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The Derivative

Exercise Set 2.1

1. (a) mean = (50 — 10)/(15 — 5) = 40/10 = 4 m/s.
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(b) Time (s)

2. At t =4, mean ~ (90 — 0)/(10 — 2) = 90/8 = 11.25 m/s. At ¢ =8 3, Mmean ~ (140 — 0)/(10 — 4) = 140/6 ~ 23.33
m/s.

3. (a) (10-10)/(3—0) =0 cm/s.
(b) t=0,t=2,t=4.2, and t = 8 (horizontal tangent line).
(¢) maximum: ¢ =1 (slope > 0), minimum: ¢ = 3 (slope < 0).
(d) (3—18)/(4—2)=—7.5 cm/s (slope of estimated tangent line to curve at ¢ = 3).
4. (a) decreasing (slope of tangent line decreases with increasing time)
(b) increasing (slope of tangent line increases with increasing time)
(c) increasing (slope of tangent line increases with increasing time)
(d) decreasing (slope of tangent line decreases with increasing time)
5. It is a straight line with slope equal to the velocity.
6. The velocity increases from time 0 to time tg, so the slope of the curve increases during that time. From time ¢y to

time t1, the velocity, and the slope, decrease. At time ¢, the velocity, and hence the slope, instantaneously drop
to zero, so there is a sharp bend in the curve at that point.
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3—2 1 6
— f(2 1 —1/2 2 — -1 1
(b) Mian = lim M: lim M: li s S im — — — =
12 x— 2 12 11— 2 w1—=2 221 (2] —2) w1—2 23 4
— 1 -1 — -1 1
(©) myn = lim L@V @) Ve m Voo o womm -
T1—T0 1 — Xo T1—To Tr1 — o T1—T0 1‘0.’)31(1}1 - SL'()) T1—To XX n)
4
Secani| .
1 Tangent
(d)
) 2 -1 1 4
~fa 1/22 — 1 1 - 22 - 1
(b) e = tim LIV ZIW oy Vil gy doan g, S ¥l
z1—1 r1 —1 z1—1 x1—1 z1—1 a:l(xl — 1) z1—1 Ty
. 1/22 — 1 /22 2 _ .2 _ 2
() mun = tm L@ ZS@) g VerZVey oy, @om o, Z@idm) =
T1—T0 L1 — X T1—To X1 — Xg z1—wo riry(T1 — x0)  ®T—owe  XFET xg

( d) Tangent Secant

_ 2 _ 1) — 2 _ 1 2 _ .2
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Fln) = fo) _ (@3 3en +2) — (5 + 3w +2) (3 — a8) + 3(a1 — w0)

(a) Mian = hm = hm _
T1—T0 T1 — To T1—T0 Tl — o T1—T0 71 — %o
= lim (21 4+ 20 +3) =2z +3
T1—To
(b) Mtan = 2(2) +3=7
— _ 1 1
(@) mun = lim L@ =S@) @ VE)Z @t V) o (1 Yy
nTm M e w1 — o mvo T+ Y PN
1 3
b m an - 1 + —_— -
(b) my Nk
_ 1 1 -
(a) Mtan = lim M = lim M — lim \/J,‘i \/ﬂ _
o f1 o T T1 — To 1 —=%o \/‘% \/E ($1 - $O)
I —1 1
= lm _
T1—T0 \/-% \/ﬂ (\/E—l— \/%) 21‘3/2
1 1
b an — — — %5 — — —
by 2(4)%/2 16
True. Let z =1+ h.

False. A secant line meets the curve in at least two places, but a tangent line might meet it only once.

False. Velocity represents the rate at which position changes.

True. The units of the rate of change are obtained by dividing the units of f(z) (inches) by the units of = (tons).
(a) T2°F at about 4:30 P.M. (b) About (67 —43)/6 = 4°F /h.

(c) Decreasing most rapidly at about 9 P.M.; rate of change of temperature is about —7°F /h (slope of estimated
tangent line to curve at 9 P.M.).

For V = 10 the slope of the tangent line is about (0 — 5)/(20 — 0) = —0.25 atm/L, for V' = 25 the slope is about
(1-2)/(25—0) = —0.04 atm/L.

(a) During the first year after birth.
(b) About 6 cm/year (slope of estimated tangent line at age 5).

(c¢) The growth rate is greatest at about age 14; about 10 cm/year.

Growth rate
40 - (cm/year)
30
20
10+
L | 1 (yrs)
(d) 5 10 15 20

(a) The object falls until s = 0. This happens when 1250 — 16t = 0, so t = \/1250/16 = /78.125 > /25 = 5;
hence the object is still falling at t = 5 sec.

f(6) — f(5) 674 —850
6-5 1

(b) = —176. The average velocity is —176 ft/s.
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F(5+h) — f(5) [1250 — 16(5 + 7)) — 850 _

—160h — 16h2
—160h = 16h7 lim (—160 — 16h) =
h—0

= lim 0.3(4800 + 120k + h?) = 1440 ft /s
—

= lim 4.5(t; + 6) = 54 ft /s

t1—6

= lim 6(¢2 +4)(t; +2) = 192 ft/min
t1—2

(¢) Vinst = }ILIL%— = hb h }lzlg%)
—160 ft/s
27. (a) 0.3-40% = 19,200 ft (b) Vaye = 19,200/40 = 480 ft/s
(c) Solve s = 0.3t = 1000; t ~ 14.938 S0 Vaye ~ 1000/14.938 ~ 66.943 ft/s.
.3(4 3-0.3-40° .34 120h2 3
() Uinst:hm03(0+h) 0.3 -40 :hmOS( 800h + 120h* 4 h°)
h—0 h h—0 h
~4.5(12)% —4.5(0)7
28. () Vayve = 190 =54 ft /s
4.5t3 — 4.5(6)> 4.5(t2 — 4.5(t ty —
(b) Vst = lim 458 —4.5(6)7 5(6) = lim 75( 1~ 36) = lim 5(t1 +6)(t1 — 6)
t1—6 t1 —6 t1—6 t1—6 t1—6 t1—6
4)* —6(2)*
29. (a) vae = 2D ZOC 200 /min
4—-2
tt —6(2)* 11 21 4)(t? — 4
(b) vt = lim 6t1 —6(2) — lim 6(t1 — 16) — lim 6(t1 +4)(tf —4)
t1—2 tl -2 t1—2 tl —2 t1—2 tl -2
30. See the discussion before Definition 2.1.1.
31. The instantaneous velocity at ¢ = 1 equals the limit as h — 0 of the average velocity during the interval between

t=1landt=1+h.

Exercise Set 2.2
1. f/(1) =25, f'(3) =0, f/(5) = —2.5, f/(6) = —1.

2. f'(4) < f(0) < f'(2) <0 < f'(=3).

3. (a) f'(a) is the slope of the tangent line. (b) f'(2)=m=3
Ay
N

(c) The same, f'(2) = 3.
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2(x + h)? — 222 . dxh +2h?

! _ _ . _ . ! _ . . .
() }llli% A = }IL% b = lm 4z; f'(1) = 4 so the tangent line is given
by y—2=4(x—1), y = 4z — 2
. fle+h)— f(z) . 1/(x+h)?—1/2? . 2% — (v + h)? . —2xh—h? . —2x—h
/ = —_— = —_— —_— —_—
- ) = Jim h fo h D T R A U ) N iy U o T S A

2
-3 f'(=1) = 2 so the tangent line is given by y — 1 = 2(z + 1), y = 2z + 3.
x

. f! =1 =1
f'(w) = lim Jim,

given by y —0=0(z — 0), y = 0.

flx+h)— f(x) (x+h)® — 23
h h

= }lbin%)(SxQ + 3zh + h?) = 32%; f'(0) = 0 so the tangent line is
—

2(z + h)? +1] — 223 + 1]

o | _ 2 2y _ a2, _ 3
lim A —}lng%) —}IL%(GJ: + 6xh +2h°) = 62°; f(—1) =2(-1)" +

h
1=—1and f'(—1) = 6 so the tangent line is given by y +1 = 6(x + 1), y = 6z + 5.

von o fle+h)—fl@) . NVr+l+h—-Va+l . Vr+l+h-Va+l Ve+l+h+Vr+1
.f(a?)—}lblm——hm = lim =
-0 h h—0 h h—0 h Ve+1l+h+vVr+1

h 1 1
lim = V8 +1 = 3 and f/(8) = = so the tangent line is given b
h0 h(va + 1+ h+ vz + 1) J'®) =5 8 siven by

T oar 19T

1 1 5
y73f6(xf8),yf6x+§.

, . fl@+h)—flx) . N2w+2h+1—V2r+1V2r+2h+ 1422 +1
. f(z) =lim ———————= = lim =
h—0 h h—0 h V2z +2h +1+V2r+1

2h 2 1
= lim = lim = cfA)=v24+¥1=+v/9=3and
h?oh(¢2x+2h+1+\/2x+1) hlﬁO\/2x+2h+1+\/2x—|—1 V2r 41 U

1 1 5
f'(4) = 1/3 so the tangent line is given by y —3 = - (2 —4),y = —x + —.

