3x2 =
−6x

2
√

1 − 3x2
= −

3x
√

1 − 3x2

5. F(t) =
(

2 +
3

t

)−10

F ′(t) = −10

(

2 +
3

t

)−11 −3

t2 =
30

t2

(

2 +
3

t

)−11

6. z = (1 + x2/3)3/2

z′ = 3
2(1 + x2/3)1/2(2

3x−1/3) = x−1/3(1 + x2/3)1/2

7. y =
3

5 − 4x

y ′ = −
3

(5 − 4x)2 (−4) =
12

(5 − 4x)2

8. y = (1 − 2t2)−3/2

y ′ = − 3
2(1 − 2t2)−5/2(−4t) = 6t (1 − 2t2)−5/2

9. y = |1 − x2|, y ′ = −2xsgn(1 − x2) =
2x3 − 2x

|1 − x2|

10. f (t) = |2 + t3|

f ′(t) = [sgn(2 + t3)](3t2) =
3t2(2 + t3)

|2 + t3|
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11. y = 4x + |4x − 1|
y ′ = 4 + 4(sgn(4x − 1))

=
{

8 if x > 1
4

0 if x < 1
4

12. y = (2 + |x |3)1/3

y ′ = 1
3(2 + |x |3)−2/3(3|x |2)sgn(x)

= |x |2(2 + |x |3)−2/3
(

x

|x |

)

= x |x |(2+ |x |3)−2/3

13. y =
1

2 +
√

3x + 4

y ′ = −
1

(

2 +
√

3x + 4
)2

(

3

2
√

3x + 4

)

= −
3

2
√

3x + 4
(

2 +
√

3x + 4
)2

14. f (x) =
(

1 +
√

x − 2

3

)4

f ′(x) = 4

(

1 +
√

x − 2

3

)3
(

1

2

√

3

x − 2

)

(

1

3

)

=
2

3

√

3

x − 2

(

1 +
√

x − 2

3

)3

15. z =
(

u +
1

u − 1

)−5/3

dz

du
= −

5

3

(

u +
1

u − 1

)−8/3(

1 −
1

(u − 1)2

)

= −
5

3

(

1 −
1

(u − 1)2

)(

u +
1

u − 1

)−8/3

16. y =
x5

√
3 + x6

(4 + x2)3

y ′ =
1

(4 + x2)6

(

(4 + x2)3

[

5x4
√

3 + x6 + x5

(

3x5
√

3 + x6

)]

− x5
√

3 + x6
[

3(4 + x2)2(2x)
]

)

=
(4 + x2)

[

5x4(3 + x6) + 3x10
]

− x5(3 + x6)(6x)

(4 + x2)4
√

3 + x6

=
60x4 − 3x6 + 32x10 + 2x12

(4 + x2)4
√

3 + x6

17.
y

t−21/3

y=|2+t3|

18.
y

x

(

1
4 ,1
)

slope 8

slope 0

y=4x+|4x−1|

19.
d

dx
x1/4 =

d

dx

√√
x =

1

2
√√

x
×

1

2
√

x
=

1

4
x−3/4

20.
d

dx
x3/4 =

d

dx

√

x
√

x =
1

2
√

x
√

x

(√
x +

x

2
√

x

)

=
3

4
x−1/4

21.
d

dx
x3/2 =

d

dx

√

x3 =
1

2
√

x3
(3x2) =

3

2
x1/2

22.
d

dt
f (2t + 3) = 2 f ′(2t + 3)

23.
d

dx
f (5x − x2) = (5 − 2x) f ′(5x − x2)

24.
d

dx

[

f

(

2

x

)]3

= 3

[

f

(

2

x

)]2

f ′
(

2

x

)(

−2

x2

)

= −
2

x2 f ′
(

2

x

)[

f

(

2

x

)]2

25.
d

dx

√

3 + 2 f (x) =
2 f ′(x)

2
√

3 + 2 f (x)
=

f ′(x)
√

3 + 2 f (x)

26.
d

dt
f (

√
3 + 2t) = f ′(

√
3 + 2t)

2

2
√

3 + 2t

=
1

√
3 + 2t

f ′(
√

3 + 2t)

27.
d

dx
f (3 + 2

√
x) =

1
√

x
f ′(3 + 2

√
x)

28.
d

dt
f

(

2 f
(

3 f (x)
)

)

= f ′
(

2 f
(

3 f (x)
)

)

· 2 f ′
(

3 f (x)
)

· 3 f ′(x)

= 6 f ′(x) f ′
(

3 f (x)
)

f ′
(

2 f
(

3 f (x)
)

)
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29.
d

dx
f
(

2 − 3 f (4 − 5t)
)

= f ′
(

2 − 3 f (4 − 5t)
)(

−3 f ′(4 − 5t)
)

(−5)

= 15 f ′(4 − 5t) f ′
(

2 − 3 f (4 − 5t)
)

30.
d

dx

(√
x2 − 1

x2 + 1

)

∣

∣

∣

∣

x=−2

=
(x2 + 1)

x
√

x2 − 1
−
√

x2 − 1(2x)

(x2 + 1)2

∣

∣

∣

∣

x=−2

=
(5)

(

−
2

√
3

)

−
√

3(−4)

25
=

2

25
√

3

31.
d

dt

√
3t − 7

∣

∣

∣

∣

t=3
=

3

2
√

3t − 7

∣

∣

∣

∣

t=3
=

3

2
√

2

32. f (x) =
1

√
2x + 1

f ′(4) = −
1

(2x + 1)3/2

∣

∣

∣

∣

x=4
= −

1

27

33. y = (x3 + 9)17/2

y ′
∣

∣

∣

∣

x=−2
=

17

2
(x3 + 9)15/23x2

∣

∣

∣

∣

x=−2
=

17

2
(12) = 102

34. F(x) = (1 + x)(2 + x)2(3 + x)3(4 + x)4

F ′(x) = (2 + x)2(3 + x)3(4 + x)4+
2(1 + x)(2 + x)(3 + x)3(4 + x)4+
3(1 + x)(2 + x)2(3 + x)2(4 + x)4+
4(1 + x)(2 + x)2(3 + x)3(4 + x)3

F ′(0) = (22)(33)(44) + 2(1)(2)(33)(44)+
3(1)(22)(32)(44) + 4(1)(22)(33)(43)

= 4(22 · 33 · 44) = 110, 592

35. y =
(

x +
(

(3x)5 − 2
)−1/2)−6

y ′ = −6

(

x +
(

(3x)5 − 2
)−1/2

)−7

×
(

1 −
1

2

(

(3x)5 − 2
)−3/2(

5(3x)43
)

)

= −6

(

1 −
15

2
(3x)4

(

(3x)5 − 2
)−3/2

)

×
(

x +
(

(3x)5 − 2
)−1/2

)−7

36. The slope ofy =
√

1 + 2x2 at x = 2 is

dy

dx

∣

∣

∣

∣

x=2
=

4x

2
√

1 + 2x2

∣

∣

∣

∣

x=2
=

4

3
.

Thus, the equation of the tangent line at(2, 3) is
y = 3 + 4

3(x − 2), or y = 4
3x + 1

3 .

37. Slope of y = (1 + x2/3)3/2 at x = −1 is
3

2
(1 + x2/3)1/2

(

2

3
x−1/3

)
∣

∣

∣

∣

x=−1
= −

√
2

The tangent line at(−1, 23/2) has equation
y = 23/2 −

√
2(x + 1).

38. The slope ofy = (ax + b)8 at x =
b

a
is

dy

dx

∣

∣

∣

∣

x=b/a
= 8a(ax + b)7

∣

∣

∣

∣

x=b/a
= 1024ab7.

The equation of the tangent line atx =
b

a
and

y = (2b)8 = 256b8 is

y = 256b8+1024ab7
(

x −
b

a

)

, or y = 210ab7x−3×28b8.

39. Slope of y = 1/(x2 − x + 3)3/2 at x = −2 is

−
3

2
(x2−x+3)−5/2(2x−1)

∣

∣

∣

∣

x=−2
= −

3

2
(9−5/2)(−5) =

5

162

The tangent line at(−2,
1

27
) has equation

y =
1

27
+

5

162
(x + 2).

40. Given that f (x) = (x − a)m (x − b)n then

f ′(x) = m(x − a)m−1(x − b)n + n(x − a)m (x − b)n−1

= (x − a)m−1(x − b)n−1(mx − mb + nx − na).

If x 6= a and x 6= b, then f ′(x) = 0 if and only if

mx − mb + nx − na = 0,

which is equivalent to

x =
n

m + n
a +

m

m + n
b.

This point lies lies betweena and b.

41. x(x4 + 2x2 − 2)/(x2 + 1)5/2

42. 4(7x4 − 49x2 + 54)/x7

43. 857, 592

44. 5/8

45. The Chain Rule doesnot enable you to calculate the
derivatives of|x |2 and |x2| at x = 0 directly as a compo-
sition of two functions, one of which is|x |, because|x |
is not differentiable atx = 0. However,|x |2 = x2 and
|x2| = x2, so both functions are differentiable atx = 0
and have derivative 0 there.

46. It may happen thatk = g(x + h) − g(x) = 0 for values
of h arbitrarily close to 0 so that the division byk in the
“proof” is not justified.
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Section 2.5 Derivatives of Trigonometric
Functions (page 125)

1.
d

dx
cscx =

d

dx

1

sinx
= −

cosx

sin2 x
= − cscx cotx

2.
d

dx
cotx =

d

dx

cosx

sinx
=

− cos2 x − sin2 x

sin2 x
= −csc2x

3. y = cos 3x, y ′ = −3 sin 3x

4. y = sin
x

5
, y ′ =

1

5
cos

x

5
.

5. y = tanπx, y ′ = π sec2 πx

6. y = secax, y ′ = a secax tanax .

7. y = cot(4 − 3x), y ′ = 3 csc2(4 − 3x)

8.
d

dx
sin

π − x

3
= −

1

3
cos

π − x

3

9. f (x) = cos(s − r x), f ′(x) = r sin(s − r x)

10. y = sin(Ax + B), y ′ = A cos(Ax + B)

11.
d

dx
sin(πx2) = 2πx cos(πx2)

12.
d

dx
cos(

√
x) = −

1

2
√

x
sin(

√
x)

13. y =
√

1 + cosx, y ′ =
− sinx

2
√

1 + cosx

14.
d

dx
sin(2 cosx) = cos(2 cosx)(−2 sinx)

= −2 sinx cos(2 cosx)

15. f (x) = cos(x + sinx)

f ′(x) = −(1 + cosx) sin(x + sinx)

16. g(θ) = tan(θ sinθ)

g′(θ) = (sinθ + θ cosθ) sec2(θ sinθ)

17. u = sin3(πx/2), u′ =
3π

2
cos(πx/2) sin2(πx/2)

18. y = sec(1/x), y ′ = −(1/x2) sec(1/x) tan(1/x)

19. F(t) = sinat cosat (=
1

2
sin 2at)

F ′(t) = a cosat cosat − a sinat sinat

( = a cos 2at)

20. G(θ) =
sinaθ

cosbθ

G ′(θ) =
a cosbθ cosaθ + b sinaθ sinbθ

cos2 bθ
.

21.
d

dx

(

sin(2x) − cos(2x)
)

= 2 cos(2x) + 2 sin(2x)

22.
d

dx
(cos2 x − sin2 x) =

d

dx
cos(2x)

= −2 sin(2x) = −4 sinx cosx

23.
d

dx
(tanx + cotx) = sec2 x − csc2 x

24.
d

dx
(secx − cscx) = secx tanx + cscx cotx

25.
d

dx
(tanx − x) = sec2 x − 1 = tan2 x

26.
d

dx
tan(3x) cot(3x) =

d

dx
(1) = 0

27.
d

dt
(t cost − sint) = cost − t sint − cost = −t sint

28.
d

dt
(t sint + cost) = sint + t cost − sint = t cost

29.
d

dx

sinx

1 + cosx
=

(1 + cosx)(cosx) − sin(x)(− sinx)

(1 + cosx)2

=
cosx + 1

(1 + cosx)2 =
1

1 + cosx

30.
d

dx

cosx

1 + sinx
=

(1 + sinx)(− sinx) − cos(x)(cosx)

(1 + sinx)2

=
− sinx − 1

(1 + sinx)2 =
−1

1 + sinx

31.
d

dx
x2 cos(3x) = 2x cos(3x) − 3x2 sin(3x)

32. g(t) =
√

(sint)/t

g′(t) =
1

2
√

(sint)/t
×

t cost − sint

t2

=
t cost − sint

2t3/2
√

sint

33. v = sec(x2) tan(x2)

v ′ = 2x sec(x2) tan2(x2) + 2x sec3(x2)

34. z =
sin

√
x

1 + cos
√

x

z′ =
(1 + cos

√
x)(cos

√
x/2

√
x) − (sin

√
x)(− sin

√
x/2

√
x)

(1 + cos
√

x)2

=
1 + cos

√
x

2
√

x(1 + cos
√

x)2
=

1

2
√

x(1 + cos
√

x)

35.
d

dt
sin(cos(tant)) = −(sec2 t)(sin(tant)) cos(cos(tant))

36. f (s) = cos(s + cos(s + coss))

f ′(s) = −[sin(s + cos(s + coss))]

× [1 − (sin(s + coss))(1 − sins)]

37. Differentiate both sides of sin(2x) = 2 sinx cosx and
divide by 2 to get cos(2x) = cos2 x − sin2 x .

38. Differentiate both sides of cos(2x) = cos2 x − sin2 x and
divide by −2 to get sin(2x) = 2 sinx cosx .

39. Slope of y = sinx at (π, 0) is cosπ = −1. Therefore
the tangent and normal lines toy = sinx at (π, 0) have
equationsy = −(x − π) and y = x − π , respectively.
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40. The slope ofy = tan(2x) at (0, 0) is 2 sec2(0) = 2.
Therefore the tangent and normal lines toy = tan(2x) at
(0, 0) have equationsy = 2x and y = −x/2, respectively.

41. The slope ofy =
√

2 cos(x/4) at (π, 1) is
−(

√
2/4) sin(π/4) = −1/4. Therefore the tangent and

normal lines toy =
√

2 cos(x/4) at (π, 1) have equations
y = 1 − (x − π)/4 and y = 1 + 4(x − π), respectively.

42. The slope ofy = cos2 x at (π/3, 1/4) is
− sin(2π/3) = −

√
3/2. Therefore the tangent and normal

lines to y = tan(2x) at (0, 0) have equations
y = (1/4) − (

√
3/2)(x − (π/3)) and

y = (1/4) + (2/
√

3)(x − (π/3)), respectively.

43. Slope of y = sin(x◦) = sin
( πx

180

)

is

y ′ =
π

180
cos

( πx

180

)

. At x = 45 the tangent line has

equation

y =
1

√
2

+
π

180
√

2
(x − 45).