3 3 3
1 1 z— (z + Az)
oy e oAz oz (@t Az) Az 1 __ L
A A Az = Ao, Az = Ao, rAz(r + Az) A r(z+Az) 22
1 1 (x+1)—(z+Ax+1)
. +Az)+1 z+1 . (x+1D)(z+Ax+1) . r+l—x—Ax—1
f@) = lim @ =1 =1 =
f(@) AzS0 Az Az Ax Az50 Az(z+1)(z+ Az +1)
—Azx -1 1

li = 1li — .
Az 50 Az(z+1)(z + Az + 1) Az50 (x+1)(x+Az+1) (x +1)2

2 _ - 2 _
. f'(z) = lim (z+A2)" = @+ Az) = (@7 — ) = lim 2zAz + (Ax)” - Aw = lim 2z -1+ Az) =2z —1.
Axz—0 Az Az—0 Ax Az—0
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4 _ .4 3 2 2 Ap)3 Ax)t
Axz—0 Ax Axz—0 Ax
= Jim (40® + 62 Az + da (M)’ + (A2)°) = 4a®.
Az—0
ot
19, fa) = tm YEEDAT VT VESVEE AT (2 + Az) )
. Az—0 Azx Az—0 Ax\/fm Az—0 Ax\/EM(\/E—l— m)
-1 1

= 1 — .
Ke520 JIvz + Ae(VE + Vot Ba) | 2292

1 1

Vithar—1 Vz-1 _

Ve—1—-Vz+Az—-1V/z—1+Vx+Az—-1 B

0. /) = Jm,

Az
—Azx

= lim

Az—0 Azv/r — 1V + Ax — 1(Vo —1+Vz + Az —1)
1

2w —1)3/2°

21. f'(t) = lim

flt+h) - f(t)
h

8th+4h% + h
P e e

= lim

im =
Az=0 Axv/r — IV +Ax— 1V —1+Voe+Ax—1

-1

= 1. -
Ailvgo\/33—1\/$+Ax—1(\/l‘—1+\/l‘+Al‘—l)

[4(t+ h)? + (t + h)] — [4t% + ]

h—0 h

= lim (8t 4+ 4h + 1) = 8t + 1.
h—0

h—0
4 3_4 3 4 3 2 2,13 _ .3
v gw(r—i—h) — 37 —7t(r’> 4+ 3r°h 4+ 3rh* + h° —r°)
22, — = lim = lim
dr  h—0 h h—0 h
23. (a) D (b) F (c) B (d) C

L A2+ 8th+4h? +t+h — 482 — ¢
= lim
h—0 h

4
= lim §7r(37"2 + 3rh + h?) = 4mr?.

h—0

(e) A (f) E

24. f'(\/2/2) is the slope of the tangent line to the unit circle at (1/2/2,v/2/2). This line is perpendicular to the line
y =z, so its slope is -1.

y

m=—1

25. (a)

26. (a)

(b)

(c)

(c)
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27. False. If the tangent line is horizontal then f’(a) = 0.
28. True. f'(—2) equals the slope of the tangent line.
29. False. E.g. |z| is continuous but not differentiable at x = 0.

30. True. See Theorem 2.2.3.

31. (a) f(r)=vzranda=1 (b) f(x)=2?and a=3
32. (a) f(z)=coszanda=m (b) f(x)=2"anda=1

d 1-— h)?2) — (1 — 2?2 —2zh — h? d
33. ¥~ lim U=(@t+h)) -1 = lim =% = lim (—2z — h) = —2z, and el = —2.

dxr  h—0 h h—0 h h—0 dr|,_,

r+2+h x+2

34, W _ ppyy _zth I O ol L Bl G ) o ) O O S SR _ L

dx  h—0 h h—0 hz(x + h) h—ox(z+h) a2 de|,_ 2

5
-2 )

35. y=—-2z+1 -3

1.5

0 =/ 2.5
36. 0
37. (b) w 1.5 1.1 1.01 [ 1.001 [1.0001 | 1.00001

— f(1
% 1.6569 | 1.4355 | 1.3911 | 1.3868 | 1.3863 | 1.3863
w 0.5 0.9 0.99 0.999 | 0.9999 | 0.99999
— f(1
% 1.1716 | 1.3393 | 1.3815 | 1.3858 | 1.3863 | 1.3863

38. (b) w Thos | Z401| Z4001| 240001 | X 400001 | 2+ 0.00001

4 4 4 4 4 4

flw) = f(=/4)

w—/d 0.50489 | 0.67060 | 0.70356 | 0.70675 0.70707 0.70710

w T o5l m—01|Z—001|Z =000 g —0.0001 % — 0.00001

4 4 4 4
flw) = f(m/4)
w—T7/4

0.85114 | 0.74126 | 0.71063 | 0.70746 0.70714 0.70711
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= 0.88.

39. (a) f(3?)):{(1) _22-212 f(Q; - {(1) _ 2.3412.12 PRI

f(2) = £(0)
2-0

f(2) — f(0)  2.34—0.58
0o 2

(b) The tangent line at = 1 appears to have slope about 0.8, so gives the best approximation and

w gives the worst.
40. (a) f/(05)~ f(li:g:(o) _ 212 - 058 _ 1 54,
, - f(?)) — f(?) _ 2.2—-2.34 _
(b) f5)~ HEE 2220 oy

41. (a) dollars/ft
(b) f'(z) is roughly the price per additional foot.
(c) If each additional foot costs extra money (this is to be expected) then f’(z) remains positive.

f(301) — f(300)

301 300 Ve see that f(301) ~ f(300) + 1000, so the extra

(d) From the approximation 1000 = f/(300) ~
foot will cost around $1000.

gallons

42. (a) = gallons?/dollar

dollars/gallon
(b) The increase in the amount of paint that would be sold for one extra dollar per gallon.

(c) Tt should be negative since an increase in the price of paint would decrease the amount of paint sold.

(d) From —100 = f/(10) ~ L0 = 7010)

would decrease the amount of paint sold by around 100 gallons.

we see that f(11) ~ f(10) — 100, so an increase of one dollar per gallon

43. (a) F ~ 200 lb, dF/df ~ 50 (b) p = (dF/df)/F ~ 50/200 = 0.25

44. The derivative at time ¢ = 100 of the velocity with respect to time is equal to the slope of the tangent line, which

12 - T 2 1b
P00 =0 125 ft/s%. Thus the mass is approximately M (100) ~ _ 768098 ~

is approximately m =~

140 — 40 Todv/dt 125 /s>
61000 slugs.
45. (a) T~ 115°F, dT/dt ~ —3.35°F /min (b) k= (dT/dt)/(T — Tp) ~ (—3.35)/(115 — 75) = —0.084
0+h)— f(O Vh — 0
46. (a) lim f(z) = lim ¢/ = 0 = f(0), so f is continuous at z = 0. lim fO+m =0 _ lim Vh =
a:1~>0 z—0 h—0 h h—0  h
. B , :
}LL}IIIO 7275 = +00, so f/(0) does not exist.
y
27
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2+h)— f(2 h2/3 —
(b) lim f(x) = lim(z — 2)%/3 = 0 = f(2) so f is continuous at = = 2. lim J2+h) = 12) = lim 0
a:r2 T—2 h—0 h h—0
}lllgb RVE which does not exist so f(2) does not exist.
y
sk

47.

48.

49.

50.

\,

[(A+h)?+1]—2

li =1l = f(1 i ti t =1 i =1l
lim (x) lim f(z) = f(1), so f is continuous at x Jim W Jm W
1 — f(1 2(1 -2
lim (24 h) = 2; 1imwz lim%: lim 2=2,s0 f'(1) =2
h—0— h—0+ h h—0+ h h—07+
| | X
-3 3
: o _ e _ o fOEn) - [A4R)2+2] -3
113{17 f(z) = Tli>1111+ f(z) = f(1) so f is continuous at = = 1. hli%lﬁ A = hli%l - =
14+h)—f(1 14+h)+2] -
lim (24 h) =2; lim Ja+h) =7 = lim A+m+2-3 = lim 1 =1, so f/(1) does not exist.
h—0- h—0+ h h—0+ h h—0+
y
57
! - [ X
-3 | 3

Since —|z| < zsin(1/z) < |z| it follows by the Squeezing Theorem (Theorem 1.6.4) that lin})msin(l/x) = 0. The
T—

fl) = 10 = sin(1/x).

derivative cannot exist: consider This function oscillates between —1 and +1 and does

not tend to any number as x tends to zero.

For continuity, compare with 22 to establish that the limit is zero. The difference quotient is xsin(1/x) and (see
Exercise 49) this has a limit of zero at the origin.
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51.

52.

53.

54.

55.

56.

f@) = f(zo)

Let € = |f'(x0)/2|. Then there exists § > 0 such that if 0 < |z — 20| < J, then
Tr — X

f(@) = f(wo)

Tr — X

— f(xo)| < e. Since

f'(zg) > 0 and € = f/(x0)/2 it follows that
x = x9 > xo then f(xz2) > f(x0).

>e>0 Ifz=ux <z then f(x1) < f(zo) and if

g(x1 +h) —g(x1) f(m(zy +h) +0b) — f(mzy +b) f(zo +mh) — f(zo)

/ L o . o
9(561)—}133}) b = lim N =m lim — =mf(zo).
(a) Let € = |m|/2. Since m # 0, ¢ > 0. Since f(0) = f/(0) = 0 we know there exists 6 > 0 such that

f(O+h) - f(0)
h
get the result.

' < € whenever 0 < |h| < 4. It follows that |f(h)| < §|hm| for 0 < || < é. Replace h with z to

(b) For 0 < |z| <6, |f(x)| < 3lma|. Moreover |mz| = |mz — f(z) + f(x)| < |f(x) — ma|+ |f(z)], which yields
|f(z) = ma| > [ma| = |f()] > 5lma| > |f(2)], e |f(z) —ma| > |f(z)].

(c) If any straight line y = max + b is to approximate the curve y = f(z) for small values of z, then b = 0 since

f(0) = 0. The inequality |f(z) — mz| > |f(x)| can also be interpreted as |f(z) — mz| > |f(z) — 0], i.e. the line
y = 0 is a better approximation than is y = mz.

Let g(z) = f(2) = [f(z0) + f'(20) (& — xo)] and h(z) = f(x) = [f (w0) +m(x —20)]; note that h(z) —g(z) = (f'(x) —

m)(x — xg). If m # f/'(x0) then there exists § > 0 such that if 0 < |x — x¢| < § then w — fl(z)| <

1 o . 1
31f'(x0) = ml|. Multiplying by [z — wo| gives |g(z)] < 3l|h(x) — g(x)|. Hence 2lg(z)| < |h(z) + (=g(=))| <

|h(x)] +1g(2)], so |g(x)] < [h(z)|. In words, f(z) is closer to f(xo)+ f'(x0)(z — zo) than it is to f(zo) +m(z — z0).
So the tangent line gives a better approximation to f(x) than any other line through (xg, f(z¢)). Clearly any line
not passing through that point gives an even worse approximation for z near g, so the tangent line gives the best
linear approximation.

See discussion around Definition 2.2.2.

See Theorem 2.2.3.

Exercise Set 2.3

1.

2.

2825, by Theorems 2.3.2 and 2.3.4.
—362'!, by Theorems 2.3.2 and 2.3.4.
2427 + 2, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.

22°, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

. 0, by Theorem 2.3.1.

. V2, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.

1
—§(7x6 + 2), by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.

2
. gx, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.

. —3z=% — 7278 by Theorems 2.3.3 and 2.3.5.

1 1
m o by Theorems 2.3.3 and 2.3.5.

24279 + 1/y/z, by Theorems 2.3.3, 2.3.4, and 2.3.5.

—42277 — % by Theorems 2.3.3, 2.3.4, and 2.3.5.
X

f(z) = ma™ 1 — /10 271-V10 Ly Theorems 2.3.3 and 2.3.5.
/ 2 —4/3
fi(z) = —3% , by Theorems 2.3.3 and 2.3.4.

(322 +1)2 = 92* + 622 + 1, so f'(x) = 362> + 12z, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.
3ax? + 2bx + ¢, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.
y =10z -3,y (1) =T7.

1 2

/

V=
2t — 1, by Theorems 2.3.2 and 2.3.5.

1 1
3 3@ by Theorems 2.3.3, 2.3.4, and 2.3.5.

dy/dx =1+ 2z + 32% + 42 + 52*, dy/dzx|,_, = 15.

dy -3 2 1 5 dy
A A R S il I}
i S e B R o1
d
y=1-2)(1+2H)(1+2) =1 -2H)(1 +2*) =1 — 28, % = —827, dy/dz|,_, = —8.

dy/dx = 24z + 24z + 2427 + 2425, dy/dz|,_, = 96.

f(1.01) — f(1)  —0.999699 — (—1)
0.01 N 0.01

f() =

£(1.01) — f(1) _ 0.980296 — 1
0.01 - 0.01

()~ ~ —1.9704, and by differentiation, f’(1) = —2/13 = —2.

The estimate will depend on your graphing utility and on how far you zoom in. Since f'(z) =1 —
value is f/(1) = 0.

= 0.0301, and by differentiation, /(1) = 3(1)2 — 3 = 0.

1
—» the exact
x
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28. The estimate will depend on your graphing utility and on how far you zoom in. Since f'(z) = ﬁ + 2, the exact
value is f'(1) = 5/2.

29. 32t, by Theorems 2.3.2 and 2.3.4.

30. 27, by Theorems 2.3.2 and 2.3.4.

31. 3772, by Theorems 2.3.2 and 2.3.4.

32. —2a72 4+ 1, by Theorems 2.3.2, 2.3.4, and 2.3.5.

d
33. True. By Theorems 2.3.4 and 2.3.5, %[f(:z:) —8g(x)] = f'(x) — 8¢’ (x); substitute z = 2 to get the result.
d. 3 2 2
34. True. %[ax + bz + cx + d] = 3az* + 2bx + c.

= (4f'(x) + 327)|

=2

4f(2) +3-22 =32

=2 =

d 3
35. False. d—x[élf(x) + z°]

36. False. f(z) =25 —2? so f'(z) = 62° — 322 and f”(z) = 302 — 6z, which is not equal to 2z(4z3 — 1) = 82* — 2u.

37. (a) % = 472 (b) % - 47(5)? = 1007
38. % {A;ij] =5 _1% %(Mo FX0) = 5 (a6 = A;fif
39. y—2=>5(x+3), y=5z+1T.
40. y+2=—(x—2),y = —x.
41. (a) dy/dx = 212? — 10x + 1, d*y/dx? = 422 — 10 (b) dy/dx = 24x — 2, d*y/dx?® = 24

(c) dy/dx = —1/22, d*y/dx? = 2/x® (d) dy/dx = 1752* — 4822 — 3, d?y/dx?® = 7002 — 962
42. (a) 3y =282% — 1522 + 2, y"" = 1682° — 30w (d) ¥ =3,9"=0

.2, 4

(¢) v =c3 ¥ =53 (d) ' =8z +922 10,y = 2422 + 18z

43. (a) y = bz 54 5z*, ¢’ = 30277 +202°, y" = —2102% + 602>

-2 2

) y=2"4y =—a2 y' =2273y" = 6274
(c) v =3az?+0b,y" =6ax, y" =6a
44. (a) dy/dz = 10z — 4, d®y/dz? = 10, d3y/dz® = 0
(b) dy/dx = —6273 — 4272 + 1, d’y/dx® = 182~* + 8273, 3y /dx® = 72275 — 2424
(c) dy/dx = dax3 + 2bx, d*y/dx? = 12ax® + 2b, d®y/dx® = 24ax

45. (a) [f'(x) =6z, f"(x) =6, f"(x) =0, f"(2) =0
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dy 4 d*y 3 %y
b) —= =30z — 8z, —5 =120z° — 8, — =112
(b) dx * ¥ dz? ¢ Tda?|,_,
d g 3 @ g 5 &g 6 db s o db g
46. (a) y = 1623 + 622, vy’ = 4822 + 12z, v = 96z + 12, y""(0) = 12
dy 5 2%y 6 4 _p dYy s d'y
b) y=6z"% —Z = —-2427°, —2 =1202%, —2 = —720z", —= = 50402~ %, —= = 5040
(b) y =627 dx T e T T T o1
47. 3y =322 + 3, y" =6, and vy =6 s0o vy +xy" — 2y =6+ 2(6x) — 2(32% +3) = 6 + 622 — 62% — 6 = 0.
48. y=a"1 oy =272 ¢y =203 so 23y + 2%y —ay=23(2273) + 2?(—27 ) —x(x7)=2-1-1=0.
. . dy dy 9 .
49. The graph has a horizontal tangent at points where —— = 0, but T 3x+2=(x—1)(z—2)=0ifx =1,2.
x x
The corresponding values of y are 5/6 and 2/3 so the tangent line is horizontal at (1,5/6) and (2,2/3).
1.5
0 /3
0
50. Find where f'(z) =0: f'(x) = 1-9/22 =0, 22 = 9, 2 = +3. The tangent line is horizontal at (3, 6) and (-3, —6).
14
_’7 I I I E I I I I | 7
“14
51. The y-intercept is —2 so the point (0, —2) is on the graph; —2 = a(0)? + b(0) + ¢, ¢ = —2. The 2-intercept is 1 so
the point (1,0) is on the graph; 0 = a + b — 2. The slope is dy/dz = 2ax + b; at = 0 the slope is b so b = —1,
thus @ = 3. The function is y = 322 — z — 2.
. o . dy
52. Let P(xg,yo) be the point where y = 2 + k is tangent to y = 2x. The slope of the curve is P 2z and the slope
@
of the line is 2 thus at P, 2zg = 2 so g = 1. But P is on the line, so yo = 2x¢ = 2. Because P is also on the curve
we get yo =a3+ksok=yo—a3=2-(1)?=1.
53. The points (—1,1) and (2,4) are on the secant line so its slope is (4 — 1)/(2+ 1) = 1. The slope of the tangent
linetoy=a2isy =2rso2x=1,2=1/2.
54. The points (1,1) and (4,2) are on the secant line so its slope is 1/3. The slope of the tangent line to y = v/z is
y' =1/(2v/x) s0o 1/(2y/x) =1/3,2\/z =3, 2 =9/4.
55. y = —2z, so at any point (zg,yo) on y = 1 — 22 the tangent line is y — yo = —2x¢(z — 20), or y = —2xozx + 23 + 1.

The point (2,0) is to be on the line, so 0 = —4xg + 23 + 1, 23 — 429 + 1 = 0. Use the quadratic formula to get

4++16—-4
=—73 — = 24+ +/3. The points are (2+\/§, —6—4\/3) and (2 — V3, —6—1—4\/3).

Lo
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56.

57.

58.

59.

60.

61.

62.

63.

64.

Let Pj(x1,a2?) and Py(wa,ax3) be the points of tangency. 3 = 2ax so the tangent lines at P, and P, are
y — ax? = 2az1(z — x1) and y — ax3 = 2axs(z — x2). Solve for x to get = (1 + x2) which is the z-coordinate
of a point on the vertical line halfway between P, and Ps.

y' = 3ax?® + b; the tangent line at z = z¢ is y — yo = (3az + b)(z — x0) where yo = ax} + bry. Solve with
y = ax® + bz to get
(ax® + bx) — (ax} + bxo) = (3azd + b)(x — )
az® + bx — azd — brg = 3azdz — 3ax} + bx — bxg
23— 3adr + 223 =0
(x — z0) (2 + 239 — 222) =0
(x — m0)?(x + 220) = 0, so z = —2x.

Let (z0,%0) be the point of tangency. Note that yo = 1/z¢. Since 3y’ = —1/22, the tangent line has the equation

1 1 1 1 2 2
y—yo = (—1/z2)(x — x0),0r y — — = ——5T+ — or y = ——x + —, with intercepts at <0, ) = (0, 2yp) and
Zo n) ) n) ) )

(220,0). The distance from the y-intercept to the point of tangency is \/(mo —0)2 + (yo — 2yp)?, and the distance

from the z-intercept to the point of tangency is \/(zo — 220)2 + (yo — 0)? so that they are equal (and equal the
distance \/z3 + y2 from the point of tangency to the origin).