44. For y = sec(x◦) = sec
( xπ

180

)

we have

dy

dx
=

π

180
sec

( xπ

180

)

tan
( xπ

180

)

.

At x = 60 the slope is
π

180
(2

√
3) =

π
√

3

90
.

Thus, the normal line has slope−
90

π
√

3
and has equation

y = 2 −
90

π
√

3
(x − 60).

45. The slope ofy = tanx at x = a is sec2 a. The tan-
gent there is parallel toy = 2x if sec2 a = 2, or
cosa = ±1/

√
2. The only solutions in(−π/2, π/2)

are a = ±π/4. The corresponding points on the graph
are (π/4, 1) and (−π/4, 1).

46. The slope ofy = tan(2x) at x = a is 2 sec2(2a). The
tangent there is normal toy = −x/8 if 2 sec2(2a) = 8, or
cos(2a) = ±1/2. The only solutions in(−π/4, π/4) are
a = ±π/6. The corresponding points on the graph are
(π/6,

√
3) and (−π/6,−

√
3).

47.
d

dx
sinx = cosx = 0 at odd multiples ofπ/2.

d

dx
cosx = − sinx = 0 at multiples ofπ .

d

dx
secx = secx tanx = 0 at multiples ofπ .

d

dx
cscx = − cscx cotx = 0 at odd multiples ofπ/2.

Thus each of these functions has horizontal tangents at
infinitely many points on its graph.

48.
d

dx
tanx = sec2 x = 0 nowhere.

d

dx
cotx = − csc2 x = 0 nowhere.

Thus neither of these functions has a horizontal tangent.

49. y = x + sinx has a horizontal tangent atx = π because
dy/dx = 1 + cosx = 0 there.

50. y = 2x + sinx has no horizontal tangents because
dy/dx = 2 + cosx ≥ 1 everywhere.

51. y = x + 2 sinx has horizontal tangents atx = 2π/3 and
x = 4π/3 becausedy/dx = 1 + 2 cosx = 0 at those
points.

52. y = x + 2 cosx has horizontal tangents atx = π/6 and
x = 5π/6 becausedy/dx = 1 − 2 sinx = 0 at those
points.

53. lim
x→0

tan(2x)

x
= lim

x→0

sin(2x)

2x

2

cos(2x)
= 1 × 2 = 2

54. lim
x→π

sec(1 + cosx) = sec(1 − 1) = sec 0= 1

55. lim
x→0

x2 cscx cotx = lim
x→0

( x

sinx

)2
cosx = 12 × 1 = 1

56. lim
x→0

cos

(

π − π cos2 x

x2

)

= lim
x→0

cosπ
(sinx

x

)2
= cosπ = −1

57. lim
h→0

1 − cosh

h2 = lim
h→0

2 sin2(h/2)

h2 = lim
h→0

1

2

(

sin(h/2)

h/2

)2

=
1

2

58. f will be differentiable atx = 0 if

2 sin 0+ 3 cos 0= b, and

d

dx
(2 sinx + 3 cosx)

∣

∣

∣

∣

x=0
= a.

Thus we needb = 3 anda = 2.

59. There are infinitely many lines through the origin that
are tangent toy = cosx . The two with largest slope are
shown in the figure.

y

x

y = cosx

−π π 2π

Fig. 2.5.59
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The tangent toy = cosx at x = a has equation
y = cosa − (sina)(x − a). This line passes through
the origin if cosa = −a sina. We use a calculator with
a “solve” function to find solutions of this equation near
a = −π and a = 2π as suggested in the figure. The
solutions area ≈ −2.798386 anda ≈ 6.121250. The
slopes of the corresponding tangents are given by− sina,
so they are 0.336508 and 0.161228 to six decimal places.

60. 1

61. −
√

2π + 3(2π3/2 − 4π + 3)/π

62. a) As suggested by the figure in the problem,
the square of the length of chordAP is
(1 − cosθ)2 + (0 − sinθ)2, and the square of the
length of arcAP is θ2. Hence

(1 + cosθ)2 + sin2 θ < θ2,

and, since squares cannot be negative, each term in
the sum on the left is less thanθ2. Therefore

0 ≤ |1 − cosθ | < |θ |, 0 ≤ | sinθ | < |θ |.

Since limθ→0 |θ | = 0, the squeeze theorem implies
that

lim
θ→0

1 − cosθ = 0, lim
θ→0

sinθ = 0.

From the first of these, limθ→0 cosθ = 1.

b) Using the result of (a) and the addition formulas for
cosine and sine we obtain

lim
h→0

cos(θ0 + h) = lim
h→0

(cosθ0 cosh − sinθ0 sinh) = cosθ0

lim
h→0

sin(θ0 + h) = lim
h→0

(sinθ0 cosh + cosθ0 sinh) = sinθ0.

This says that cosine and sine are continuous at any
point θ0.

Section 2.6 Higher-Order Derivatives
(page 130)

1. y = (3 − 2x)7

y ′ = −14(3 − 2x)6

y ′′ = 168(3 − 2x)5

y ′′′ = −1680(3 − 2x)4

2. y = x2 −
1

x

y ′ = 2x +
1

x2

y ′′ = 2 −
2

x3

y ′′′ =
6

x4

3. y =
6

(x − 1)2 = 6(x − 1)−2

y ′ = −12(x − 1)−3

y ′′ = 36(x − 1)−4

y ′′′ = −144(x − 1)−5

4. y =
√

ax + b

y ′ =
a

2
√

ax + b

y ′′ = −
a2

4(ax + b)3/2

y ′′′ =
3a3

8(ax + b)5/2

5. y = x1/3 − x−1/3

y ′ =
1

3
x−2/3 +

1

3
x−4/3

y ′′ = −
2

9
x−5/3 −

4

9
x−7/3

y ′′′ =
10

27
x−8/3 +

28

27
x−10/3

6. y = x10 + 2x8

y ′ = 10x9 + 16x7

y ′′ = 90x8 + 112x6

y ′′′ = 720x7 + 672x5

7. y = (x2 + 3)
√

x = x5/2 + 3x1/2

y ′ =
5

2
x3/2 +

3

2
x−1/2

y ′′ =
15

4
x1/2 −

3

4
x−3/2

y ′′′ =
15

8
x−1/2 +

9

8
x−5/2

8. y =
x − 1

x + 1

y ′ =
2

(x + 1)2

y ′′ = −
4

(x + 1)3

y ′′′ =
12

(x + 1)4

9. y = tanx

y ′ = sec2 x

y ′′ = 2 sec2 x tanx

y ′′′ = 2 sec4 x + 4 sec2 x tan2 x

10. y = secx

y ′ = secx tanx

y ′′ = secx tan2 x + sec3 x

y ′′′ = secx tan3 x + 5 sec3 x tanx

11. y = cos(x2)

y ′ = −2x sin(x2)

y ′′ = −2 sin(x2) − 4x2 cos(x2)

y ′′′ = −12x cos(x2) + 8x3 sin(x2)

12. y =
sinx

x

y ′ =
cosx

x
−

sinx

x2

y ′′ =
(2 − x2) sinx

x3
−

2 cosx

x2

y ′′′ =
(6 − x2) cosx

x3 +
3(x2 − 2) sinx

x4
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13. f (x) =
1

x
= x−1

f ′(x) = −x−2

f ′′(x) = 2x−3

f ′′′(x) = −3!x−4

f (4)(x) = 4!x−5

Guess: f (n)(x) = (−1)nn!x−(n+1) (∗)

Proof: (*) is valid for n = 1 (and 2, 3, 4).
Assume f (k)(x) = (−1)kk!x−(k+1) for somek ≥ 1

Then f (k+1)(x) = (−1)kk!
(

−(k + 1)
)

x−(k+1)−1

= (−1)k+1(k + 1)!x−((k+1)+1) which is (*) for n = k + 1.
Therefore, (*) holds forn = 1, 2, 3, . . . by induction.

14. f (x) =
1

x2
= x−2

f ′(x) = −2x−3

f ′′(x) = −2(−3)x−4 = 3!x−4

f (3)(x) = −2(−3)(−4)x−5 = −4!x−5

Conjecture:

f (n)(x) = (−1)n(n + 1)!x−(n+2) for n = 1, 2, 3, . . .

Proof: Evidently, the above formula holds forn = 1, 2
and 3. Assume it holds forn = k,
i.e., f (k)(x) = (−1)k(k + 1)!x−(k+2) . Then

f (k+1)(x) =
d

dx
f (k)(x)

= (−1)k (k + 1)![(−1)(k + 2)]x−(k+2)−1

= (−1)k+1(k + 2)!x−[(k+1)+2] .

Thus, the formula is also true forn = k + 1. Hence it is
true for n = 1, 2, 3, . . . by induction.

15. f (x) =
1

2 − x
= (2 − x)−1

f ′(x) = +(2 − x)−2

f ′′(x) = 2(2 − x)−3

f ′′′(x) = +3!(2 − x)−4

Guess: f (n)(x) = n!(2 − x)−(n+1) (∗)

Proof: (*) holds forn = 1, 2, 3.
Assume f (k)(x) = k!(2 − x)−(k+1) (i.e., (*) holds for
n = k)

Then f (k+1)(x) = k!
(

−(k + 1)(2 − x)−(k+1)−1(−1)
)

= (k + 1)!(2 − x)−((k+1)+1) .
Thus (*) holds forn = k + 1 if it holds for k.
Therefore, (*) holds forn = 1, 2, 3, . . . by induction.

16. f (x) =
√

x = x1/2

f ′(x) = 1
2 x−1/2

f ′′(x) = 1
2(− 1

2)x−3/2

f ′′′(x) = 1
2(− 1

2)(− 3
2)x−5/2

f (4)(x) = 1
2(− 1

2)(− 3
2)(− 5

2)x−7/2

Conjecture:

f (n)(x) = (−1)n−1 1 · 3 · 5 · · · (2n − 3)

2n
x−(2n−1)/2 (n ≥ 2).

Proof: Evidently, the above formula holds forn = 2, 3
and 4. Assume that it holds forn = k, i.e.

f (k)(x) = (−1)k−1 1 · 3 · 5 · · · (2k − 3)

2k
x−(2k−1)/2.

Then

f (k+1)(x) =
d

dx
f (k)(x)

= (−1)k−1 1 · 3 · 5 · · · (2k − 3)

2k
·
[

−(2k − 1)

2

]

x−[(2k−1)/2]−1

= (−1)(k+1)−1 1 · 3 · 5 · · · (2k − 3)[2(k + 1) − 3]

2k+1 x−[2(k+1)−1]/2.

Thus, the formula is also true forn = k + 1. Hence, it is
true for n ≥ 2 by induction.

17. f (x) =
1

a + bx
= (a + bx)−1

f ′(x) = −b(a + bx)−2

f ′′(x) = 2b2(a + bx)−3

f ′′′(x) = −3!b3(a + bx)−4

Guess: f (n)(x) = (−1)nn!bn(a + bx)−(n+1) (∗)

Proof: (*) holds forn = 1, 2, 3
Assume (*) holds forn = k:
f (k)(x) = (−1)k k!bk (a + bx)−(k+1)

Then
f (k+1)(x) = (−1)kk!bk

(

−(k + 1)
)

(a + bx)−(k+1)−1(b)

= (−1)k+1(k + 1)!bk+1(a + bx)((k+1)+1)

So (*) holds forn = k + 1 if it holds for n = k.
Therefore, (*) holds forn = 1, 2, 3, 4, . . . by induction.

18. f (x) = x2/3

f ′(x) = 2
3x−1/3

f ′′(x) = 2
3(− 1

3)x−4/3

f ′′′(x) = 2
3(− 1

3)(− 4
3)x−7/3

Conjecture:

f (n)(x) = 2(−1)n−1 1 · 4 · 7 · · · · (3n − 5)

3n
x−(3n−2)/3 for

n ≥ 2.
Proof: Evidently, the above formula holds forn = 2 and
3. Assume that it holds forn = k, i.e.

f (k)(x) = 2(−1)k−1 1 · 4 · 7 · · · · (3k − 5)

3k
x−(3k−2)/3.

Then,

f (k+1)(x) =
d

dx
f (k)(x)

= 2(−1)k−1 1 · 4 · 7 · · · · (3k − 5)

3k
·
[

−(3k − 2)

3

]

x−[(3k−2)/3]−1

= 2(−1)(k+1)−1 1 · 4 · 7 · · · · (3k − 5)[3(k + 1) − 5]

3(k + 1)
x−[3(k+1)−2]/3.
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Thus, the formula is also true forn = k + 1. Hence, it is
true for n ≥ 2 by induction.

19. f (x) = cos(ax)

f ′(x) = −a sin(ax)

f ′′(x) = −a2 cos(ax)

f ′′′(x) = a3 sin(ax)

f (4)(x) = a4 cos(ax) = a4 f (x)

It follows that f (n)(x) = a4 f (n−4)(x) for n ≥ 4, and

f (n)(x) =











an cos(ax) if n = 4k
−an sin(ax) if n = 4k + 1
−an cos(ax) if n = 4k + 2
an sin(ax) if n = 4k + 3

(k = 0, 1, 2, . . .)

Differentiating any of these four formulas produces the
one for the next higher value ofn, so induction confirms
the overall formula.

20. f (x) = x cosx

f ′(x) = cosx − x sinx

f ′′(x) = −2 sinx − x cosx

f ′′′(x) = −3 cosx + x sinx

f (4)(x) = 4 sinx + x cosx
This suggests the formula (fork = 0, 1, 2, . . .)

f (n)(x) =











n sinx + x cosx if n = 4k
n cosx − x sinx if n = 4k + 1
−n sinx − x cosx if n = 4k + 2
−n cosx + x sinx if n = 4k + 3

Differentiating any of these four formulas produces the
one for the next higher value ofn, so induction confirms
the overall formula.

21. f (x) = x sin(ax)

f ′(x) = sin(ax) + ax cos(ax)

f ′′(x) = 2a cos(ax) − a2x sin(ax)

f ′′′(x) = −3a2 sin(ax) − a3x cos(ax)

f 4)(x) = −4a3 cos(ax) + a4x sin(ax)
This suggests the formula

f (n)(x) =











−nan−1 cos(ax) + an x sin(ax) if n = 4k
nan−1 sin(ax) + an x cos(ax) if n = 4k + 1
nan−1 cos(ax) − an x sin(ax) if n = 4k + 2
−nan−1 sin(ax) − an x cos(ax) if n = 4k + 3

for k = 0, 1, 2, . . .. Differentiating any of these four
formulas produces the one for the next higher value ofn,
so induction confirms the overall formula.

22. f (x) =
1

|x |
= |x |−1. Recall that

d

dx
|x | = sgnx , so

f ′(x) = −|x |−2sgnx .