1 1 2
y' = ——5; the tangent line at x = 2 is y —yo = ——5 (v — xp), or y = f% + —. The tangent line crosses the
x

xh T5 o

1
x-axis at 2z, the y-axis at 2/xq, so that the area of the triangle is 5(2/1}0)(2;60) =2.

f'(z) = 3ax+2bx+c; there is a horizontal tangent where f'(x) = 0. Use the quadratic formula on 3ax?+2bx+c = 0
to get & = (—b £ vb% — 3ac)/(3a) which gives two real solutions, one real solution, or none if

(a) b? —3ac>0 (b) v —3ac=0 (c) b? —3ac<0

F 2 M
F=GmMr2, —C(li = —2GmMr—3 = — Gm
r

r3

dR/dT = 0.04124 — 3.558 x 10757 which decreases as T increases from 0 to 700. When T = 0, dR/dT =
0.04124 Q1 /°C; when T = 700, dR/dT = 0.016332/°C. The resistance is most sensitive to temperature changes at
T = 0°C, least sensitive at T' = 700°C.

6

)
e

fl(x)y=1+1/z>>0forallz #0 -6

(-1,2) 2L

2r (1,-2)

f'(z) =322 =3 =0 when z = £1; f'(x) >0 for —-co<z < —land 1 <z < 40
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65. f is continuous at 1 because lim f(z) = lim f(z) = f(1); also lim f'(z) = lim (2z+1) =3 and lim f'(z) =
z—1- z—1+ z—1- z—1- z—1+

lim+ 3 =3 so f is differentiable at 1, and the derivative equals 3.
z—1

y

66. f is not continuous at x = 9 because lingl f(z) = —63 and liIng f(x) = 3. f cannot be differentiable at © = 9,
T—97 r—r

for if it were, then f would also be continuous, which it is not.

—f@1
67. f is continuous at 1 because lim f(x) = lim f(z) = f(1). Also, lim fa) = /() equals the derivative of 22 at
z—1- z—1+ r—>1- z—1
- fQ 1 1
x =1, namely 2z|,_, =2, while lim flz) - 1) equals the derivative of /z at x = 1, namely —— =

20z, 2

z—>1+ x—1
Since these are not equal, f is not differentiable at x = 1.

68. fi ti t1/2 b li = i = f(1/2); al li ! = 1 322 = 3/4 and
f is continuous at 1/2 because Hlf?z— f(x) wﬂlgly flx) = f(1/2); also w%1115127 f'(z) Hlf?z— x /4 an

lim f'(z) = miif?2+ 3z/2=3/4s0 f'(1/2) = 3/4, and f is differentiable at x = 1/2.

z—1/2F

69. (a) f(z) =3z —2if > 2/3, f(x) = =3z + 2 if © < 2/3 so f is differentiable everywhere except perhaps at

2/3. fi ti t 2/3, al li "(z) = i —3)=—-3and i "(z) = i 3)=3 i t
/3. f is continuous at 2/3, also m‘)IZI?Bi (@) xﬁ12r}137( ) an 1%1211/134r () mﬁ12n/13+( ) so f is no

differentiable at x = 2/3.

(b) f(x) =22 —4if || > 2, f(z) = —2? + 4 if |z| < 2 so f is differentiable everywhere except perhaps at =42.
f is continuous at —2 and 2, also lim f'(z) = lim (—2z) = —4 and lim f'(z) = lim (22) = 4 so f is not

T2~ T2~ z—21 z—2+
differentiable at « = 2. Similarly, f is not differentiable at x = —2.

nn—1)(Mn-2)---1

70. (2) F(0) = ~(a~2, fx) = (2o~ f7(@) = ~(3-2- s [0 (r) = (-1 D0
(b) () = —2075, (@) = (3D, f(a) = —(4-3-2)a % [0 (x) = (-1 LEDD D 02
71. (a)
d? d | d d d d | d d?
Tt @ =5 | L ef @] = 4 eq @] =eqt | 2@ =eq5 1)
2 2 2
@+ 9@l = 4 [ L1 + 9| = - [ L1+ Ll = 6]+ 1510w

(b) Yes, by repeated application of the procedure illustrated in part (a).

72. lim 7f’(w) - f)

Jim == = f"(2); f'(x) =827 — 2, f"(x) = 562°, so f"(2) = 56(2°) = 3584.
73. (a) f'(z) =na""L, f(z) =n(n—1)z"2, f"(x)=n(n—1)(n—-2)z"3,..., fM(z)=nn—-1)(n-2)---1
(b) From part (a), f*)(z) = k(k—1)(k—2)---1s0 f*+V(z) = 0 thus f™(x) =0if n > k.

(c) From parts (a) and (b), f™(2) = ayn(n —1)(n—2)--- 1.
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74.

75.

76.

e

78.

79.

80.

81.

82.

(a) If a function is differentiable at a point then it is continuous at that point, thus f’ is continuous on (a,b) and
consequently so is f.

(b) f and all its derivatives up to f(»~1)(z) are continuous on (a,b).

Let g(x) = «™, f(z) = (mx + b)". Use Exercise 52 in Section 2.2, but with f and g permuted. If g = mxz1 + b

then Exercise 52 says that f is differentiable at 1 and f'(21) = mg’(2¢). Since ¢'(z¢) = nz ", the result follows.

f(x) =422 + 122+ 9 so f/(x) = 8x + 12 = 2- 2(2z + 3), as predicted by Exercise 75.
flx) = 2723 — 272% + 92 — 1 so f'(x) = 8122 — 54w + 9 = 3 - 3(3z — 1)2, as predicted by Exercise 75.
F@) = (@ — 1) so f/@) = (~1)-1(x — 1)=2 = —1/(z — 1)2

f(@) =302z +1)"2so f/(z) =3(-2)22x +1)73 = —12/(2z + 1)3.

f(z) = % =1—(z+ 1)_1, and f'(z) = —(-1)(z + 1)*2 =1/(z + 1)2.
f($) _ 222 4+4r+2+1 —9 (x+ 1)72, 0 f’(ﬂf) _ 72(CE+ 1)73 _ 72/(1,+ 1)3.

(o1

(a) If n =0 then f(z) =2° =1 so f'(z) = 0 by Theorem 2.3.1. This equals 02°~!, so the Extended Power Rule

holds in this case.
. flat+h)—fl@) . (@+h)"—1/z™ ™ —(x+h)™

/ = —_— p— —_—
(b) fw) = Jim h f I M (o + )y

— lim @+ h)™—am lim ( 1) _a (z™) - <_1> — mz™ L. <_1> — ™l — el

h—0 h ho0 \ 2™ (z + h)™ dx x2m x2m

Exercise Set 2.4

1.

2.

Cff) = (2—-2 - 3x3)dd

(a) flx)=222+2—1, f'(z) =4z +1 ) fllz)=(E+1)-2)+2z—-1)-(1)=4x+1

(a) f(z)=3z*+522 -2, f'(z) = 1223 + 10z (b) f(z)=(32?—-1)-(22) + (22 +2) - (6z) = 122 + 10z

. (@) flx)=a*—1, f'(z) =423 ) fl(x)=(x2+1)-(22) + (22 — 1) - (22) = 4a3

. (a) flx)=2%+1, f'(z) = 322 ®) flr)=(x+1)2z—-1)+ (22 —x+1) (1) = 322

. fl(x) = (322 + 6)% <2x - i) + <2x - i) %(:m2 +6) = (327 +6)(2) + (Qx - i) (6x) = 182% — %x +12

(7 + 2%) + (7 + m5)%(2 —x—32%) = (2 -2 — 32%)(52?) + (7 + 2°)(—1 — 92?) =

—2427 — 62° +102* — 6322 — 7

d d
fl(x) = (2% + 72 — 8)d e+ + 223 ) ——(2® + T2 - 8) = (2% + T2? — 8)(—627* — 47 )+

dx dx
+(2273 +274)(32% + 142) = —15072 — 14273 + 482~ % + 32275

(@)= (7 + CU_Q)%(?)SC?’ +27) + (323 + 27)%(16_1 +a7) = (@ 292 + B2 +27)(—2x 2 = 2273) =

X
3+ 6z — 2722 — bdx 3

@) =1 (2P 22+ 4) + (2 —2) - (22 4 2) = 327
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@)= Qe+ D) (2 —2) + (2P +x) (20 — 1) = 42 — 22

(22 +1)LBr+4)— Bz +4)L(22+1) (22 +1)-3—(3x+4) -2z —322—8x+3

! _ — =
- ) = (24 1)? (x2+1)2 (22 4+1)2
fl(z) = (@ toe+Df@-2)-@-)L@ +a+l) @ +o+D)-1-(@-2) @’ +1) 32" 8% +3
' - (z*+z +1)? B (z*+z +1)? (@t +1)?
(Br—4)L(2?) 22 LBz —4) (Bz—4)-20—22-3 322—8z
f'(a:) _ dx dx _ —
) N (32 — 4)2 B (32 — 4)2 - (3x —4)2
() = 3z — 4)%(2332 +5) — (222 —|—5)%(3z —4)  (Bz—4)-4z— (222 +5)-3  6z* — 162 — 15
’ N (32 —4)2 B (3z — 4)2  (3z—4)2
2 3/2 -9 1/2 -1
e T
d d
)= (z+3) L2232+ — 2212 1) — (22%/2 + 2 — 2272 — 1) L (2 + 3) _
(x4 3)2
(2 43)-(BaP 41— — (2032 - 2212 - 1)1 2%2 410272+ 4 — 3271/2
B (z +3)2 N (z+3)2
F@) = —223/% — x4+ 42V/% 4+ 2 <
) N x? + 3x ’
F) = (22 + 32) L (—22%/% — 2 + 4at/? 4+ 2) — (—22%/? — x + 42Y/? + 2) L (2% + 31) _
(22 4 3x)?
(2?4 3z) (=322 =1+ 207 Y2) — (—22%% — x4+ 42Y/2 +2) - (224 3)
B (x2 4 3x)? N
x%/2 4 02 —923/2 —dx — 62Y/2 — 6

(22 + 3x)?

. This could be computed by two applications of the product rule, but it’s simpler to expand f(z): f(z) = 14z +
21+ 72 '+ 207243z 3 + 274 50 f/(x) =14 —T272 — 4273 — 9z~* — 4275,

. This could be computed by two applications of the product rule, but it’s simpler to expand f(z): f(z) = —627 —
428 +162° — 3272 — 2073 + 8274, so f/(z) = —422°% — 2425 + 802* + 6273 + 62~* — 32275,

- In general, % [9(2)?] = 2g(2)g’ (x) and % [9(2)°] = ——[9(2)’g(2)] = g(2)¢' () +g(m)% [9(2)?] = g(2)*' () +
9(x) - 29(x)g'(z) = 3g(x)*g'(x).
Letting g(z) = 27 + 22 — 3, we have f'(z) = 3(27 + 22 — 3)?(725 + 2).

d d

d
+ In general, ——[g(x)?] = 2g(x)g'(2), so ——[g()"] = %[(g(wf)z} 29(2)* - ——[g(@)*] = 29(x)* - 29(2)g’ () =
4g(2)°g'(x)
Letting g(z) = 22 + 1, we have f/(z) = 4(z% +1)® - 22 = 8x(22 + 1)3.
dy (x+3)-2—-(22-1)-1 7 dy 7
“dr (z +3)2 T @r32 Y dx|,_, 16
dy (2> —5)-4—(do+1)-(22) —4a®—22—-20 dy 26 13
“dz (22 — 5)2 T @-52 Y da| 16 8
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

dz T dx

(3x+ 2> (=527%) + (a° + 1) (;) o

dy _ (3e2Y 4 sy sy L (3x+2> _ (3x+2) (—509) 4 (= + 1) {x(S)—(3x+2)(l)] _

X

%y _ (227 — ZJ)i (Il) 4 (Il) i(?a,j —2?) = (227 — 2?) [(93+ HA) — (= — 1)(1)} .

dz dr \z+1 v+ 1) dz (@ +1)?

+ (z - 1) (142° — 22) = (227 - 2?) - (x+21)2 + (i:r 1) (1425 — 22); so Z—i - (2 — 1)% +0(14—2) = %
) = & %g:l)f 2 (;2+“712)2, so f/(1) = 0.

o= G - el r =

(@) (2) = VEF (o) + 5= F(0). 4(4) = (2)(=5) + §(3) = =37/,

(b) ¢'(zx) = w g'(4) = (4)(_1‘2) 5 _ —23/16.

(@) ¢'(x) =62 —5f(z), g'(3) = 6(3) —5(4) = —2.

(b) ¢'(z) = 2f(x) —J(j?;)r 1)f’($)7 J(3) = 2(—(212—)27(4) _ g

(a) F'(z) = 5f(2) + 29/ (), F'(2) = 5(4) + 2(—5) = 10.

(b) F'(z) = f'(z) — 3¢ (x), F'(2) = 4 — 3(~5) = 19.
(c) F(z) = f(z)g' () + g(x)f'(2), F'(2) = (=1)(=5) + (1)(4) = 9.

(d) F'z) =lg9(2)f' () = f(2)g'(@)]/9*(x), F'(2) = [()(4) = (=1)(=5)]/(1)* = —1L.
(a) F'(z)=6f'(x) - 5¢'(x), F'(r) = 6(~1) — 5(2) = —16.

(b) F'(z) = f(z)+g(x) + 2(f'(z) + ¢'(x)), F'(r) =10 =3+ 7(—-1+2) =7+ .
(c) F'(z)=2f(x)g'(z) +2f"(x)g(x) = 2(20) + 2(3) = 46.

() Fi(z) = EFI@)F@) — f@)g(x) (4= 3>z(1:1:)1,_ 10(2)

(4t g(@)? D

d 2 2)—(z2—-1) d
ﬁ: x(x—’_(x:_ng ),£:Oifm2+4m+1:0. By the quadratic formula, x =

The tangent line is horizontal at z = —2 4+ /3.

—4+/16—14
e 243
5 V3

d 2z(x —1) — (22 +1 222 -1
. pe—D-(@"+1) _— v . The tangent line is horizontal when it has slope 0, i.e. 22 —22—1=0
dx (x —1)2 (x—1)2

2£vV4+4
2

which, by the quadratic formula, has solutions xz = = 1+ /2, the tangent line is horizontal when

r=1+2.
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33

34.

35.

36. y

37.

38.

39.

40.

41.

42.

43.

d 2 1) — (22 +1 24201

The tangent line is parallel to the line ¥y = x when it has slope 1. Y _ setl) - (@ +1) _ e =
dx (x+1)2 (x+1)2

if 22 4+ 2x — 1 = (x + 1)2, which reduces to —1 = +1, impossible. Thus the tangent line is never parallel to the

line y = x.

x+2+1_1 1

The tangent line is perpendicular to the line y = x when the tangent line has slope —1. y = T + oL
x x
d 1
hence % = “wr2e = —1when (z+2)?=1,2°+42+3 =0, (z+1)(z+3) =0, z = —1, —3. Thus the tangent

line is perpendicular to the line y = x at the points (—1,2), (—3,0).

d
Fix zg. The slope of the tangent line to the curve y = at the point (xg,1/(xg + 4)) is given by % _

r+4 dx
-1 1 Thet t line to th t ( ) thus has th ti )
—_— = —. e tangent line to the curve at (xg, us has the equation y — yg = ——=,
(x+4)?],_,, (v0o+4)? & 040 b v (wo + 4)?
-1 1 —Xo
and this line passes through the origin if its constant term yg — o——— is zero. Then = , SO
P & & Yo O(I‘O +4)2 Zo +4 (J,‘O —|—4)2
To+4=—x0, x9g = —2.
2 5} 2 4+1 1 d -1
_ ;IQ — 37;‘+; =24 et and hence ﬁ = m, thus the tangent line at the point (xq, o)
-1
is given b - = — (v — zy) , where =2+ If this line is to pass through (0, 2), then
g Y Y — Yo (x0+2)2( 0) Yo ) D gh (0,2)
— -1 ZTo
2 — — ——(—xo), = , —& —2:,1:,SO$ =—1.
o (o + 2)2 (=0) o + 2 (o +2)2 0 0 0

(a) Their tangent lines at the intersection point must be perpendicular.

1 1
ey intersect when — = ,x=2—x,x =1y = 1. e first curve has derivative y = —
b) They i h 3 2 1 1. The fi has derivati
T -

slope when z = 1 is —1. Second curve has derivative y =

so the

?7
——— so the slope when z = 1 is 1. Since the two
-

slopes are negative reciprocals of each other, the tangent lines are perpendicular at the point (1, 1).

The curves intersect when a/(x — 1) = 22 — 2z + 1, or (x — 1)® = a,2 = 1 + a'/3. They are perpendicular when

their slopes are negative reciprocals of each other, i.e. 2x — 2) = —1, which has the solution x = 2a + 1.

—a
T
Solve z = 14 a/® = 2a + 1,2a%/3 = 1,a = 273/2. Thus the curves intersect and are perpendicular at the point
(2a +1,1/2) provided a = 273/2,

Fl(z) = af'(x) + f(x), F"(x) = af"(x) + f'(x) + ['(2) = af"(x) + 2" (2).
(a) F"(z) =af"(x)+3f"(x).

(b) Assume that F(™(z) = zf™(z) + nf™ Y (z) for some n (for instance n = 3, as in part (a)). Then
FOtD(g) = 2D () + (14 n) ) (2) = o f "D (2) 4+ (n + 1) £ (z), which is an inductive proof.

R(p)=p-f'(p)+f(p)-1= f(p)+pf (p), so R'(120) = 9000 + 120 - (—60) = 1800. Increasing the price by a small
amount Ap dollars would increase the revenue by about 1800Ap dollars.

Rp)=p-f'(p)+ f(p)-1= f(p)+pf(p), so R'(120) = 9000 + 120 - (—80) = —600. Increasing the price by a
small amount Ap dollars would decrease the revenue by about 600Ap dollars.

" - (0) —1- (naz™Y n

1 —n—
f(x)zx—nso f(@) = o s L
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Exercise Set 2.5

1. f/(z) = —4sinz 4 2cosx
2. flla)= g+
- fi(@) = —5 +cosx
3. f'(z) = 4x%sinx — 8w cosx
4. f'(x) =4sinzcosz
, sinz(5 +sinz) — cosz(5 —cosx) 1+ 5(sinx — cosx)
5. f'(z) = - = -
(5 + sinz)? (54 sinx)?
, (22 + sinx) cosw — sinw(2z + cosz)  2%cosz — 2xrsinx
6. f'(x) = . = .
(22 + sinx)? (22 + sinx)?
7. f'(z) = secxtanx — v/2sec? x
8. f'(x) = (2% + 1)secx tanz + (secw)(2x) = (2% + 1) secx tan x + 2z sec x
9. f'(r) = —4cscxcota + csc’x
10. f/(z) = —sinz — cscx + x cscx cot
11. f'(z) = secx(sec? x) + (tanx)(sec x tan x) = sec® x + sec x tan? z
12. f/(x) = (cscx)(— csc® x) + (cot z)(— cscx cot ) = —cse® @ — cscx cot?
1 —cse? x) — cot 2(0 — t — — csc? t2
13. f'(x) (14 cscx)(—csc? z) — co ;:( cscx cot ) _ cscx(—csca — csc :§+ co a:)7 but 1+ cot?a — csc? o
(14 cscx) (1+cscx)
scx(—cscx — 1) cscx
identity). th 22— escm — —1 , zcscx( cscx _ .
(identity), thus cot® x — csc® x , s0 f'(z) (1 + csca)? T oscn
14. fz) = (1 + tanx)(secz tanz) — (sec z)(sec? x) _ secxtanz + secxtan? x — sec® _
(14 tanx)? (14 tanx)?
_ secz(tanx + tan® z —sec’ ) secz(tanz — 1)
(1+ tanz)? (1 +tanx)?
15. f(z) = sin®z + cos® z = 1 (identity), so f'(x) = 0.
9 i .
16. f'(z) = 2secztanxsecx — 2tanzsec? x = Sl?x - Smf = 0; also, f(z) = sec?z — tan®x = 1 (identity), so
cos? cos3 x
J'(@) = 0.
17 f(@) = 1o (because sinsecs = (sina)(1/ cos o) = tana),
- f(@) = T ang (because sinzsecx = (sinz)(1/ cos z) = tanz), so
) = (1 + ztanx)(sec? x) — tan z[z(sec? ) + (tanx)(1)] _ sec?x — tan® _ 1 (because sec® z —
(14 ztanx)? (14 ztanz)? (14 ztanz)?
tan?z = 1).
24+ 1)cot
18. f(z) = w (because cosx cscx = (cosz)(1/sinx) = cot ), so
—cotx
(@) (3 —cotz)2zcotx — (22 + 1) csc? x] — (22 + 1) cotxesc?z 6rcotz — 2w cot?z — 3(2% + 1) esc? o
x) = _