If x 6= 0 we have

d

dx
sgnx = 0 and (sgnx)2 = 1.

Thus we can calculate successive derivatives off using
the product rule where necessary, but will get only one
nonzero term in each case:

f ′′(x) = 2|x |−3(sgnx)2 = 2|x |−3

f (3)(x) = −3!|x |−4sgnx

f (4)(x) = 4!|x |−5.

The pattern suggests that

f (n)(x) =
{

−n!|x |−(n+1)sgnx if n is odd
n!|x |−(n+1) if n is even

Differentiating this formula leads to the same formula
with n replaced byn + 1 so the formula is valid for all
n ≥ 1 by induction.

23. f (x) =
√

1 − 3x = (1 − 3x)1/2

f ′(x) =
1

2
(−3)(1 − 3x)−1/2

f ′′(x) =
1

2

(

−
1

2

)

(−3)2(1 − 3x)−3/2

f ′′′(x) =
1

2

(

−
1

2

)(

−
3

2

)

(−3)3(1 − 3x)−5/2

f (4)(x) =
1

2

(

−
1

2

)(

−
3

2

)(

−
5

2

)

(−3)4(1 − 3x)7/2

Guess: f (n)(x) = −
1 × 3 × 5 × · · · × (2n − 3)

2n
3n

(1 − 3x)−(2n−1)/2 (∗)

Proof: (*) is valid for n = 2, 3, 4, (but not n = 1)
Assume (*) holds forn = k for some integerk ≥ 2

i.e., f (k)(x) = −
1 × 3 × 5 × . . . × (2k − 3)

2k
3k

(1 − 3x)−(2k−1)/2

Then f (k+1)(x) = −
1 × 3 × 5 × · · · × (2k − 3)

2k
3k

(

−
2(k − 1)

2

)

(1 − 3x)−(2k−1)/2−1(−3)

= −
1 × 3 × 5 × · · ·

(

2(k + 1) − 1
)

2k+1 3k+1

(1 − 3x)−(2(k+1)−1)/2

Thus (*) holds forn = k + 1 if it holds for n = k.
Therefore, (*) holds forn = 2, 3, 4, . . . by induction.

24. If y = tan(kx), then y ′ = k sec2(kx) and

y ′′ = 2k2sec2(kx)tan(kx)

= 2k2(1 + tan2(kx)) tan(kx) = 2k2y(1 + y2).
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25. If y = sec(kx), then y ′ = k sec(kx) tan(kx) and

y ′′ = k2(sec2(kx) tan2(kx) + sec3(kx))

= k2y(2 sec2(kx) − 1) = k2y(2y2 − 1).

26. To be proved: if f (x) = sin(ax + b), then

f (n)(x) =
{

(−1)kan sin(ax + b) if n = 2k
(−1)kan cos(ax + b) if n = 2k + 1

for k = 0, 1, 2, . . . Proof: The formula works fork = 0
(n = 2 × 0 = 0 andn = 2 × 0 + 1 = 1):

{

f (0)(x) = f (x) = (−1)0a0 sin(ax + b) = sin(ax + b)

f (1)(x) = f ′(x) = (−1)0a1 cos(ax + b) = a cos(ax + b)

Now assume the formula holds for somek ≥ 0.
If n = 2(k + 1), then

f (n)(x) =
d

dx
f (n−1)(x) =

d

dx
f (2k+1)(x)

=
d

dx

(

(−1)ka2k+1 cos(ax + b)

)

= (−1)k+1a2k+2 sin(ax + b)

and if n = 2(k + 1) + 1 = 2k + 3, then

f (n)(x) =
d

dx

(

(−1)k+1a2k+2 sin(ax + b)

= (−1)k+1a2k+3 cos(ax + b).

Thus the formula also holds fork + 1. Therefore it holds
for all positive integersk by induction.

27. If y = tanx , then

y ′ = sec2 x = 1 + tan2 x = 1 + y2 = P2(y),

where P2 is a polynomial of degree 2. Assume that
y(n) = Pn+1(y) where Pn+1 is a polynomial of degree
n + 1. The derivative of any polynomial is a polynomial
of one lower degree, so

y(n+1) =
d

dx
Pn+1(y) = Pn(y)

dy

dx
= Pn(y)(1+y2) = Pn+2(y),

a polynomial of degreen + 2. By induction,
(d/dx)n tanx = Pn+1(tanx), a polynomial of degree
n + 1 in tanx .

28. ( f g)′′ = ( f ′g + f g′) = f ′′g + f ′g′ + f ′g′ + f g′′

= f ′′g + 2 f ′g′ + f g′′

29. ( f g)(3) =
d

dx
( f g)′′

=
d

dx
[ f ′′g + 2 f ′g′ + f g′′]

= f (3)g + f ′′g′ + 2 f ′′g′ + 2 f ′g′′ + f ′g′′ + f g(3)

= f (3)g + 3 f ′′g′ + 3 f ′g′′ + f g(3).

( f g)(4) =
d

dx
( f g)(3)

=
d

dx
[ f (3)g + 3 f ′′g′ + 3 f ′g′′ + f g(3)]

= f (4)g + f (3)g′ + 3 f (3)g′ + 3 f ′′g′′ + 3 f ′′g′′

+ 3 f ′g(3) + f ′g(3) + f g(4)

= f (4)g + 4 f (3)g′ + 6 f ′′g′′ + 4 f ′g(3) + f g(4).

( f g)(n) = f (n)g + n f (n − 1)g′ +
n!

2!(n − 2)!
f (n−2)g′′

+
n!

3!(n − 3)!
f (n−3)g(3) + · · · + n f ′g(n−1) + f g(n)

=
n
∑

k=0

n!

k!(n − k)!
f (n−k)g(k).

Section 2.7 Using Differentials and Deriva-
tives (page 136)

1. 1y ≈ dy = −
1

x2
dx = −

0.01

22
= −0.0025.

If x = 2.01, theny ≈ 0.5 − 0.0025= 0.4975.

2. 1 f (x) ≈ d f (x) =
3dx

2
√

3x + 1
=

3

4
(0.08) = 0.06

f (1.08) ≈ f (1) + 0.06 = 2.06.

3. 1h(t) ≈ dh(t) = −
π

4
sin

π t

4
dt −

π

4
(1)

1

10π
= −

1

40
.

h

(

2 +
1

10π

)

≈ h(2) −
1

40
= −

1

40
.

4. 1u ≈ du =
1

4
sec2

( s

4

)

ds =
1

4
(2)(−0.04) = −0.04.

If s = π − 0.06, thenu ≈ 1 − 0.04 ≈ 0.96.

5. If y = x2, then1y ≈ dy = 2x dx . If dx = (2/100)x ,
then1y ≈ (4/100)x2 = (4/100)y, so y increases by
about 4%.

6. If y = 1/x , then1y ≈ dy = (−1/x2) dx . If
dx = (2/100)x , then1y ≈ (−2/100)/x = (−2/100)y, so
y decreases by about 2%.

7. If y = 1/x2, then1y ≈ dy = (−2/x3) dx . If
dx = (2/100)x , then1y ≈ (−4/100)/x2 = (−4/100)y,
so y decreases by about 4%.

8. If y = x3, then1y ≈ dy = 3x2 dx . If dx = (2/100)x ,
then1y ≈ (6/100)x3 = (6/100)y, so y increases by
about 6%.
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9. If y =
√

x, thendy ≈ dy = (1/2
√

x) dx . If
1x = (2/100)x , then1y ≈ (1/100)

√
x = (1/100)y,

so y increases by about 1%.

10. If y = x−2/3, then1y ≈ dy = (−2/3)x−5/3 dx . If
dx = (2/100)x , then1y ≈ (−4/300)x2/3 = (−4/300)y,
so y decreases by about 1.33%.

11. If V = 4
3πr3, then1V ≈ dV = 4πr2 dr . If r increases

by 2%, thendr = 2r/100 and1V ≈ 8πr3/100. There-
fore 1V/V ≈ 6/100. The volume increases by about
6%.

12. If V is the volume andx is the edge length of the
cube thenV = x3. Thus1V ≈ dV = 3x2 1x . If
1V = −(6/100)V , then−6x3/100 ≈ 3x2 dx , so
dx ≈ −(2/100)x . The edge of the cube decreases by
about 2%.

13. Rate change of AreaA with respect to sides, where

A = s2, is
d A

ds
= 2s. When s = 4 ft, the area is changing

at rate 8 ft2/ft.

14. If A = s2, thens =
√

A and ds/d A = 1/(2
√

A).
If A = 16 m2, then the side is changing at rate
ds/d A = 1/8 m/m2.

15. The diameterD and areaA of a circle are related by
D = 2

√
A/π . The rate of change of diameter with re-

spect to area isd D/d A =
√

1/(π A) units per square
unit.

16. Since A = π D2/4, the rate of change of area with re-
spect to diameter isd A/d D = π D/2 square units per
unit.

17. Rate of change ofV =
4

3
πr3 with respect to radiusr is

dV

dr
= 4πr2. Whenr = 2 m, this rate of change is 16π

m3/m.

18. Let A be the area of a square,s be its side length andL
be its diagonal. Then,L2 = s2 + s2 = 2s2 and

A = s2 = 1
2 L2, so

d A

d L
= L . Thus, the rate of change of

the area of a square with respect to its diagonalL is L .

19. If the radius of the circle isr then C = 2πr and
A = πr2.

Thus C = 2π

√

A

π
= 2

√
π

√
A.

Rate of change ofC with respect toA is
dC

d A
=

√
π

√
A

=
1

r
.

20. Let s be the side length andV be the volume of a cube.

Then V = s3 ⇒ s = V 1/3 and
ds

dV
= 1

3V −2/3. Hence,

the rate of change of the side length of a cube with re-
spect to its volumeV is 1

3V −2/3.

21. Volume in tank isV (t) = 350(20− t)2 L at t min.

a) At t = 5, water volume is changing at rate

dV

dt

∣

∣

∣

∣

t=5
= −700(20− t)

∣

∣

∣

∣

t=5
= −10, 500.

Water is draining out at 10,500 L/min at that time.
At t = 15, water volume is changing at rate

dV

dt

∣

∣

∣

∣

t=15
= −700(20− t)

∣

∣

∣

∣

t=15
= −3, 500.

Water is draining out at 3,500 L/min at that time.

b) Average rate of change betweent = 5 andt = 15 is

V (15) − V (5)

15− 5
=

350× (25− 225)

10
= −7, 000.

The average rate of draining is 7,000 L/min over that
interval.

22. Flow rate F = kr4, so 1F ≈ 4kr3 1r . If 1F = F/10,
then

1r ≈
F

40kr3 =
kr4

40kr3 = 0.025r.

The flow rate will increase by 10% if the radius is in-
creased by about 2.5%.

23. F = k/r2 implies thatd F/dr = −2k/r3. Since
d F/dr = 1 pound/mi whenr = 4, 000 mi, we have
2k = 4, 0003. If r = 8, 000, we have
d F/dr = −(4, 000/8, 000)3 = −1/8. At r = 8, 000
mi F decreases with respect tor at a rate of 1/8
pounds/mi.

24. If price = $p, then revenue is $R = 4, 000p − 10p2.

a) Sensitivity ofR to p is d R/dp = 4, 000− 20p. If
p = 100, 200, and 300, this sensitivity is 2,000 $/$,
0 $/$, and−2, 000 $/$ respectively.

b) The distributor should charge $200. This maximizes
the revenue.

25. Cost is $C(x) = 8, 000+ 400x − 0.5x2 if x units are
manufactured.

a) Marginal cost ifx = 100 is
C ′(100) = 400− 100= $300.

b) C(101) − C(100) = 43, 299.50− 43, 000 = $299.50
which is approximatelyC ′(100).

26. Daily profit if production isx sheets per day is $P(x)

where
P(x) = 8x − 0.005x2 − 1, 000.

a) Marginal profitP ′(x) = 8 − 0.01x . This is positive
if x < 800 and negative ifx > 800.

b) To maximize daily profit, production should be 800
sheets/day.
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27. C =
80, 000

n
+ 4n +

n2

100
dC

dn
= −

80, 000

n2 + 4 +
n

50
.

(a) n = 100,
dC

dn
= −2. Thus, the marginal cost of

production is−$2.

(b) n = 300,
dC

dn
=

82

9
≈ 9.11. Thus, the marginal cost

of production is approximately $9.11.

28. Daily profit P = 13x − Cx = 13x − 10x − 20−
x2

1000

= 3x − 20−
x2

1000
Graph of P is a parabola opening downward.P will be
maximum where the slope is zero:

0 =
d P

dx
= 3 −

2x

1000
so x = 1500

Should extract 1500 tonnes of ore per day to maximize
profit.

29. One of the components comprisingC(x) is usually a
fixed cost, $S, for setting up the manufacturing opera-
tion. On a per item basis, this fixed cost $S/x , decreases
as the numberx of items produced increases, especially
when x is small. However, for largex other components
of the total cost may increase on a per unit basis, for
instance labour costs when overtime is required or main-
tenance costs for machinery when it is over used.

Let the average cost beA(x) =
C(x)

x
. The minimal av-

erage cost occurs at point where the graph ofA(x) has a
horizontal tangent:

0 =
d A

dx
=

xC ′(x) − C(x)

x2 .

Hence,xC ′(x) − C(x) = 0 ⇒ C ′(x) =
C(x)

x
= A(x).

Thus the marginal costC ′(x) equals the average cost at
the minimizing value ofx .

30. If y = Cp−r , then the elasticity ofy is

−
p

y

dy

dp
= −

p

Cp−r
(−r)Cp−r−1 = r.

Section 2.8 The Mean-Value Theorem
(page 143)

1. f (x) = x2, f ′(x) = 2x

b + a =
b2 − a2

b − a
=

f (b) − f (a)

b − a

= f ′(c) = 2c ⇒ c =
b + a

2

2. If f (x) =
1

x
, and f ′(x) = −

1

x2 then

f (2) − f (1)

2 − 1
=

1

2
− 1 = −

1

2
= −

1

c2 = f ′(c)

wherec =
√

2 lies between 1 and 2.

3. f (x) = x3 − 3x + 1, f ′(x) = 3x2 − 3, a = −2, b = 2
f (b) − f (a)

b − a
=

f (2) − f (−2)

4

=
8 − 6 + 1 − (−8 + 6 + 1)

4

=
4

4
= 1

f ′(c) = 3c2 − 3

3c2 − 3 = 1 ⇒ 3c2 = 4 ⇒ c = ±
2

√
3

(Both points will be in(−2, 2).)