(3 —cotx)? N (3 —cotx)?
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19. dy/dz = —wsinz + cosx, d*y/dz? = —rcosx — sinx — sinx = —xcosx — 2sinx
20. dy/dx = —cscz cot z, d*y/dz? = —[(cscx)(— csc? z) + (cot x)(— cscz cot )] = esc z + cscz cot? x
21. dy/dx = z(cosz) + (sinz)(1) — 3(—sinz) = xcosx + 4sinz,
d*y/dz? = x(—sinz) + (cosx)(1) + 4cosx = —xsinz + 5cosz
22. dy/dx = 2*(—sinz) + (cosx)(2z) + 4cosz = —x? sinx + 2z cosz + 4 cos 7,
d?y/dz? = —[2*(cos x) + (sinx)(2z)] + 2[z(—sinz) 4 cosx] — 4sinz = (2 — 2?) cosx — 4(x + 1) sinz
23. dy/dx = (sinz)(—sinx) + (cosx)(cosx) = cos? x — sin® 2,
d*y/dx* = (cosx)(—sinz) + (cosz)(—sinxz) — [(sinz)(cosx) + (sinx)(cos )] = —4sinx cosx
24. dy/dx = sec? z,d*y/dx? = 2sec® rtanx
25. Let f(z) = tanz, then f/(x) = sec? x.
(a) £(0)=0and f/(0) = 1,50y — 0= (1)(x —0), y = 1.
(b) f(%) zlandf’(g) — 9, soy—1:2<x—g),y:2z—g+l.
() f(f%) = —1 and f/(fg) =2, soy+1:2(x+g),y:2x+gfl.
26. Let f(x) = sinz, then f'(z) = cosz.
(a) f(0)=0and f'(0)=1,s0y—0=(1)(z—0),y=a
(b) f(r)=0and f'(m)=-1,s0y—0=(-1)(z—m),y=—z + .
T 1 s 1 1 1 s 1 ™ 1
c —)=— and ’(7):—,50 ——:—(x—f), =—zx— ——=+—.
()f(4)\/§f4\/§y\/§\/§4y\/§4\/§\/§
27. (a) If y=zsinz then y’ =sinz + xcosz and y”" = 2cosx — xsinz so y”’ + y = 2cos x.
1ferentiate the result of part (a) twice more to get y\*/ + y" = —2cosx.
b) Differentiate the result of i @y =-2
28. (a) If y =cosx then ¢y = —sinz and ¥’/ = —cosz, so y”’ +y = (—cosz) + (cosx) = 0; if y = sinx then y’ = cosx
and ¥y’ = —sinz so y”" + y = (—sinz) + (sinz) = 0.
y = Acosz — Bsinz, y’ = —Asinz — Beosz, so y’ +y = (—Asinz — Beosz) + (Asinz + Bcosz) = 0.
b) yy=A Bisi " Asi B i Asi B Asi B 0

29.

(a) f'(xz) =cosz =0 at x=+r/2,+37/2.
(b) fl(x)=1—sinz=0at z=—-31/2,7/2.
(c) f'(z) =sec®?x > 1 always, so no horizontal tangent line.

(d) f'(z) =secxtanz =0 when sinz = 0, z = £27, £, 0.
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30

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

0.5

AL
VIRV,

(a) -05

(b) y = sinzcosz = (1/2)sin2z and ¢y = cos2z. So y' = 0 when 2z = (2n + 1)7/2 for n = 0,1,2,3 or
x =m/4,3n/4,57 /4, 7w /4.

x =10sin6, dz/df = 10 cos 6; if § = 60°, then dz/df = 10(1/2) =5 ft/rad = 7/36 ft/deg ~ 0.087 ft/deg.

s = 3800 cscf, ds/df = —3800 csc 6 cot 0; if = 30°, then ds/df = —3800(2)(v/3) = —7600+/3 ft/rad = —380v/37/9
ft/deg = —230 ft/deg.

D = 50tan6,dD/df = 50sec?0; if § = 45°, then dD/df = 50(+/2)? = 100 m/rad = 57/9 m/deg ~ 1.75 m/deg.
(a) From the right triangle shown, sinf =r/(r + h) sor +h =rcscf, h = r(cscd — 1).
(b) dh/df = —rcsccot 0; if § = 30°, then dh/df = —6378(2)(V/3) ~ —22,094 km/rad ~ —386 km/deg.

False. ¢'(z) = f(z)cosz + f/(z)sinz

~ ; ' _ iy e 90 —g(0) o f(h)sinh . sinh
True, if f(z) is continuous at x = 0, then ¢'(0) = }lng% h = }lllg% ” = }1’13% f(h) }lngb =
7(0) 1= £(0).
True. f(z) = ST tanx, so f'(z) = sec? x.
cos T

False. ¢'(x) = f(x)- %(secm)—kf’(x) secx = f(x)secxtanz + f'(z)secx, so ¢'(0) = f(0)secOtan 0+ f'(0) secO =
f(h)sech — f(0)

8:-1-0+4 (—2)-1 = —2. The second equality given in the problem is wrong: }1111% o = —2 but
—
8(sech — 1)
Stz o,
h—0 h
d4 d4k d87 d3 d4-21 d3
— sinz =sinx, SO ——sinz =sinx; —=sinr = — ——=-sinx = — sinx = —cos x.
dax? T datk " da87 da® dxt2l da®
leO d4k
——— COST = —— COST = COS .
100 ik
f'(xz) = —sinz, f'(z) = —cosz, f"(z) = sinz, and f®(z) = cosz with higher order derivatives repeating this
pattern, so f(")(z) = sinz for n = 3,7,11,. ..
f(z) = sinz, f'(x) = cosz, f"(x) = —sinz, f"(x) = —cosxz, f*(x) = sinz, and the right-hand sides continue

with a period of 4, so that f(")(z) = sinz when n = 4k for some k.
(a) allz (b) all z (c) z#7/24+nm, n=0,%1,42,...
(d) z#nm,n=0,+1,42,... () z#7/24+nm,n=0,+£1,£2 ... ) z#nm,n=0,£1,£2,...

(g) #2n+1)m, n=0,£1,%2,... (h) z#nw/2,n=0,£1,42,... (i) allz
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d cos(z + h) — cosx coszcosh —sinzsinh — cosx
44. il = i — 1 _
(@) gpleos = i =2 b, i
h—1 inh
= lim [cosz [ 20"} —sina 2o = (cosx)(0) — (sinz)(1) = —sinzx.
h—0 h h
d d rcosz sinz(—sinz) — cosz(cosz)  —sin?z — cos?x -1
b) —|cotz —[ }: = = = —csc? .
(b) dz | I= dr Lsinz sin? x sin? sin? x
d d 1 0-cosx — (1)(—sinz) sinz
(c) . —[secz] = . [ } = . = ia secx tan x.
d d 1 (sinx)(0) — (1)(cosx) cosx
d = =— =— t .
(d) o —[cscx] = . [sinx} Z. . cscx cot x
. e o W—T w—+T i W—T
45. —sinx = limw: lim 2 2_ — lim s1n72 cosw+x:1-cosx=cosx.
dx wor W —T i w—x wor W=E 2
o —925in(¥=2)gj w+x A (W—x
46. —[cosz] = lim COBWTERT _ iy sin(*5*) sin(*3*) = — lim sin wrew lim 2 ) = —sinuz.
dz w—x w—2x w—x w—2x w—z w—x w2 z
(sinh) (sin h)
tanh cos h h 1
47. =li = li =-=1.
7 @) | 0 h Hs0 h h—0 cosh 1
tanz + tanh
—————— —tanx
(b) i[tanx] — lim tan(z + h) — tanx _ iy L—tanztanh — lim tanz + tanh — tanx + tan® v tanh
dx h—0 h h—0 h h—0 h(1 — tanz tan h)
tanh I tanh
5 tan h(1 + tan® ) . tan hsec? x 5 h 9 Al TR 9
im = lim =sec’z lim ——2——— =sec’x = sec” .
h—0 h(1 —tanztanh) h—0 (1 —tanztanh) h—01—tanztanh }llin})(l —tanz tanh)
—
t —t t h) —t d
48. lim an(e +y) - tany = lim an(y +h) - tany = —(tany) = sec?y.
z—0 x h—0 h dy
sin h m cosh —1
49. By Exercises 49 and 50 of Section 1.6, we have lim —— = —— and lim ———— = 0. Therefore:
h—0 h 180 h—0 h
d i h) — si h— h
(z;) %[sinx} = }1113}) sin(e + h) ST sinz}llig%% + cosx%g%% = (sinx)(0) + (cosz)(mw/180) =
m COs .
d . cos(x + h) —cosx . cosxcosh —sinzsinh —cosx ., cosh—1 | . sinh
(b) —[cos x] = hm = lim =cosz lim ———— —sinz lim
x h h—0 h h—0 h h—0 h
0-coSz — —— -sing = ——— sina.
180 180
h) —
50. If f is periodic, then sois f’. Proof: Suppose f(z+p) = f(z) for all z. Then f’'(z+p) = lim fletpth) = fl@tp) =

h—0 h

lim
h—0
periodic, but f/(z) = 1+ cosz has period 2.