4. If f (x) = cosx + (x2/2), then f ′(x) = x − sinx > 0
for x > 0. By the MVT, if x > 0, then
f (x) − f (0) = f ′(c)(x − 0) for somec > 0, so
f (x) > f (0) = 1. Thus cosx + (x2/2) > 1 and
cosx > 1 − (x2/2) for x > 0. Since both sides of
the inequality are even functions, it must hold forx < 0
as well.

5. Let f (x) = tanx . If 0 < x < π/2, then by the MVT
f (x) − f (0) = f ′(c)(x − 0) for somec in (0, π/2).
Thus tanx = x sec2 c > x , sincesecc > 1.

6. Let f (x) = (1 + x)r − 1 − r x wherer > 1.
Then f ′(x) = r(1 + x)r−1 − r .
If −1 ≤ x < 0 then f ′(x) < 0; if x > 0, then f ′(x) > 0.
Thus f (x) > f (0) = 0 if −1 ≤ x < 0 or x > 0.
Thus (1 + x)r > 1 + r x if −1 ≤ x < 0 or x > 0.

7. Let f (x) = (1 + x)r where 0< r < 1. Thus,
f ′(x) = r(1 + x)r−1. By the Mean-Value Theorem, for
x ≥ −1, andx 6= 0,

f (x) − f (0)

x − 0
= f ′(c)

⇒
(1 − x)r − 1

x
= r(1 + c)r−1

for somec between 0 andx . Thus,
(1 + x)r = 1 + r x(1 + c)r−1.
If −1 ≤ x < 0, thenc < 0 and 0< 1 + c < 1. Hence

(1 + c)r−1 > 1 (sincer − 1 < 0),

r x(1 + c)r−1 < r x (sincex < 0).
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Hence,(1 + x)r < 1 + r x .
If x > 0, then

c > 0

1 + c > 1

(1 + c)r−1 < 1

r x(1 + c)r−1 < r x .

Hence,(1 + x)r < 1 + r x in this case also.
Hence,(1+ x)r < 1+ r x for either−1 ≤ x < 0 or x > 0.

8. If f (x) = x3 − 12x + 1, then f ′(x) = 3(x2 − 4).
The critical points of f are x = ±2. f is increasing on
(−∞,−2) and (2, ∞) where f ′(x) > 0, and is decreas-
ing on (−2, 2) where f ′(x) < 0.

9. If f (x) = x2 − 4, then f ′(x) = 2x . The critical point of
f is x = 0. f is increasing on(0, ∞) and decreasing on
(−∞, 0).

10. If y = 1− x − x5, then y ′ = −1−5x4 < 0 for all x . Thus
y has no critical points and is decreasing on the whole
real line.

11. If y = x3 + 6x2, then y ′ = 3x2 + 12x = 3x(x + 4).
The critical points ofy are x = 0 andx = −4. y is
increasing on(−∞,−4) and (0,∞) where y ′ > 0, and is
decreasing on(−4, 0) where y ′ < 0.

12. If f (x) = x2 + 2x + 2 then f ′(x) = 2x + 2 = 2(x + 1).
Evidently, f ′(x) > 0 if x > −1 and f ′(x) < 0 if x < −1.
Therefore, f is increasing on(−1,∞) and decreasing on
(−∞,−1).

13. f (x) = x3 − 4x + 1
f ′(x) = 3x2 − 4

f ′(x) > 0 if |x | >
2

√
3

f ′(x) < 0 if |x | <
2

√
3

f is increasing on(−∞,−
2

√
3
) and (

2
√

3
,∞).

f is decreasing on(−
2

√
3
,

2
√

3
).

14. If f (x) = x3 + 4x + 1, then f ′(x) = 3x2 + 4. Since
f ′(x) > 0 for all real x , hence f (x) is increasing on the
whole real line, i.e., on(−∞,∞).

15. f (x) = (x2 − 4)2

f ′(x) = 2x2(x2 − 4) = 4x(x − 2)(x + 2)

f ′(x) > 0 if x > 2 or −2 < x < 0
f ′(x) < 0 if x < −2 or 0< x < 2
f is increasing on(−2, 0) and (2, ∞).
f is decreasing on(−∞,−2) and (0, 2).

16. If f (x) =
1

x2 + 1
then f ′(x) =

−2x

(x2 + 1)2 . Evidently,

f ′(x) > 0 if x < 0 and f ′(x) < 0 if x > 0. Therefore,f
is increasing on(−∞, 0) and decreasing on(0, ∞).

17. f (x) = x3(5 − x)2

f ′(x) = 3x2(5 − x)2 + 2x3(5 − x)(−1)

= x2(5 − x)(15− 5x)

= 5x2(5 − x)(3 − x)

f ′(x) > 0 if x < 0, 0< x < 3, or x > 5
f ′(x) < 0 if 3 < x < 5
f is increasing on(−∞, 3) and (5, ∞).
f is decreasing on(3, 5).

18. If f (x) = x − 2 sinx , then f ′(x) = 1 − 2 cosx = 0 at
x = ±π/3+ 2nπ for n = 0,±1,±2, . . ..
f is decreasing on(−π/3+ 2nπ,π + 2nπ).
f is increasing on(π/3 + 2nπ,−π/3 + 2(n + 1)π) for
integersn.

19. If f (x) = x + sinx , then f ′(x) = 1 + cosx ≥ 0
f ′(x) = 0 only at isolated pointsx = ±π, ±3π, ....
Hence f is increasing everywhere.

20. If f (x) = x + 2 sinx , then f ′(x) = 1 + 2 cosx > 0
if cosx > −1/2. Thus f is increasing on the intervals
(−(4π/3) + 2nπ, (4π/3) + 2nπ) wheren is any integer.

21. f (x) = x3 is increasing on(−∞, 0) and (0, ∞) because
f ′(x) = 3x2 > 0 there. But f (x1) < f (0) = 0 < f (x2)

wheneverx1 < 0 < x2, so f is also increasing on inter-
vals containing the origin.

22. There is no guarantee that the MVT applications forf
and g yield the samec.

23. CPsx = 0.535898 andx = 7.464102

24. CPsx = −1.366025 andx = 0.366025

25. CPsx = −0.518784 andx = 0

26. CP x = 0.521350

27. If x1 < x2 < . . . < xn belong toI , and f (xi ) = 0,
(1 ≤ i ≤ n), then there existsyi in (xi , xi+1) such that
f ′(yi ) = 0, (1 ≤ i ≤ n − 1) by MVT.

28. For x 6= 0, we have f ′(x) = 2x sin(1/x) − cos(1/x)

which has no limit asx → 0. However,
f ′(0) = limh→0 f (h)/h = limh→0 h sin(1/h) = 0
does exist even thoughf ′ cannot be continuous at 0.

29. If f ′ exists on [a, b] and f ′(a) 6= f ′(b), let us assume,
without loss of generality, thatf ′(a) > k > f ′(b). If
g(x) = f (x) − kx on [a, b], then g is continuous on
[a, b] becausef , having a derivative, must be contin-
uous there. By the Max-Min Theorem,g must have a
maximum value (and a minimum value) on that interval.
Suppose the maximum value occurs atc. Sinceg′(a) > 0
we must havec > a; sinceg′(b) < 0 we must have
c < b. By Theorem 14, we must haveg′(c) = 0 and so
f ′(c) = k. Thus f ′ takes on the (arbitrary) intermediate
value k.

30. f (x) =
{

x + 2x2 sin(1/x) if x 6= 0
0 if x = 0.
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a) f ′(0) = lim
h→0

f (0 + h) − f (0)

h

= lim
h→0

h + 2h2 sin(1/h)

h
= lim

h→0
(1 + 2h sin(1/h) = 1,

because|2h sin(1/h)| ≤ 2|h| → 0 ash → 0.

b) For x 6= 0, we have

f ′(x) = 1 + 4x sin(1/x) − 2 cos(1/x).

There are numbersx arbitrarily close to 0 where
f ′(x) = −1; namely, the numbersx = ±1/(2nπ),
wheren = 1, 2, 3, . . . . Since f ′(x) is continuous at
every x 6= 0, it is negative in a small interval about
every such number. Thusf cannot be increasing on
any interval containingx = 0.

31. Let a, b, andc be three points inI where f vanishes;
that is, f (a) = f (b) = f (c) = 0. Supposea < b < c.
By the Mean-Value Theorem, there exist pointsr in
(a, b) and s in (b, c) such that f ′(r) = f ′(s) = 0. By
the Mean-Value Theorem applied tof ′ on [r, s], there
is some pointt in (r, s) (and therefore inI ) such that
f ′′(t) = 0.

32. If f (n) exists on intervalI and f vanishes atn + 1 dis-
tinct points of I , then f (n) vanishes at at least one point
of I .
Proof: True forn = 2 by Exercise 8.
Assume true forn = k. (Induction hypothesis)
Supposen = k + 1, i.e., f vanishes atk + 2 points of I
and f (k+1) exists.
By Exercise 7, f ′ vanishes atk + 1 points of I .
By the induction hypothesis,f (k+1) = ( f ′)(k) vanishes at
a point of I so the statement is true forn = k + 1.
Therefore the statement is true for alln ≥ 2 by induction.
(casen = 1 is just MVT.)

33. Given that f (0) = f (1) = 0 and f (2) = 1:

a) By MVT,

f ′(a) =
f (2) − f (0)

2 − 0
=

1 − 0

2 − 0
=

1

2

for somea in (0, 2).

b) By MVT, for somer in (0, 1),

f ′(r) =
f (1) − f (0)

1 − 0
=

0 − 0

1 − 0
= 0.

Also, for somes in (1, 2),

f ′(s) =
f (2) − f (1)

2 − 1
=

1 − 0

2 − 1
= 1.

Then, by MVT applied tof ′ on the interval [r, s],
for someb in (r, s),

f ′′(b) =
f ′(s) − f ′(r)

s − r
=

1 − 0

s − r

=
1

s − r
>

1

2

sinces − r < 2.

c) Since f ′′(x) exists on [0, 2], therefore f ′(x) is con-
tinuous there. Sincef ′(r) = 0 and f ′(s) = 1, and
since 0< 1

7 < 1, the Intermediate-Value Theorem
assures us thatf ′(c) = 1

7 for somec betweenr and
s.

Section 2.9 Implicit Differentiation
(page 148)

1. xy − x + 2y = 1
Differentiate with respect tox :
y + xy ′ − 1 + 2y ′ = 0

Thus y ′ =
1 − y

2 + x

2. x3 + y3 = 1

3x2 + 3y2y ′ = 0, so y ′ = −
x2

y2 .

3. x2 + xy = y3

Differentiate with respect tox :
2x + y + xy ′ = 3y2y ′

y ′ =
2x + y

3y2 − x

4. x3y + xy5 = 2
3x2y + x3y ′ + y5 + 5xy4y ′ = 0

y ′ =
−3x2y − y5

x3 + 5xy4

5. x2y3 = 2x − y
2xy3 + 3x2y2y ′ = 2 − y ′

y ′ =
2 − 2xy3

3x2y2 + 1

6. x2 + 4(y − 1)2 = 4

2x + 8(y − 1)y ′ = 0, so y ′ =
x

4(1 − y)

7.
x − y

x + y
=

x2

y
+ 1 =

x2 + y

y
Thus xy − y2 = x3+ x2y + xy + y2, or x3+ x2y +2y2 = 0
Differentiate with respect tox :
3x2 + 2xy + x2y ′ + 4yy ′ = 0

y ′ = −
3x2 + 2xy

x2 + 4y
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8. x
√

x + y = 8 − xy
√

x + y + x
1

2
√

x + y
(1 + y ′) = −y − xy ′

2(x + y) + x(1 + y ′) = −2
√

x + y(y + xy ′)

y ′ = −
3x + 2y + 2y

√
x + y

x + 2x
√

x + y

9. 2x2 + 3y2 = 5
4x + 6yy ′ = 0

At (1, 1): 4 + 6y ′ = 0, y ′ = −
2

3

Tangent line: y − 1 = −
2

3
(x − 1) or 2x + 3y = 5

10. x2y3 − x3y2 = 12
2xy3 + 3x2y2y ′ − 3x2y2 − 2x3yy ′ = 0
At (−1, 2): −16+ 12y ′ − 12+ 4y ′ = 0, so the slope is

y ′ =
12+ 16

12+ 4
=

28

16
=

7

4
.

Thus, the equation of the tangent line is
y = 2 + 7

4(x + 1), or 7x − 4y + 15 = 0.

11.
x

y
+
( y

x

)3
= 2

x4 + y4 = 2x3y
4x3 + 4y3y ′ = 6x2y + 2x3y ′

at (−1,−1): −4 − 4y ′ = −6 − 2y ′

2y ′ = 2, y ′ = 1
Tangent line: y + 1 = 1(x + 1) or y = x .

12. x + 2y + 1 =
y2

x − 1

1 + 2y ′ =
(x − 1)2yy ′ − y2(1)

(x − 1)2

At (2, −1) we have 1+ 2y ′ = −2y ′ − 1 so y ′ = − 1
2 .

Thus, the equation of the tangent is
y = −1 − 1

2(x − 2), or x + 2y = 0.

13. 2x + y −
√

2 sin(xy) = π/2
2 + y ′ −

√
2 cos(xy)(y + xy ′) = 0

At (π/4, 1): 2 + y ′ − (1 + (π/4)y ′) = 0, so
y ′ = −4/(4 − π). The tangent has equation

y = 1 −
4

4 − π

(

x −
π

4

)

.

14. tan(xy2) = (2/π)xy
(sec2(xy2))(y2 + 2xyy ′) = (2/π)(y + xy ′).
At (−π, 1/2): 2((1/4) − πy ′) = (1/π) − 2y ′, so
y ′ = (π − 2)/(4π(π − 1)). The tangent has equation

y =
1

2
+

π − 2

4π(π − 1)
(x + π).

15. x sin(xy − y2) = x2 − 1
sin(xy − y2) + x(cos(xy − y2))(y + xy ′ − 2yy ′) = 2x .
At (1, 1): 0+(1)(1)(1− y ′) = 2, so y ′ = −1. The tangent
has equationy = 1 − (x − 1), or y = 2 − x .

16. cos
(πy

x

)

=
x2

y
−

17

2
[

− sin
(πy

x

)] π(xy ′ − y)

x2
=

2xy − x2y ′

y2
.

At (3, 1): −
√

3

2

π(3y ′ − 1)

9
= 6 − 9y ′,

so y ′ = (108−
√

3π)/(162− 3
√

3π). The tangent has
equation

y = 1 +
108−

√
3π

162− 3
√

3π
(x − 3).

17. xy = x + y

y + xy ′ = 1 + y ′ ⇒ y ′ =
y − 1

1 − x
y ′ + y ′ + xy ′′ = y ′′

Therefore,y ′′ =
2y ′

1 − x
=

2(y − 1)

(1 − x)2

18. x2 + 4y2 = 4, 2x + 8yy ′ = 0, 2 + 8(y ′)2 + 8yy ′′ = 0.

Thus, y ′ =
−x

4y
and

y ′′ =
−2 − 8(y ′)2

8y
= −

1

4y
−

x2

16y3 =
−4y2 − x2

16y3 = −
1

4y3 .

19. x3 − y2 + y3 = x

3x2 − 2yy ′ + 3y2y ′ = 1 ⇒ y ′ =
1 − 3x2

3y2 − 2y
6x − 2(y ′)2 − 2yy ′′ + 6y(y ′)2 + 3y2y ′′ = 0

y ′′ =
(2 − 6y)(y ′)2 − 6x

3y2 − 2y
=

(2 − 6y)
(1 − 3x2)2

(3y2 − 2y)2 − 6x

3y2 − 2y

=
(2 − 6y)(1 − 3x2)2

(3y2 − 2y)3 −
6x

3y2 − 2y

20. x3 − 3xy + y3 = 1
3x2 − 3y − 3xy ′ + 3y2y ′ = 0
6x − 3y ′ − 3y ′ − 3xy ′′ + 6y(y ′)2 + 3y2y ′′ = 0
Thus

y ′ =
y − x2

y2 − x

y ′′ =
−2x + 2y ′ − 2y(y ′)2

y2 − x

=
2

y2 − x

[

−x +
(

y − x2

y2 − x

)

− y

(

y − x2

y2 − x

)2]

=
2

y2 − x

[

−2xy

(y2 − x)2

]

=
4xy

(x − y2)3 .
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21. x2 + y2 = a2

2x + 2yy ′ = 0 so x + yy ′ = 0 and y ′ = −
x

y
1 + y ′y ′ + yy ′′ = 0 so

y ′′ = −
1 + (y ′)2

y
= −

1 +
x2

y2

y

= −
y2 + x2

y3 = −
a2

y3

22. Ax2 + By2 = C

2Ax + 2Byy ′ = 0 ⇒ y ′ = −
Ax

By
2A + 2B(y ′)2 + 2Byy ′′ = 0.
Thus,

y ′′ =
−A − B(y ′)2

By
=

−A − B

(

Ax

By

)2

By

=
−A(By2 + Ax2)

B2y3 = −
AC

B2y3 .

23. Maple gives 0 for the value.

24. Maple gives the slope as
206

55
.

25. Maple gives the value−26.

26. Maple gives the value−
855, 000

371, 293
.

27. Ellipse: x2 + 2y2 = 2

2x + 4yy ′ = 0

Slope of ellipse:y ′
E = −

x

2y
Hyperbola: 2x2 − 2y2 = 1

4x − 4yy ′ = 0

Slope of hyperbola:y ′
H =

x

y

At intersection points

{

x2 + 2y2 = 2
2x2 − 2y2 = 1

3x2 = 3 so x2 = 1, y2 =
1

2

Thus y ′
E y ′

H = −
x

2y

x

y
= −

x2

2y2 = −1

Therefore the curves intersect at right angles.

28. The slope of the ellipse
x2

a2 +
y2

b2 = 1 is found from

2x

a2 +
2y

b2 y ′ = 0, i.e. y ′ = −
b2x

a2y
.

Similarly, the slope of the hyperbola
x2

A2
−

y2

B2
= 1 at

(x, y) satisfies

2x

A2 −
2y

B2 y ′ = 0, or y ′ =
B2x

A2y
.

If the point (x, y) is an intersection of the two curves,
then

x2

a2 +
y2

b2 =
x2

A2 −
y2

B2

x2
(

1

A2 −
1

a2

)

= y2
(

1

B2 +
1

b2

)

.

Thus,
x2

y2 =
b2 + B2

B2b2 ·
A2a2

a2 − A2 .

Sincea2 − b2 = A2 + B2, thereforeB2 + b2 = a2 − A2,

and
x2

y2
=

A2a2

B2b2
. Thus, the product of the slope of the

two curves at(x, y) is

−
b2x

a2y
·

B2x

A2y
= −

b2B2

a2 A2
·

A2a2

B2b2
= −1.

Therefore, the curves intersect at right angles.

29. If z = tan(x/2), then

1 = sec2(x/2)
1

2

dx

dz
=

1 + tan2(x/2)

2

dx

dz
=

1 + z2

2

dx

dz
.

Thus dx/dz = 2/(1 + z2). Also

cosx = 2 cos2(x/2) − 1 =
2

sec2(x/2)
− 1

=
2

1 + z2 − 1 =
1 − z2

1 + z2

sinx = 2 sin(x/2) cos(x/2) =
2 tan(x/2)

1 + tan2(x/2)
=

2z

1 + z2 .

30.
x − y

x + y
=

x

y
+ 1 ⇔ xy − y2 = x2 + xy + xy + y2

⇔ x2 + 2y2 + xy = 0
Differentiate with respect tox :

2x + 4yy ′ + y + xy ′ = 0 ⇒ y ′ = −
2x + y

4y + x
.

However, sincex2 + 2y2 + xy = 0 can be written

x + xy +
1

4
y2 +

7

4
y2 = 0, or (x +

y

2
)2 +

7

4
y2 = 0,

the only solution isx = 0, y = 0, and these values do not
satisfy the original equation. There are no points on the
given curve.
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Section 2.10 Antiderivatives and Initial-Value
Problems (page 154)

1.
∫

5dx = 5x + C

2.
∫

x2 dx = 1
3x3 + C

3.
∫ √

x dx =
2

3
x3/2 + C

4.
∫

x12 dx = 1
13x13 + C

5.
∫

x3 dx =
1

4
x4 + C

6.
∫

(x + cosx) dx =
x2

2
+ sinx + C

7.
∫

tanx cosx dx =
∫

sinx dx = − cosx + C

8.
∫

1 + cos3 x

cos2 x
dx =

∫

(sec2 x+cosx) dx = tanx+sinx+C

9.
∫

(a2 − x2) dx = a2x −
1

3
x3 + C

10.
∫

(A + Bx + Cx2) dx = Ax +
B

2
x2 +

C

3
x3 + K

11.
∫

(2x1/2 + 3x1/3 dx =
4

3
x3/2 +

9

4
x4/3 + C

12.
∫

6(x − 1)

x4/3 dx =
∫

(6x−1/3 − 6x−4/3) dx

= 9x2/3 + 18x−1/3 + C

13.
∫
(

x3

3
−

x2

2
+ x − 1

)

dx =
1

12
x4 −

1

6
x3 +

1

2
x2 − x + C

14. 105
∫

(1 + t2 + t4 + t6) dt

= 105(t + 1
3 t3 + 1

5 t5 + 1
7 t7) + C

= 105t + 35t3 + 21t5 + 15t7 + C

15.
∫

cos(2x) dx =
1

2
sin(2x) + C

16.
∫

sin
( x

2

)

dx = −2 cos
( x

2

)

+ C

17.
∫

dx

(1 + x)2 = −
1

1+ x
+ C

18.
∫

sec(1 − x) tan(1 − x) dx = − sec(1 − x) + C

19.
∫ √

2x + 3dx =
1

3
(2x + 3)3/2 + C

20. Since
d

dx

√
x + 1 =

1

2
√

x + 1
, therefore

∫

4
√

x + 1
dx = 8

√
x + 1 + C.

21.
∫

2x sin(x2) dx = − cos(x2) + C

22. Since
d

dx

√

x2 + 1 =
x

√
x2 + 1

, therefore

∫

2x
√

x2 + 1
dx = 2

√

x2 + 1 + C.

23.
∫

tan2 x dx =
∫

(sec2 x − 1) dx = tanx − x + C

24.
∫

sinx cosx dx =
∫

1

2
sin(2x) dx = −

1

4
cos(2x) + C

25.
∫

cos2 x dx =
∫

1 + cos(2x)

2
dx =

x

2
+

sin(2x)

4
+ C

26.
∫

sin2 x dx =
∫

1 − cos(2x)

2
dx =

x

2
−

sin(2x)

4
+ C

27.

{

y ′ = x − 2 ⇒ y =
1

2
x2 − 2x + C

y(0) = 3 ⇒ 3 = 0 + C thereforeC = 3

Thus y =
1

2
x2 − 2x + 3 for all x .

28. Given that
{

y ′ = x−2 − x−3

y(−1) = 0,

then y =
∫

(x−2 − x−3) dx = −x−1 + 1
2x−2 + C

and 0= y(−1) = −(−1)−1 + 1
2(−1)−2 + C so C = − 3

2 .

Hence,y(x) = −
1

x
+

1

2x2 −
3

2
which is valid on the

interval (−∞, 0).

29.
{

y ′ = 3
√

x ⇒ y = 2x3/2 + C
y(4) = 1 ⇒ 1 = 16+ C so C = −15

Thus y = 2x3/2 − 15 for x > 0.

30. Given that
{

y ′ = x1/3

y(0) = 5,

then y =
∫

x1/3 dx = 3
4x4/3 + C and 5= y(0) = C .

Hence,y(x) = 3
4x4/3 + 5 which is valid on the whole real

line.

31. Since y ′ = Ax2 + Bx + C we have

y =
A

3
x3 +

B

2
x2 + Cx + D. Sincey(1) = 1, therefore

1 = y(1) =
A

3
+

B

2
+ C + D. Thus D = 1−

A

3
−

B

2
− C ,

and

y =
A

3
(x3 − 1) +

B

2
(x2 − 1) + C(x − 1) + 1 for all x
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32. Given that
{

y ′ = x−9/7

y(1) = −4,

then y =
∫

x−9/7 dx = − 7
2x−2/7 + C .

Also, −4 = y(1) = − 7
2 + C , so C = − 1

2 . Hence,
y = − 7

2x−2/7 − 1
2 , which is valid in the interval(0, ∞).

33. For

{

y ′ = cosx
y(π/6) = 2

, we have

y =
∫

cosx dx = sinx + C

2 = sin
π

6
+ C =

1

2
+ C H⇒ C =

3

2

y = sinx +
3

2
(for all x).

34. For

{

y ′ = sin(2x)

y(π/2) = 1
, we have

y =
∫

sin(2x) dx = −
1

2
cos(2x) + C

1 = −
1

2
cosπ + C =

1

2
+ C H⇒ C =

1

2

y =
1

2

(

1 − cos(2x)
)

(for all x).

35. For

{

y ′ = sec2 x
y(0) = 1

, we have

y =
∫

sec2 x dx = tanx + C

1 = tan 0+ C = C H⇒ C = 1

y = tanx + 1 (for −π/2 < x < π/2).

36. For

{

y ′ = sec2 x
y(π) = 1

, we have

y =
∫

sec2 x dx = tanx + C

1 = tanπ + C = C H⇒ C = 1

y = tanx + 1 (for π/2 < x < 3π/2).

37. Since y ′′ = 2, thereforey ′ = 2x + C1.
Since y ′(0) = 5, therefore 5= 0 + C1, and y ′ = 2x + 5.
Thus y = x2 + 5x + C2.
Since y(0) = −3, therefore−3 = 0 + 0 + C2, and
C2 = −3.
Finally, y = x2 + 5x − 3, for all x .

38. Given that






y ′′ = x−4

y ′(1) = 2
y(1) = 1,

then y ′ =
∫

x−4 dx = − 1
3x−3 + C .

Since 2= y ′(1) = − 1
3 + C , thereforeC = 7

3 ,
and y ′ = − 1

3x−3 + 7
3 . Thus

y =
∫

(

− 1
3x−3 + 7

3

)

dx = 1
6x−2 + 7

3x + D,

and 1= y(1) = 1
6 + 7

3 + D, so thatD = − 3
2 . Hence,

y(x) = 1
6x−2 + 7

3x − 3
2 , which is valid in the interval

(0, ∞).

39. Since y ′′ = x3 − 1, thereforey ′ =
1

4
x4 − x + C1.

Since y ′(0) = 0, therefore 0= 0 − 0 + C1, and

y ′ =
1

4
x4 − x .

Thus y =
1

20
x5 −

1

2
x2 + C2.

Since y(0) = 8, we have 8= 0 − 0 + C2.

Hencey =
1

20
x5 −

1

2
x2 + 8 for all x .

40. Given that






y ′′ = 5x2 − 3x−1/2

y ′(1) = 2
y(1) = 0,

we havey ′ =
∫

5x2 − 3x−1/2 dx = 5
3x3 − 6x1/2 + C .

Also, 2 = y ′(1) = 5
3 − 6 + C so thatC =

19

3
. Thus,

y ′ = 5
3 x3 − 6x1/2 + 19

3 , and

y =
∫

(

5
3x3 − 6x1/2 + 19

3

)

dx = 5
12x4 − 4x3/2 + 19

3 x + D.

Finally, 0 = y(1) = 5
12 − 4 + 19

3 + D so thatD = − 11
4 .

Hence,y(x) = 5
12x4 − 4x3/2 + 19

3 x − 11
4 .

41. For







y ′′ = cosx
y(0) = 0
y ′(0) = 1

we have

y ′ =
∫

cosx dx = sinx + C1

1 = sin 0+ C1 H⇒ C1 = 1

y =
∫

(sinx + 1) dx = − cosx + x + C2

0 = − cos 0+ 0 + C2 H⇒ C2 = 1

y = 1 + x − cosx .
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42. For







y ′′ = x + sinx
y(0) = 2
y ′(0) = 0

we have

y ′ =
∫

(x + sinx) dx =
x2

2
− cosx + C1

0 = 0 − cos 0+ C1 H⇒ C1 = 1

y =
∫
(

x2

2
− cosx + 1

)

dx =
x3

6
− sinx + x + C2

2 = 0 − sin 0+ 0 + C2 H⇒ C2 = 2

y =
x3

6
− sinx + x + 2.

43. Let y = Ax +
B

x
. Then y ′ = A −

B

x2
, and y ′′ =

2B

x3
.

Thus, for all x 6= 0,

x2y ′′ + xy ′ − y =
2B

x
+ Ax −

B

x
− Ax −

B

x
= 0.

We will also havey(1) = 2 and y ′(1) = 4 provided

A + B = 2, and A − B = 4.

These equations have solutionA = 3, B = −1, so the
initial value problem has solutiony = 3x − (1/x).

44. Let r1 andr2 be distinct rational roots of the equation
ar(r − 1) + br + c = 0
Let y = Axr1 + Bxr2 (x > 0)

Then y ′ = Ar1xr1−1 + Br2xr2−1,
and y ′′ = Ar1(r1 − 1)xr1−2 + Br2(r2 − 1)xr2−2. Thus
ax2y ′′ + bxy ′ + cy

= ax2(Ar1(r1 − 1)xr1−2 + Br2(r2 − 1)xr2−2

+ bx(Ar1xr1−1 + Br2xr2−1) + c(Axr1 + Bxr2)

= A
(

ar1(r1 − 1) + br1 + c
)

xr1

+ B(ar2(r2 − 1) + br2 + c
)

xr2

= 0xr1 + 0xr2 ≡ 0 (x > 0)

45.