= f'(z). However, f’ may be periodic even if f is not. For example, f(z) = z + sinz is not

flz+h) - f(x)
h

Exercise Set 2.6

1.

(fog)'(x) = f'(9(x))g'(x), so (f 29)"(0) = f'(9(0))g'(0) = F'(0)(3) = (2)(3) = 6.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

. (a) (fog)(x)=5v4+cosz and (fog)(z) = f'(g9(x))g (x) =

- (fo9)(2) = f'(9(2)g'(2) = 5(=3) = —15.
(@) (fog)(z) = fly(x)) = (22 —3)% and (f 0 g)'(x) = f'(9(x))g (z) = 5(2z — 3)*(2) = 10(2z — 3)*.

(b) (9o f)(x) =g(f(x)) =22° =3 and (go f)'(z) = ¢'(f(2))f (x) = 2(52") = 102"

5
2+/4 + cosx

(—sinz).

(b) (g0 f)(x) = 4+ cos(5/F) and (g0 1) (2) = ¢ (@) (z) = = sin(5/F) 5=

- (@) Fl(z) = f'(9(x))g'(z), F'(3) = f'(9(3))g'(3) = —1(7) = 7.

(b) G'(z) =g (f(2))f'(x), G'(3) = ' (f(3)['(3) = 4(-2) = -8.

- (@) F'(z) = f'(g(x))g (), F'(=1) = f'(9(=1))g'(=1) = f'(2)(=3) = (4)(=3) = —12.

(b) G'(z) =g (f(2))f(x),G'(=1) = g'(f(=1)f(=1) = =5(3) = —15.

d
f'(x) =37(z% + 2:;;)36@(:1:3 +2x) = 37(z* + 22)%0 (322 + 2).

. f'(z) = 6(32% + 22 — 1)56%(?)%2 + 22 — 1) = 6(32% + 22 — 1)% (62 + 2) = 12(32% + 22 — 1)°(3z + 1).
€X

. fl(x) = -2 (x3 - ;)_3 % <x3 — i) =2 <m3 - Z)_S (3332 + ;)

(5t —
fx)=@®—z+1)72 f'(2) = —9(z° —x + 1)*10%(335 —z4+1)=-9@=° —z+1)" 100Gzt —1) = (33‘59(—51'4-1;30.

flx) = 4(32% — 22 +1)73, f'(z) = —12(32% — 22 + 1)—4%(33:2 —2r 4+ 1) = —12(32% — 2z + 1)~ 462 — 2) =
24(1 — 3z)
(322 — 2z + 1)4

f@) = ——t NP . st S
Nz e NGE T
1 V3
=)= 24+ 3z dl‘ 4 V) = 4/zVA+ 3z
1 2/3 11 -~ 1
flo) =3 024va) 5 7 = Sr vy

fl(x) = cos(l/xQ)%(l/xz) = f% cos(1/z?%).

(@) = (s V) oV = (sec? V) 5o

d
f(x) = 20005496E(cos x) = 20 cos® z(—sinz) = —20 cos® z sin .

5 . d
f/(x) = 4+ 20(sin® x)g(sin z) =4 + 20sin® z cos z.
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Chapter 2

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

fl(z) = 2008(3\/5)%[005(3\/5)] = —2cos(3y/x) Sin(&/ﬂf)%(&/ﬁ) = _ 3cos(3v/7) sin(3v/x)

f'(z) = 4tan®(z?) d

fl(x) = 4sec(m7)di[sec(x7)] = 4sec(z”) sec(z”) tan(z")

f'(x) = 3cos? (x—T—l) %cos (xj—l) = 3 cos? (mf—l) [—sin (a:f—l)]

[tan(2®)] = 4 tan®(2®) sec? (z*)

dx dzx

x dx

7 :

(23) = 122% tan®(2%) sec? (2?).

(z7) = 2825 sec?(27) tan(z").

(z+1)(1) —x(1) _

icosz ;z: sin <
(x+41)2 r+1 r+1)

, 1 d 5 sin(52)
) = —————[cos(57)] = — .
f@) 24/cos(5x) dx[ (52)] 2 /cos(51)

flz) = . 135 sin?(4z)] = 2= 8sin(dz) cos(dz)

24/3z — sin?(4x) dx 24/3z — sin”(4x)

f(x) = =3 [+ csc(z® + 3)] 4 [z + csc(z® + 3)] =

dxr

—3 [z + esc(2® + 3)] - {1 — cse(z® + 3) cot(a® + ?))i(ac3 + 3)] =

dx

—3 [z + csc(2® + 3)] - [1 - 32” esc(z® + 3) cot(z® + 3)].

f(x) = —4 [2* — sec(42® — 2)] - % [2% — sec(4a® — 2)] =

dx

= —4 [2* — sec(42® — 2)] - [4$3 — sec(4x? — 2) tan(42® — 2)i(4x2 - 2)}

= —16x [a:4 — sec(4x? — 2)]75 (2% — 2 sec(4a® — 2) tan(4a”® — 2)].

dy
dx

dy

dx

dy

dx

d
= 23(2sin 52) d—(sin 5x) + 3x? sin® 5z = 102> sin 5z cos 5x + 327 sin? 5.
x
= vz [3tan*(V2) secz(\/E)L + 1 tan® (V) = §tanz(\/E) sec’(VT) + ——
2vx |  2\/x 2

e (DY tan (1) £ (D) e (1) 509 = e (1)

3 1 1 4 1
= —x"sec|— |tan| — | +5x"sec| — ).
T T T

d

dzx

sec(3z + 1) cosx — 3sinxsec(3x + 1) tan(3z + 1)

(-

(z+1)?

~__
+
ot
8
S
w0
D
o
7N
SH
~
I

= = cosz cos(3z + 1) — 3sinx sin(3z + 1).

sec?(3x + 1)

= —sin(cos ) d—(cos x) = —sin(cos z)(—sinx) = sin(cos x) sin x.
x

d
= cos(tan 3x) T (tan 3z) = 3sec? 3x cos(tan 3z).
x

= 3 cos?(sin 22) % [cos(sin 22)] = 3 cos?(sin 2z)[— sin(sin 22)] % (sin 2x)

—6 cos?(sin 22) sin(sin 2z) cos 2z.
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34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

dy (1 — cot 2%)(—2x csc 22 cot 22) — (1 + csc 2?)(2x csc? 22) o 1+cotz? +csca? | 9 o
= = = —2xcscx , since csc”z” =
dx (1 = cotx?)? (1 —cotx?)?
1+ cot? 22,
& _ (5z + 8)7i(1 —Vz)’ 4+ (1 - ﬁ)ﬁi(m +8)7 = 6(52 + 8)7(1 — VA —= + 7+ 5(1 — V&)* (52 + 8)° =
dx dx dx 2z
_—3(5:5 +8)7(1 — vx)° +35(1 — )% (52 + 8)°.
Vv
dy = (2 + ac)5i sin® z 4 (sin® )i(m2 + )% = 8(z% + x)°sin” x cos z + 5(sin® z) (2% + z)* (2z + 1).
dz dz dz
@_3 x—5 2i r—51 _[x-5 2 11 _ 33(x—5)?
de " |2x4+1] dr |22+1] " |2z+1] (2o+1)2  (2z+1)4°
@717 1+ 22 161 1+ 22 e 1+ 22\° (1= 22)(22) — (1 + 22)(—22) _ 7 1+22\° 42
dr 1—22) de \1—-22) 1—22 (1 —22)2 B 1—22) (1—22)2
68z(1 + 22)t°

(1—22)8
dy (42 —1)%(3)(2z +3)%(2) — 2z +3)°(8)(4a® — 1)"(8x) _ 2(2x +3)*(42® — 1)7[3(4a® — 1) — 322(22 +3)] _
dr (422 — 1)16 B (422 —1)16 N
2(2x + 3)%(522” + 96 + 3)

(4x% —1)° '

dy _ 121+ sin?’(as5)]ni[1 +sin®(2)] = 12[1 + sin®(2°)]*'3 51112(965)i sin(z°) =
dx dx dx
= 1802*[1 + sin® (2°)]** sin?(2°) cos(x°).
% =5 [zsin2z + tan4(x7)}4 % [z sin 2z tan*(2")] =

d ; d
=5 [z sin 2z + tan*(z7)] * {x cos Qxd—(Qx) + sin 2z + 4 tan® (x7)d— tan(:ﬂ)} =
x x

=5 [z sin2z + tan* (x7)} * 22 cos 2z + sin 2z + 282° tan®(z7) secQ(x7)] .

_ 2 _ 5
W _ g (2 . <7>3+5> <2+ Wm)

dx 23 + sinx x3 + sinx
" V3x2+5 3 (7T—x)x (7T — 2)V/322 + 5 (322 + cos )
w3 +sinr /322 +5 (23 +sinz) (23 +sinx)?
d
d—y = cos 3r —3x sin 3x; if x = 7 then d—y = —1 and y = —, so the equation of the tangent line is y+7 = —(x—7),
x x
ory=—x.
d d
d—y = 322 cos(1 + x3); if # = —3 then y = —sin 267d—y = 27c0s26, so the equation of the tangent line is

z T
y + sin 26 = 27(cos 26)(x + 3), or y = 27(cos 26)x + 81 cos 26 — sin 26.

d d
d—y = —3sec®(1/2 — z)tan(n/2 — x); if = —7/2 then d—y = 0,y = —1, so the equation of the tangent line is
x x

y+1=0,ory=-1
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46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

Chapter 2

d 1\? 1 27 d 1
ﬁ =3 (ac — x) (1 + 3:2>; if x = 2 then y = g,% = 3%% = lig), so the equation of the tangent line is

135 27
y—27/8=(135/16)(x — 2),0or y = —x — —.