4x2y ′′ + 4xy ′ − y = 0 (∗) ⇒ a = 4, b = 4, c = −1
y(4) = 2
y ′(4) = −2

Auxilary Equation: 4r(r − 1) + 4r − 1 = 0

4r2 − 1 = 0

r = ±
1

2
By #31, y = Ax1/2 + Bx−1/2 solves(∗) for x > 0.

Now y ′ =
A

2
x−1/2 −

B

2
x−3/2

Substitute the initial conditions:

2 = 2A +
B

2
⇒1 = A +

B

4

−2 =
A

4
−

B

16
⇒ − 8 = A −

B

4
.

Hence 9=
B

2
, so B = 18, A = −

7

2
.

Thus y = −
7

2
x1/2 + 18x−1/2 (for x > 0).

46. Consider






x2y ′′ − 6y = 0
y(1) = 1
y ′(1) = 1.

Let y = xr , y ′ = r xr−1, y ′′ = r(r − 1)xr−2. Substituting
these expressions into the differential equation we obtain

x2[r(r − 1)xr−2] − 6xr = 0

[r(r − 1) − 6]xr = 0.

Since this equation must hold for allx > 0, we must
have

r(r − 1) − 6 = 0

r2 − r − 6 = 0

(r − 3)(r + 2) = 0.

There are two roots:r1 = −2, andr2 = 3. Thus the
differential equation has solutions of the form
y = Ax−2 + Bx3. Then y ′ = −2Ax−3 + 3Bx2. Since
1 = y(1) = A + B and 1= y ′(1) = −2A + 3B, therefore
A = 2

5 and B = 3
5 . Hence,y = 2

5x−2 + 3
5x3.

Section 2.11 Velocity and Acceleration
(page 160)

1. x = t2 − 4t + 3, v =
dx

dt
= 2t − 4, a =

dv

dt
= 2

a) particle is moving: to the right fort > 2

b) to the left for t < 2

c) particle is always accelerating to the right

d) never accelerating to the left

e) particle is speeding up fort > 2

f) slowing down for t < 2

g) the acceleration is 2 at all times

h) average velocity over 0≤ t ≤ 4 is

x(4) − x(0)

4 − 0
=

16− 16+ 3 − 3

4
= 0
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2. x = 4 + 5t − t2, v = 5 − 2t , a = −2.

a) The point is moving to the right ifv > 0, i.e., when
t < 5

2 .

b) The point is moving to the left ifv < 0, i.e., when
t > 5

2 .

c) The point is accelerating to the right ifa > 0, but
a = −2 at all t ; hence, the point never accelerates to
the right.

d) The point is accelerating to the left ifa < 0, i.e., for
all t .

e) The particle is speeding up ifv and a have the same
sign, i.e., fort > 5

2 .

f) The particle is slowing down ifv and a have oppo-
site sign, i.e., fort < 5

2 .

g) Sincea = −2 at all t , a = −2 at t = 5
2 when v = 0.

h) The average velocity over [0, 4] is
x(4) − x(0)

4
=

8 − 4

4
= 1.

3. x = t3 − 4t + 1, v =
dx

dt
= 3t2 − 4, a =

dv

dt
= 6t

a) particle moving: to the right fort < −2/
√

3 or
t > 2/

√
3,

b) to the left for−2/
√

3 < t < 2/
√

3

c) particle is accelerating: to the right fort > 0

d) to the left for t < 0

e) particle is speeding up fort > 2/
√

3 or for
−2/

√
3 < t < 0

f) particle is slowing down fort < −2/
√

3 or for
0 < t < 2/

√
3

g) velocity is zero att = ±2/
√

3. Acceleration at these
times is±12/

√
3.

h) average velocity on [0, 4] is
43 − 4 × 4 + 1 − 1

4 − 0
= 12

4. x =
t

t2 + 1
, v =

(t2 + 1)(1) − (t)(2t)

(t2 + 1)2 =
1 − t2

(t2 + 1)2 ,

a =
(t2 + 1)2(−2t) − (1 − t2)(2)(t2 + 1)(2t)

(t2 + 1)4
=

2t (t2 − 3)

(t2 + 1)3
.

a) The point is moving to the right ifv > 0, i.e., when
1 − t2 > 0, or −1 < t < 1.

b) The point is moving to the left ifv < 0, i.e., when
t < −1 or t > 1.

c) The point is accelerating to the right ifa > 0, i.e.,
when 2t (t2 − 3) > 0, that is, when
t >

√
3 or −

√
3 < t < 0.

d) The point is accelerating to the left ifa < 0, i.e., for
t < −

√
3 or 0< t <

√
3.

e) The particle is speeding up ifv and a have the same
sign, i.e., fort < −

√
3, or −1 < t < 0 or

1 < t <
√

3.

f) The particle is slowing down ifv and a have oppo-
site sign, i.e., for−

√
3 < t < −1, or 0 < t < 1 or

t >
√

3.

g) v = 0 at t = ±1. At t = −1, a =
−2(−2)

(2)3 =
1

2
.

At t = 1, a =
2(−2)

(2)3 = −
1

2
.

h) The average velocity over [0, 4] is
x(4) − x(0)

4
=

4
17 − 0

4
=

1

17
.

5. y = 9.8t − 4.9t2 metres (t in seconds)

velocity v =
dy

dt
= 9.8 − 9.8t

accelerationa =
dv

dt
= −9.8

The acceleration is 9.8 m/s2 downward at all times.
Ball is at maximum height whenv = 0, i.e., att = 1.

Thus maximum height isy
∣

∣

∣

t=1
= 9.8 − 4.9 = 4.9 metres.

Ball strikes the ground wheny = 0, (t > 0), i.e.,
0 = t (9.8 − 4.9t) so t = 2.
Velocity at t = 2 is 9.8 − 9.8(2) = −9.8 m/s.
Ball strikes the ground travelling at 9.8 m/s (downward).

6. Given thaty = 100− 2t − 4.9t2, the timet at which
the ball reaches the ground is the positive root of the
equationy = 0, i.e., 100− 2t − 4.9t2 = 0, namely,

t =
−2+

√
4 + 4(4.9)(100)

9.8
≈ 4.318 s.

The average velocity of the ball is
−100

4.318
= −23.16 m/s.

Since−23.159= v = −2 − 9.8t , then t ≃ 2.159 s.

7. D = t2, D in metres,t in seconds

velocity v =
d D

dt
= 2t

Aircraft becomes airborne if

v = 200 km/h=
200, 000

3600
=

500

9
m/s.

Time for aircraft to become airborne ist =
250

9
s, that

is, about 27.8 s.
Distance travelled during takeoff run ist2 ≈ 771.6 me-
tres.

8. Let y(t) be the height of the projectilet seconds after it
is fired upward from ground level with initial speedv0.
Then

y ′′(t) = −9.8, y ′(0) = v0, y(0) = 0.
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Two antidifferentiations give

y = −4.9t2 + v0t = t (v0 − 4.9t).

Since the projectile returns to the ground att = 10 s,
we havey(10) = 0, sov0 = 49 m/s. On Mars, the
acceleration of gravity is 3.72 m/s2 rather than 9.8 m/s2,
so the height of the projectile would be

y = −1.86t2 + v0t = t (49− 1.86t).

The time taken to fall back to ground level on Mars
would be t = 49/1.86 ≈ 26.3 s.

9. The height of the ball aftert seconds is
y(t) = −(g/2)t2 + v0t m if its initial speed wasv0
m/s. Maximum heighth occurs whendy/dt = 0, that is,
at t = v0/g. Hence

h = −
g

2
·
v2

0

g2 + v0 ·
v0

g
=

v2
0

2g
.

An initial speed of 2v0 means the maximum height will
be 4v2

0/2g = 4h. To get a maximum height of 2h an
initial speed of

√
2v0 is required.

10. To get to 3h metres above Mars, the ball would have to
be thrown upward with speed

vM =
√

6gM h =
√

6gMv2
0/(2g) = v0

√

3gM/g.

SincegM = 3.72 andg = 9.80, we havevM ≈ 1.067v0
m/s.

11. If the cliff is h ft high, then the height of the rockt sec-
onds after it falls isy = h − 16t2 ft. The rock hits the
ground (y = 0) at time t =

√
h/16 s. Its speed at that

time is v = −32t = −8
√

h = −160 ft/s. Thus
√

h = 20,
and the cliff ish = 400 ft high.

12. If the cliff is h ft high, then the height of the rockt sec-
onds after it is thrown down isy = h −32t −16t2 ft. The
rock hits the ground (y = 0) at time

t =
−32+

√
322 + 64h

32
= −1 +

1

4

√
16+ h s.

Its speed at that time is

v = −32− 32t = −8
√

16+ h = −160 ft/s.

Solving this equation forh gives the height of the cliff as
384 ft.

13. Let x(t) be the distance travelled by the train in
the t seconds after the brakes are applied. Since
d2x/dt2 = −1/6 m/s2 and since the initial speed is
v0 = 60 km/h = 100/6 m/s, we have

x(t) = −
1

12
t2 +

100

6
t.

The speed of
the train at timet is v(t) = −(t/6) + (100/6) m/s, so
it takes the train 100 s to come to a stop. In that time it
travelsx(100) = −1002/12+ 1002/6 = 1002/12 ≈ 833
metres.

14. x = At2 + Bt + C, v = 2At + B.
The average velocity over [t1, t2] is
x(t2) − x(t1)

t2 − t1

=
At2

2 + Bt1 + C − At2
1 − Bt1 − C

t2 − t1

=
A(t2

2 − t2
1) + B(t2 − t1)

(t2 − t1)

=
A(t2 + t1)(t2 − t1) + B(t2 − t1)

(t2 − t1)
= A(t2 + t1) + B.
The instantaneous velocity at the midpoint of [t1, t2] is

v

(

t2 + t1
2

)

= 2A

(

t2 + t1
2

)

+ B = A(t2 + t1) + B.

Hence, the average velocity over the interval is equal to
the instantaneous velocity at the midpoint.

15. s =







t2 0 ≤ t ≤ 2
4t − 4 2 < t < 8
−68+ 20t − t2 8 ≤ t ≤ 10

Note: s is continuous at 2 and 8 since 22 = 4(2) − 4 and
4(8) − 4 = −68+ 160− 64

velocity v =
ds

dt
=

{

2t if 0 < t < 2
4 if 2 < t < 8
20− 2t if 8 < t < 10

Since 2t → 4 as t → 2−, therefore,v is continuous at 2
((v(2) = 4).
Since 20− 2t → 4 ast → 8+, thereforev is continuous
at 8 (v(8) = 4). Hence the velocity is continuous for
0 < t < 10

accelerationa =
dv

dt
=

{ 2 if 0 < t < 2
0 if 2 < t < 8
−2 if 8 < t < 10

is discontinuous att = 2 andt = 8
Maximum velocity is 4 and is attained on the interval
2 ≤ t ≤ 8.

16. This exercise and the next three refer to the following
figure depicting the velocity of a rocket fired from a
tower as a function of time since firing.
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v

t

(4, 96)

(14, −224)

Fig. 2.11.16

The rocket’s acceleration while its fuel lasted is the slope
of the first part of the graph, namely 96/4 = 24 ft/s.

17. The rocket was rising until the velocity became zero, that
is, for the first 7 seconds.

18. As suggested in Example 1 on page 154 of the text, the
distance travelled by the rocket while it was falling from
its maximum height to the ground is the area between the
velocity graph and the part of thet-axis wherev < 0.
The area of this triangle is(1/2)(14 − 7)(224) = 784 ft.
This is the maximum height the rocket achieved.

19. The distance travelled upward by the rocket while it was
rising is the area between the velocity graph and the part
of the t-axis wherev > 0, namely(1/2)(7)(96) = 336 ft.
Thus the height of the tower from which the rocket was
fired is 784− 336= 448 ft.

20. Let s(t) be the distance the car travels in thet seconds
after the brakes are applied. Thens ′′(t) = −t and the
velocity at timet is given by

s ′(t) =
∫

(−t) dt = −
t2

2
+ C1,

whereC1 = 20 m/s (that is, 72km/h) as determined in
Example 6. Thus

s(t) =
∫ (

20−
t2

2

)

dt = 20t −
t3

6
+ C2,

whereC2 = 0 becauses(0) = 0. The time taken to come
to a stop is given bys ′(t) = 0, so it is t =

√
40 s. The

distance travelled is

s = 20
√

40−
1

6
403/2 ≈ 84.3 m.

Review Exercises 2 (page 161)

1. y = (3x + 1)2

dy

dx
= lim

h→0

(3x + 3h + 1)2 − (3x + 1)2

h

= lim
h→0

9x2 + 18xh + 9h2 + 6x + 6h + 1 − (9x2 + 6x + 1)

h
= lim

h→0
(18x + 9h + 6) = 18x + 6

2.
d

dx

√

1 − x2 = lim
h→0

√

1 − (x + h)2 −
√

1 − x2

h

= lim
h→0

1 − (x + h)2 − (1 − x2)

h(
√

1 − (x + h)2 +
√

1 − x2)

= lim
h→0

−2x − h
√

1 − (x + h)2 +
√

1 − x2
= −

x
√

1 − x2

3. f (x) = 4/x2

f ′(2) = lim
h→0

4

(2 + h)2
− 1

h

= lim
h→0

4 − (4 + 4h + h2)

h(2 + h)2 = lim
h→0

−4 − h

(2 + h)2 = −1

4. g(t) =
t − 5

1 +
√

t

g′(9) = lim
h→0

4 + h

1 +
√

9 + h
− 1

h

= lim
h→0

(3 + h −
√

9 + h)(3 + h +
√

9 + h)

h(1 +
√

9 + h)(3 + h +
√

9 + h)

= lim
h→0

9 + 6h + h2 − (9 + h)

h(1 +
√

9 + h)(3 + h +
√

9 + h)

= lim
h→0

5 + h

(1 +
√

9 + h)(3 + h +
√

9 + h)

=
5

24

5. The tangent toy = cos(πx) at x = 1/6 has slope

dy

dx

∣

∣

∣

∣

x=1/6
= −π sin

π

6
= −

π

2
.
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Its equation is

y =
√

3

2
−

π

2

(

x −
1

6

)

.

6. At x = π the curvey = tan(x/4) has slope
(sec2(π/4))/4 = 1/2. The normal to the curve there
has equationy = 1 − 2(x − π).

7.
d

dx

1

x − sinx
= −

1 − cosx

(x − sinx)2

8.
d

dx

1 + x + x2 + x3

x4 =
d

dx
(x−4 + x−3 + x−2 + x−1)

= −4x−5 − 3x−4 − 2x−3 − x−2

= −
4+ 3x + 2x2 + x3

x5

9.
d

dx
(4 − x2/5)−5/2 = −

5

2
(4 − x2/5)−7/2

(

−
2

5
x−3/5

)

= x−3/5(4 − x2/5)−7/2

10.
d

dx

√

2 + cos2 x =
−2 cosx sinx

2
√

2 + cos2 x
=

− sinx cosx
√

2 + cos2 x

11.
d

dθ
(tanθ − θ sec2 θ) = sec2 θ − sec2 θ − 2θ sec2 θ tanθ

= −2θ sec2 θ tanθ

12.
d

dt

√
1 + t2 − 1

√
1 + t2 + 1

=
(
√

1 + t2 + 1)
t

√
1 + t2

− (
√

1 + t2 − 1)
t

√
1 + t2

(
√

1 + t2 + 1)2

=
2t

√
1 + t2(

√
1 + t2 + 1)2

13. lim
h→0

(x + h)20 − x20

h
=

d

dx
x20 = 20x19

14. lim
x→2

√
4x + 1 − 3

x − 2
= lim

h→0
4

√
9 + 4h − 3

4h

=
d

dx
4
√

x

∣

∣

∣

∣

x=9
=

4

2
√

9
=

2

3

15. lim
x→π/6

cos(2x) − (1/2)

x − π/6
= lim

h→0
2

cos((π/3) + 2h) − cos(π/3)

2h

= 2
d

dx
cosx

∣

∣

∣

∣

x=π/3

= −2 sin(π/3) = −
√

3

16. lim
x→−a

(1/x2) − (1/a2)

x + a
= lim

h→0

1

(−a + h)2 −
1

(−a)2

h

=
d

dx

1

x2

∣

∣

∣

∣

x=−a
=

2

a3

17.
d

dx
f (3 − x2) = −2x f ′(3 − x2)

18.
d

dx
[ f (

√
x)]2 = 2 f (

√
x) f ′(

√
x)

1

2
√

x
=

f (
√

x) f ′(
√

x)
√

x

19.
d

dx
f (2x)

√

g(x/2) = 2 f ′(2x)
√

g(x/2) +
f (2x)g′(x/2)

4
√

g(x/2)

20.
d

dx

f (x) − g(x)

f (x) + g(x)

=
1

( f (x) + g(x))2

[

f (x) + g(x))( f ′(x) − g′(x))

− ( f (x) − g(x))( f ′(x) + g′(x)

]

=
2( f ′(x)g(x) − f (x)g′(x))

( f (x) + g(x))2

21.
d

dx
f (x + (g(x))2) = (1 + 2g(x)g′(x)) f ′(x + (g(x))2)

22.
d

dx
f

(

g(x2)

x

)

=
2x2g′(x2) − g(x2)

x2 f ′
(

g(x2)

x

)

23.
d

dx
f (sinx)g(cosx)

= (cosx) f ′(sinx)g(cosx) − (sinx) f (sinx)g′(cosx)

24.
d

dx

√

cos f (x)

sing(x)

=
1

2

√

sing(x)

cos f (x)

×
− f ′(x) sin f (x) sing(x) − g′(x) cos f (x) cosg(x)

(sing(x))2

25. If x3y +2xy3 = 12, then 3x2y + x3y ′ +2y3 +6xy2y ′ = 0.
At (2, 1): 12+ 8y ′ + 2 + 12y ′ = 0, so the slope there is
y ′ = −7/10. The tangent line has equation
y = 1 − 7

10(x − 2) or 7x + 10y = 24.

26. 3
√

2x sin(πy) + 8y cos(πx) = 2
3
√

2 sin(πy) + 3π
√

2x cos(πy)y ′ + 8y ′ cos(πx)

−8πy sin(πx) = 0
At (1/3, 1/4): 3 + πy ′ + 4y ′ − π

√
3 = 0, so the slope

there isy ′ =
π

√
3 − 3

π + 4
.

27.
∫

1 + x4

x2
dx =

∫ (

1

x2
+ x2

)

dx = −
1

x
+

x3

3
+ C

28.
∫

1 + x
√

x
dx =

∫

(x−1/2 + x1/2) dx = 2
√

x +
2

3
x3/2 + C

29.
∫

2 + 3 sinx

cos2 x
dx =

∫

(2 sec2 x + 3 secx tanx) dx

= 2 tanx + 3 secx + C
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30.
∫

(2x + 1)4 dx =
∫

(16x4 + 32x3 + 24x2 + 8x + 1) dx

=
16x5

5
+ 8x4 + 8x3 + 4x2 + x + C

or, equivalently,
∫

(2x + 1)4 dx =
(2x + 1)5

10
+ C

31. If f ′(x) = 12x2 + 12x3, then f (x) = 4x3 + 3x4 + C .
If f (1) = 0, then 4+ 3 + C = 0, soC = −7 and
f (x) = 4x3 + 3x4 − 7.

32. If g′(x) = sin(x/3) + cos(x/6), then

g(x) = −3 cos(x/3) + 6 sin(x/6) + C.

If (π, 2) lies on y = g(x), then−(3/2) + 3 + C = 2, so
C = 1/2 andg(x) = −3 cos(x/3) + 6 sin(x/6) + (1/2).

33.
d

dx
(x sinx + cosx) = sinx + x cosx − sinx = x cosx

d

dx
(x cosx − sinx) = cosx − x sinx − cosx = −x sinx

∫

x cosx dx = x sinx + cosx + C
∫

x sinx dx = −x cosx + sinx + C

34. If f ′(x) = f (x) and g(x) = x f (x), then

g′(x) = f (x) + x f ′(x) = (1 + x) f (x)

g′′(x) = f (x) + (1 + x) f ′(x) = (2 + x) f (x)

g′′′(x) = f (x) + (2 + x) f ′(x) = (3 + x) f (x)

Conjecture: g(n)(x) = (n + x) f (x) for n = 1, 2, 3, . . .
Proof: The formula is true forn = 1, 2, and 3 as shown
above. Suppose it is true forn = k; that is, suppose
g(k)(x) = (k + x) f (x). Then

g(k+1)(x) =
d

dx

(

(k + x) f (x)
)

= f (x) + (k + x) f ′(x) = ((k + 1) + x) f (x).

Thus the formula is also true forn = k+1. It is therefore
true for all positive integersn by induction.

35. The tangent toy = x3 + 2 at x = a has equation
y = a3 + 2 + 3a2(x − a), or y = 3a2x − 2a3 + 2. This
line passes through the origin if 0= −2a3 + 2, that is, if
a = 1. The line then has equationy = 3x .

36. The tangent toy =
√

2 + x2 at x = a has slope
a/

√
2 + a2 and equation

y =
√

2 + a2 +
a

√
2 + a2

(x − a).

This line passes through(0, 1) provided

1 =
√

2 + a2 −
a2

√
2 + a2

√

2 + a2 = 2 + a2 − a2 = 2

2 + a2 = 4

The possibilities area = ±
√

2, and the equations of the
corrresponding tangent lines arey = 1 ± (x/

√
2).

37.
d

dx

(

sinn x sin(nx)
)

= n sinn−1 x cosx sin(nx) + n sinn x cos(nx)

= n sinn−1 x [cosx sin(nx) + sinx cos(nx)]

= n sinn−1 x sin((n + 1)x)
y = sinn x sin(nx) has a horizontal tangent at
x = mπ/(n + 1), for any integerm.

38.
d

dx

(

sinn x cos(nx)
)

= n sinn−1 x cosx cos(nx) − n sinn x sin(nx)

= n sinn−1 x [cosx cos(nx) − sinx sin(nx)]

= n sinn−1 x cos((n + 1)x)

d

dx

(

cosn x sin(nx)
)

= −n cosn−1 x sinx sin(nx) + n cosn x cos(nx)

= n cosn−1 x [cosx cos(nx) − sinx sin(nx)]

= n cosn−1 x cos((n + 1)x)

d

dx

(

cosn x cos(nx)
)

= −n cosn−1 x sinx cos(nx) − n cosn x sin(nx)

= −n cosn−1 x [sin x cos(nx) + cosx sin(nx)]

= −n cosn−1 x sin((n + 1)x)

39. Q = (0, 1). If P = (a, a2) on the curvey = x2, then
the slope ofy = x2 at P is 2a, and the slope ofP Q is
(a2 − 1)/a. P Q is normal toy = x2 if a = 0 or
[(a2 − 1)/a](2a) = −1, that is, if a = 0 or a2 = 1/2.
The pointsP are (0, 0) and (±1/

√
2, 1/2). The distances

from these points toQ are 1 and
√

3/2, respectively.
The distance fromQ to the curvey = x2 is the shortest
of these distances, namely

√
3/2 units.

40. The average profit per tonne ifx tonnes are exported is
P(x)/x , that is the slope of the line joining(x, P(x)) to
the origin. This slope is maximum if the line is tangent
to the graph ofP(x). In this case the slope of the line is
P ′(x), the marginal profit.

41. F(r) =

{

mgR2

r2
if r ≥ R

mkr if 0 ≤ r < R

a) For continuity ofF(r) at r = R we require
mg = mkR, so k = g/R.
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b) As r increases fromR, F changes at rate

d

dr

mgR2

r2

∣

∣

∣

∣

r=R
= −

2mgR2

R3
= −

2mg

R
.

As r decreases fromR, F changes at rate

−
d

dr
(mkr)

∣

∣

∣

r=R
= −mk = −

mg

R
.

Observe that this rate is half the rate at whichF
decreases whenr increases fromR.

42. PV = kT . Differentiate with respect toP holding T
constant to get

V + P
dV

d P
= 0

Thus the isothermal compressibility of the gas is

1

V

dV

d P
=

1

V

(

−
V

P

)

= −
1

P
.

43. Let the building beh m high. The height of the first ball
at time t during its motion is

y1 = h + 10t − 4.9t2.

It reaches maximum height whendy1/dt = 10−9.8t = 0,
that is, att = 10/9.8 s. The maximum height of the first
ball is

y1 = h +
100

9.8
−

4.9 × 100

(9.8)2 = h +
100

19.6
.

The height of the second ball at timet during its motion
is

y2 = 20t − 4.9t2.

It reaches maximum height
when dy2/dt = 20− 9.8t = 0, that is, att = 20/9.8 s.
The maximum height of the second ball is

y2 =
400

9.8
−

4.9 × 400

(9.8)2 =
400

19.6
.

These two maximum heights are equal, so

h +
100

19.6
=

400

19.6
,

which givesh = 300/19.6 ≈ 15.3 m as the height of the
building.

44. The first ball has initial height 60 m and initial velocity
0, so its height at timet is

y1 = 60− 4.9t2 m.

The second ball has initial height 0 and initial velocity
v0, so its height at timet is

y2 = v0t − 4.9t2 m.

The two balls collide at a height of 30 m (at timeT ,
say). Thus

30 = 60− 4.9T 2

30 = v0T − 4.9T 2.

Thus v0T = 60 andT 2 = 30/4.9. The initial upward
speed of the second ball is

v0 =
60

T
= 60

√

4.9

30
≈ 24.25 m/s.

At time T , the velocity of the first ball is

dy1

dt

∣

∣

∣

∣

t=T
= −9.8T ≈ −24.25 m/s.

At time T , the velocity of the second ball is

dy2

dt

∣

∣

∣

∣

t=T
= v0 − 9.8T = 0 m/s.

45. Let the car’s initial speed bev0. The car decelerates at
20 ft/s2 starting att = 0, and travels distances in time t ,
whered2s/dt2 = −20. Thus

ds

dt
= v0 − 20t

x = v0t − 10t2.

The car stops at timet = v0/20. The stopping distance is
s = 160 ft, so

160=
v2

0

20
−

v2
0

40
=

v2
0

40
.

The car’s initial speed cannot exceed
v0 =

√
160× 40 = 80 ft/s.

46. P = 2π
√

L/g = 2π L1/2g−1/2.

a) If L remains constant, then

1P ≈
d P

dg
1g = −π L1/2g−3/2 1g

1P

P
≈

−π L1/2g−3/2

2π L1/2g−1/2 1g = −
1

2

1g

g
.

If g increases by 1%, then1g/g = 1/100, and
1P/P = −1/200. ThusP decreases by 0.5%.
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b) If g remains constant, then

1P ≈
d P

d L
1L = π L−1/2g−1/2 1L

1P

P
≈

π L−1/2g−1/2

2π L1/2g−1/2 1L =
1

2

1L

L
.

If L increases by 2%, then1L/L = 2/100, and
1P/P = 1/100. ThusP increases by 1%.

Challenging Problems 2 (page 162)

1. The line through(a, a2) with slopem has equation
y = a2 + m(x − a). It intersectsy = x2 at pointsx
that satisfy

x2 = a2 + mx − ma, or

x2 − mx + ma − a2 = 0

In order that this quadratic have only one solutionx = a,
the left side must be(x − a)2, so thatm = 2a. The
tangent has slope 2a.
This won’t work for more general curves whose tangents
can intersect them at more than one point.

2. f ′(x) = 1/x , f (2) = 9.

a) lim
x→2

f (x2 + 5) − f (9)

x − 2
= lim

h→0

f (9 + 4h + h2) − f (9)

h

= lim
h→0

f (9 + 4h + h2) − f (9)

4h + h2
×

4h + h2

h

= lim
k→0

f (9 + k) − f (9)

k
× lim

h→0
(4 + h)

= f ′(9) × 4 =
4

9

b) lim
x→2

√
f (x) − 3

x − 2
= lim

h→0

√
f (2 + h) − 3

h

= lim
h→0

f (2 + h) − 9

h
×

1
√

f (2 + h) + 3

= f ′(2) ×
1

6
=

1

12
.

3. f ′(4) = 3, g′(4) = 7, g(4) = 4, g(x) 6= 4 if x 6= 4.

a) lim
x→4

(

f (x) − f (4)
)

= lim
x→4

f (x) − f (4)

x − 4
(x − 4)

= f ′(4)(4 − 4) = 0

b) lim
x→4

f (x) − f (4)

x2 − 16
= lim

x→4

f (x) − f (4)

x − 4
×

1

x + 4

= f ′(4) ×
1

8
=

3

8

c) lim
x→4

f (x) − f (4)
√

x − 2
= lim

x→4

f (x) − f (4)

x − 4
× (

√
x + 2)

= f ′(4) × 4 = 12

d) lim
x→4

f (x) − f (4)

1

x
−

1

4

= lim
x→4

f (x) − f (4)

x − 4
×

x − 4

(4 − x)/4x

= f ′(4) × (−16) = −48

e) lim
x→4

f (x) − f (4)

g(x) − 4
= lim

x→4

f (x) − f (4)

x − 4
g(x) − g(4)

x − 4

=
f ′(4)

g′(4)
=

3

7

f) lim
x→4

f (g(x)) − f (4)

x − 4

= lim
x→4

f (g(x)) − f (4)

g(x) − 4
×

g(x) − g(4)

x − 4
= f ′(g(4)) × g′(4) = f ′(4) × g′(4) = 3 × 7 = 21

4. f (x) =
{

x if x = 1, 1/2, 1/3, . . .

x2 otherwise
.

a) f is continuous except at 1/2, 1/3, 1/4, . . . . It is
continuous atx = 1 andx = 0 (and everywhere
else). Note that

lim
x→1

x2 = 1 = f (1),

lim
x→0

x2 = lim
x→0

x = 0 = f (0)

b) If a = 1/2 andb = 1/3, then

f (a) + f (b)

2
=

1

2

(

1

2
+

1

3

)

=
5

12
.

If 1/3 < x < 1/2, then f (x) = x2 < 1/4 < 5/12.
Thus the statement is FALSE.

c) By (a) f cannot be differentiable atx = 1/2, 1/2,
. . .. It is not differentiable atx = 0 either, since

lim
h→0

h − 0h = 1 6= 0 = lim
h→0

h2 − 0

h
.

f is differentiable elsewhere, including atx = 1
where its derivative is 2.

5. If h 6= 0, then

∣

∣

∣

∣

f (h) − f (0)

h

∣

∣

∣

∣

=
| f (h)|

|h|
>

√
|h|

|h|
→ ∞

as h → 0. Therefore f ′(0) does not exist.

6. Given that f ′(0) = k, f (0) 6= 0, and
f (x + y) = f (x) f (y), we have

f (0) = f (0+0) = f (0) f (0) H⇒ f (0) = 0 or f (0) = 1.
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Thus f (0) = 1.

f ′(x) = lim
h→0

f (x + h) − f (x)

h

= lim
h→0

f (x) f (h) − f (x)

h
= f (x) f ′(0) = k f (x).

7. Given thatg′(0) = k and g(x + y) = g(x) + g(y), then

a) g(0) = g(0 + 0) = g(0) + g(0). Thus g(0) = 0.

b) g′(x) = lim
h→0

g(x + h) − g(x)

h

= lim
h→0

g(x) + g(h) − g(x)

h
= lim

h→0

g(h) − g(0)

h
= g′(0) = k.

c) If h(x) = g(x) − kx , thenh ′(x) = g′(x) − k = 0
for all x . Thush(x) is constant for allx . Since
h(0) = g(0) − 0 = 0, we haveh(x) = 0 for all x ,
and g(x) = kx .

8. a) f ′(x) = lim
k→0

f (x + k) − f (x)

k
(let k = −h)

= lim
h→0

f (x − h) − f (x)

−h
= lim

h→0

f (x) − f (x − h)

h
.

f ′(x) =
1

2

(

f ′(x) + f ′(x)
)

=
1

2

(

lim
h→0

f (x + h) − f (x)

h

+ lim
h→0

f (x) − f (x − h)

h

)

= lim
h→0

f (x + h) − f (x − h)

2h
.

b) The change of variables used in the first part of (a)
shows that

lim
h→0

f (x + h) − f (x)

h
and lim

h→0

f (x) − f (x − h)

h

are always equal if either exists.

c) If f (x) = |x |, then f ′(0) does not exist, but

lim
h→0

f (0 + h) − f (0 − h)

2h
= lim

h→0

|h| − |h|
h

= lim
h→0

0

h
= 0.

9. The tangent toy = x3 at x = 3a/2 has equation

y =
27a3

8
+

27

4a2

(

x −
3a

2

)

.

This line passes through(a, 0) because

27a3

8
+

27

4a2

(

a −
3a

2

)

= 0.

If a 6= 0, the x-axis is another tangent toy = x3 that
passes through(a, 0).

The number of tangents toy = x3 that pass through
(x0, y0) is

three, if x0 6= 0 and y0 is between 0 andx3
0;

two, if x0 6= 0 and eithery0 = 0 or y0 = x3
0;

one, otherwise.

This is the number of distinct real solutionsb of the cu-
bic equation 2b3 − 3b2x0 + y0 = 0, which states that the
tangent toy = x3 at (b, b3) passes through(x0, y0).

10. By symmetry, any line tangent to both curves must pass
through the origin.

y

x

y = x2 + 4x + 1

y = −x2 + 4x − 1

Fig. C-2.10

The tangent toy = x2 + 4x + 1 at x = a has equation

y = a2 + 4a + 1 + (2a + 4)(x − a)

= (2a + 4)x − (a2 − 1),

which passes through the origin ifa = ±1. The two
common tangents arey = 6x and y = 2x .

11. The slope ofy = x2 at x = a is 2a.
The slope of the line from(0, b) to (a, a2) is (a2 − b)/a.
This line is normal toy = x2 if either a = 0 or
2a((a2 − b)/a) = −1, that is, if a = 0 or 2a2 = 2b − 1.
There are three real solutions fora if b > 1/2 and only
one (a = 0) if b ≤ 1/2.

12. The point Q = (a, a2) on y = x2 that is closest to
P = (3, 0) is such thatP Q is normal toy = x2 at Q.
Since P Q has slopea2/(a − 3) and y = x2 has slope 2a
at Q, we require

a2

a − 3
= −

1

2a
,

which simplifies to 2a3 + a − 3 = 0. Observe thata = 1
is a solution of this cubic equation. Since the slope of
y = 2x3 + x − 3 is 6x2 + 1, which is always positive,
the cubic equation can have only one real solution. Thus
Q = (1, 1) is the point ony = x2 that is closest toP.
The distance fromP to the curve is|P Q| =

√
5 units.
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13. The curvey = x2 has slopem = 2a at (a, a2). The
tangent there has equation

y = a2 + m(x − a) = mx −
m2

4
.

The curvey = Ax2 + Bx + C has slopem = 2Aa + B
at (a, Aa2 + Ba + C). Thusa = (m − B)/(2A), and the
tangent has equation

y = Aa2 + Ba + C + m(x − a)

= mx +
(m − B)2

4A
+

B(m − B)

2A
+ C −

m(m − B)

2A

= mx + C +
(m − B)2

4A
−

(m − B)2

2A
= mx + f (m),

where f (m) = C − (m − B)2/(4A).

14. Parabolay = x2 has tangenty = 2ax − a2 at (a, a2).
Parabolay = Ax2 + Bx + C has tangent

y = (2Ab + B)x − Ab2 + C

at (b, Ab2 + Bb + C). These two tangents coincide if

2Ab + B = 2a

Ab2 − C = a2.

(∗)

The two curves have one (or more) common tangents if
(∗) has real solutions fora and b. Eliminating a between
the two equations leads to

(2Ab + B)2 = 4Ab2 − 4C,

or, on simplification,

4A(A − 1)b2 + 4ABb + (B2 + 4C) = 0.

This quadratic equation inb has discriminant

D = 16A2B2−16A(A−1)(B2+4C) = 16A(B2−4(A−1)C).

There are five cases to consider:

CASE I. If A = 1, B 6= 0, then(∗) gives

b = −
B2 + 4C

4B
, a =

B2 − 4C

4B
.

There is a single common tangent in this case.

CASE II. If A = 1, B = 0, then(∗) forcesC = 0, which
is not allowed. There is no common tangent in this case.

CASE III. If A 6= 1 but B2 = 4(A − 1)C , then

b =
−B

2(A − 1)
= a.

There is a single common tangent, and since the points
of tangency on the two curves coincide, the two curves
are tangent to each other.

CASE IV. If A 6= 1 and B2−4(A−1)C < 0, there are no
real solutions forb, so there can be no common tangents.

CASE V. If A 6= 1 and B2 − 4(A − 1)C > 0, there are
two distinct real solutions forb, and hence two common
tangent lines.

y

x

y

x

y

x

y

x

tangent curves

no common
tangent

one common
tangenttwo common

tangents

Fig. C-2.14

15. a) The tangent toy = x3 at (a, a3) has equation

y = 3a2x − 2a3.

For intersections of this line withy = x3 we solve

x3 − 3a2x + 2a3 = 0

(x − a)2(x + 2a) = 0.

The tangent also intersectsy = x3 at (b, b3), where
b = −2a.

b) The slope ofy = x3 at x = −2a is 3(−2a)2 = 12a2,
which is four times the slope atx = a.

c) If the tangent toy = x3 at x = a were also tangent
at x = b, then the slope atb would be four times
that ata and the slope ata would be four times that
at b. This is clearly impossible.

d) No line can be tangent to the graph of a cubic poly-
nomial P(x) at two distinct pointsa and b, because
if there was such a double tangenty = L(x), then
(x − a)2(x − b)2 would be a factor of the cubic poly-
nomial P(x) − L(x), and cubic polynomials do not
have factors that are 4th degree polynomials.
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16. a) y = x4 − 2x2 has horizontal tangents at pointsx
satisfying 4x3 − 4x = 0, that is, atx = 0 and
x = ±1. The horizontal tangents arey = 0 and
y = −1. Note thaty = −1 is a double tangent; it is
tangent at the two points(±1,−1).

b) The tangent toy = x4 − 2x2 at x = a has equation

y = a4 − 2a2 + (4a3 − 4a)(x − a)

= 4a(a2 − 1)x − 3a4 + 2a2.

Similarly, the tangent atx = b has equation

y = 4b(b2 − 1)x − 3b4 + 2b2.

These tangents are the same line (and hence a dou-
ble tangent) if

4a(a2 − 1) = 4b(b2 − 1)

− 3a4 + 2a2 = −3b4 + 2b2.

The second equation says that eithera2 = b2 or
3(a2 + b2) = 2; the first equation says that
a3 − b3 = a − b, or, equivalently,a2 + ab + b2 = 1.
If a2 = b2, thena = −b (a = b is not allowed).
Thus a2 = b2 = 1 and the two points are(±1,−1)

as discovered in part (a).
If a2+b2 = 2/3, thenab = 1/3. This is not possible
since it implies that

0 = a2 + b2 − 2ab = (a − b)2 > 0.

Thus y = −1 is the only double tangent to
y = x4 − 2x2.

c) If y = Ax + B is a double tangent to
y = x4 − 2x2 + x , then y = (A − 1)x + B is a
double tangent to
y = x4 − 2x2. By (b) we must haveA − 1 = 0
and B = −1. Thus the only double tangent to
y = x4 − 2x2 + x is y = x − 1.

17. a) The tangent to

y = f (x) = ax4 + bx3 + cx2 + dx + e

at x = p has equation

y = (4ap3+3bp2+2cp+d)x −3ap4−2bp3−cp2+e.

This line meetsy = f (x) at x = p (a double root),
and

x =
−2ap − b ±

√

b2 − 4ac − 4abp − 8a2 p2

2a
.

These two latter roots are equal (and hence corre-
spond to a double tangent) if the expression under
the square root is 0, that is, if

8a2 p2 + 4abp + 4ac − b2 = 0.

This quadratic has two real solutions forp provided
its discriminant is positive, that is, provided

16a2b2 − 4(8a2)(4ac − b2) > 0.

This condition simplifies to

3b2 > 8ac.

For example, fory = x4−2x2+x−1, we havea = 1,
b = 0, andc = −2, so 3b2 = 0 > −16 = 8ac, and
the curve has a double tangent.

b) From the discussion above, the second point of tan-
gency is

q =
−2ap − b

2a
= −p −

b

2a
.

The slope ofP Q is

f (q) − f (p)

q − p
=

b3 − 4abc + 8a2d

8a2 .

Calculating f ′((p + q)/2) leads to the same expres-
sion, so the double tangentP Q is parallel to the
tangent at the point horizontally midway betweenP
and Q.

c) The inflection points are the real zeros of

f ′′(x) = 2(6ax2 + 3bx + c).

This equation has distinct real roots provided
9b2 > 24ac, that is, 3b2 > 8ac. The roots are

r =
−3b −

√
9b2 − 24ac

12a

s =
−3b +

√
9b2 − 24ac

12a
.

The slope of the line joining these inflection points
is

f (s) − f (r)

s − r
=

b3 − 4abc + 8a2d

8a2 ,

so this line is also parallel to the double tangent.

18. a) Claim:
dn

dxn
cos(ax) = an cos

(

ax +
nπ

2

)

.

Proof: Forn = 1 we have

d

dx
cos(ax) = −a sin(ax) = a cos

(

ax +
π

2

)

,
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so the formula above is true forn = 1. Assume it is
true for n = k, wherek is a positive integer. Then

dk+1

dxk+1
cos(ax) =

d

dx

[

ak cos

(

ax +
kπ

2

)]

= ak
[

−a sin

(

ax +
kπ

2

)]

= ak+1 cos

(

ax +
(k + 1)π

2

)

.

Thus the formula holds forn = 1, 2, 3, . . . by
induction.

b) Claim:
dn

dxn
sin(ax) = an sin

(

ax +
nπ

2

)

.

Proof: Forn = 1 we have

d

dx
sin(ax) = a cos(ax) = a sin

(

ax +
π

2

)

,

so the formula above is true forn = 1. Assume it is
true for n = k, wherek is a positive integer. Then

dk+1

dxk+1 sin(ax) =
d

dx

[

ak sin

(

ax +
kπ

2

)]

= ak
[

a cos

(

ax +
kπ

2

)]

= ak+1 sin

(

ax +
(k + 1)π

2

)

.

Thus the formula holds forn = 1, 2, 3, . . . by
induction.

c) Note that

d

dx
(cos4 x + sin4 x) = −4 cos3 x sinx + 4 sin3 x cosx

= −4 sinx cosx(cos2 − sin2 x)

= −2 sin(2x) cos(2x)

= − sin(4x) = cos
(

4x +
π

2

)

.

It now follows from part (a) that

dn

dxn
(cos4 x + sin4 x) = 4n−1 cos

(

4x +
nπ

2

)

.

19.
(3, 39.2)

(12, −49)

(15, −1)

v (m/s)

-40

-30

-20

-10

10

20

30

40

t (s)
2 4 6 8 10 12 14

Fig. C-2.19

a) The fuel lasted for 3 seconds.

b) Maximum height was reached att = 7 s.

c) The parachute was deployed att = 12 s.

d) The upward acceleration in [0, 3] was
39.2/3 ≈ 13.07 m/s2.

e) The maximum height achieved by the rocket is the
distance it fell fromt = 7 to t = 15. This is the
area under thet-axis and above the graph ofv on
that interval, that is,

12− 7

2
(49) +

49+ 1

2
(15− 12) = 197.5 m.

f) During the time interval [0, 7], the rocket rose a
distance equal to the area under the velocity graph
and above thet-axis, that is,

1

2
(7 − 0)(39.2) = 137.2 m.

Therefore the height of the tower was
197.5 − 137.2 = 60.3 m.
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