16 2
dy _ sec2(4x2)i(4m2) = 8xsec?(4z?) dy = 8y/msec?(41) = 8y/m. When z = /7, y = tan(4r) = 0, so
dx dx R P ’ ’

the equation of the tangent line is y = 8y/w(x — /1) = 8\/ma — 8.

d d d
9 _ 12cot® x — cotx = —12cot® zesc? x, el = —24. When z = 7/4,y = 3, so the equation of the
dx dx dx lz=n/4

tangent line is y — 3 = —24(x — w/4), or y = —24x + 3 + 67.

d 2 d

ﬁ =2zv5—a?+ 2\/%(—2.%), diay: = 4—1/2="7/2. When x =1,y = 2, so the equation of the tangent
7 3

lineisy—2=(7/2)(x —1),ory = 3%~ 3

dy -1 E(1 —22)3/2(—22) dy = 1. When z = 0,y = 0, so the equation of the tangent line is y = z

dr /1—22 2 “dxla=0 ’ ’ '

d_ x(— sin(5x))i(5x) + cos(bx) — 2sin xi(sin x) = —bxsin(5x) + cos(b5x) — 2sinz cosx =

de dz dz B B

= —5xsin(5z) 4 cos(bz) — sin(2z),

TY 5 cos(50)- (52) — 5 sin(5a) — sin(52) - (5) — cos(22)- (2) = 25 cos(52) — 10sin(52) — 2 cos(2)

T2 = ot @) (52 sin(5a) —sin(5a) — (5¢ z) - (22) = x x sin(bz s(2z).

W _ cos(322)-L (302) = 62 cos(322) Ly _ 62(— sin(322))-L (322) + 6 cos(322) = — 362 sin(322) + 6 cos(322).

dx dx " da? dx

dy (1-a)+(1+w) 2 —2 d*y -3 -3

= = = =2(1- d — =-2(2)(-1)(1 - =4(1 - .

2= - s — 200 and T 20 -0 = 4 -a)

dy o1\ d (1 1 1 5/1 1
— =zxsec"|—)—|(—)+tan{— ) =——sec” | — | +tan | — |,
dx x) dr \x T T T T
d*y 2 1\ d 1 N 1 L, (1 + sec? 1\ d (1 2 L (1 . 1
Y9 __2 ) & - g z . il T N R z al =),
1a? —sec | — ) —sec | — g sec” | — sec (— ) - 2 g sec” () tan { —
y = cot3(m — ) = — cot?  so dy/dx = 3 cot? 0 csc? 6.
6 au+bY ad — be

cu+d) (cu+d)?

2

o [a cos? Tw + bsin® mw] = —27a cos mw sin 1w + 27bsin mw cos w = (b — a)(2sin 7w cos Tw) = 7(b — a) sin 27w.
w

2csc?(m/3 — y) cot(m/3 — y).
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60.

61.

62. False. dy/de = f'(u)g'(z) = f/(g(x)) ¢'(a).

, —x 4 — 227
(d) f(1)=+3and f/(1) = 7 so the tangent line has the equation y — /3 = %(x —1).
3
0 2
0
0.5
@ 0 o2

(c) f'(z) = 2x cos(x?) cos x — sin x sin(z?

(d) f(1) =sinlcos1 and f’(1) = 2cos?1
—sinlcosl = 2(:os2 1 —sin®1)(z — 1).

( l T
~ 2

False. —[\/y] = 37 dr =

_r
2

63. False. dy/dx = —sin[g(z)] ¢’ (x).

[N
Y|

—sin” 1, so the tangent line has the equation



88

Chapter 2

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

o3 o _ 3 ay _aydvau _ , o 002 — 2ain2(2.3). 3V.0.2 —
True. Let u = 3z° and v = sinu, so y = v°. Then T = dv du du 3v° - (cosu)-9z° = 3sin”(327) - cos(3z”) -9z
2727 sin®(32%) cos(32?).

(a) dy/dt = —Awsinwt, d?y/dt?* = —Aw? coswt = —w?y

(b) One complete oscillation occurs when wt increases over an interval of length 2, or if ¢ increases over an
interval of length 27 /w.

(o f=1T
(d) Amplitude = 0.6 cm, T = 27/15 s/oscillation, f = 15/(27) oscillations/s.

dy/dt = 3Acos3t,d*y/dt? = —9Asin3t, so —9Asin3t + 2Asin3t = 4sin3t, —7TAsin3t = 4sin3t,—7A = 4, and
A=—-4/7

) d 1+ f'(z) 4 11
By the chain rule, — [v/x + f(z)| = ——=—=—=—=. From the graph, f(z) = -z + 5 for x < 0, so f(—1) = —,
y & Ve @] = s graph, f(2) = f-1 =5
4 d 7/3 76
!
—1) = — —_ = = —.
(=1 = 55 and — [Va+ [(@)] v -k
2sin(m/6) = 1, so we can assume f(z) = —3z + 5. Thus for sufficiently small values of |z — 7/6| we have
i[f(2 sin )] = f'(2 smx)iQSinx — Dcosa = —§2£ ~ 23
dx z=7/6 a dx z=7/6 o2 z=7/6 o272 2 .
(a) p~101b/in?, dp/dh ~ —2 1b/in? /mi. (b) dp _ dp dh ~ (—2)(0.3) = —0.6 1b/in?/s.
dt  dhdt
45 dF 45(—sinf + 0.3 cosd)
F=————— — = — ; if 6 = 30°, th F/df ~10.51 ~ 0.18 1 .
(a) cosf + 0.3sin6’ df (cosf + 0.3sin6)? 1 6 = 30° then dF/df ~ 105 Ib/rad ~ 0.18 Ib/deg
dF  dF df
(b) =~ ~ (0.18)(~0.5) = ~0.09 Ibs.

) ) d, . d d du d cosz, u>0 cosz, sinz >0
With v = sinz, %(|blnx|) = %(M) = %(|u|)% = %(M)cosx = { Ccosw u<0 — { _cosz, sinz <0
o cos x, O<z<m
| —cosz, —m<xz<0
L cosz) = - [sin(m/2 — )] = — cos(r/2 ~ ) = —sin
7, (cosz) = ——[sin(m x)] = — cos(m x) = —sinzx.

(a) For z#0,|f(z)| <|z|, and lim |z| = 0, so by the Squeezing Theorem, lim f(z) = 0.
z—0 z—0

fz) = F(0)
0

(b) If f/(0) were to exist, then the limit (as x approaches 0) = sin(1/2) would have to exist, but it

doesn’t.

1 1 1 1 1 1
(c) Forz#0, f'(z) == (cos ) <—2> +sin — = ——cos — +sin —.
x x T r

T

1
(d) fz= Py for an integer n # 0, then f/(x) = —27ncos(27n) + sin(2wn) = —27n. This approaches 400 as
™
n — —oo, so there are points = arbitrarily close to 0 where f’(z) becomes arbitrarily large. Hence lir% f'(x) does
Tr—r

not exist.
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74.

75.

76.

7.

78.

79.

80.

81.

82.

83.

84.

(a) —2? < 2?sin(1/z) < 22, so by the Squeezing Theorem lir% f(z)=0.
z—

() £/(0) = tim L& =0

= lim zsin(1/x) = 0 by Exercise 73, part (a).
x—0 xr — x—0
(c) For z #0, f'(z) = 2zsin(1/x) + 22 cos(1/z)(—1/2?) = 2z sin(1/z) — cos(1/x).

(d) If f'(x) were continuous at z = 0 then so would cos(1/z) = 2zsin(1/x) — f'(z) be, since 2z sin(1/x) is
continuous there. But cos(1/x) oscillates at z = 0.

(a) g'(x) =3[f(@)]*f' (), g'(2) = 3[f(2)]* f'(2) = 3(1)*(T) = 2L
(b) I'(x) = f'(z®)(32%), I'(2) = f'(8)(12) = (-3)(12) = —36.
F'(z) = f'(g(x))g' () = /3(22 — 1) + 4 - 22 = 22322 + 1.

F’(x) = f’(g(x))g/(;p) — f/(M)Q\/?jyi—l = (SE : 2\/?% _ %

%[f(a:Q)] = f'(2*)(2z), thus f'(2?)(2z) = 22 so f'(x?) = x/2 if x # 0.

%[f(iix)] = f’(3:z:)%(3x) =3f'(3x) = 6z, so f'(3z) = 2z. Let u = 3z to get f'(u) = %u; %[f( )= fl(z) = %x
(8) I f(—2) = f(a), then - [f(~a)] = L [f(&)] f'(~)(~1) = F'(x), f'(~2) = ~F'(x) 50 f' is odd.

(b) 1f () = ~[(@), then -[f(~2)] =~ [[(a)], J'(~2)(~1) = —/'(2), J'(~2) = J'(x) s0 [ is even.

For an even function, the graph is symmetric about the y-axis; the slope of the tangent line at (a, f(a)) is the
negative of the slope of the tangent line at (—a, f(—a)). For an odd function, the graph is symmetric about the
origin; the slope of the tangent line at (a, f(a)) is the same as the slope of the tangent line at (—a, f(—a)).

7 e
S'(x)
\ X
f'(x) /
dy dy du dv dw
dr = du dv dw dr”
L)) = S [Fg)], w=h(e), (o)) 5 = (gw)g ()5 = F(g(h(r))g ()W ()

d
g (z) = f’(g - x) g (g - a:) = —f’(g - x), so ¢’ is the negative of the co-function of f.
x

The derivatives of sinz, tanz, and secx are cosz, sec?z, and secxtanz, respectively. The negatives of the
co-functions of these are —sinz, — csc?z, and — csca cot -, which are the derivatives of cosz, cotz, and csczx,
respectively.
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Exercise Set 2.7

d
1. (a) 1+y+a:—y—61:2:0 — =

dx " dx x
2+ 223 —x 2 9 dy 2
() y . + e R
y 11 1 1/2 2
F t(a), 2 =6r————y=60————(=-+22—1)=dw— —.
(c¢) From part (a) 7 T == y=6r———— x+ x 5

1 d d
2. (a) 5y71/2ﬁ —cosz =0 or % = 2\/ycosz.

d
(b) y=(2+sinz)? =4+ 4sinz +sin® z so d—y =4cosx + 2sinz cos x.

x
dy . .
(c) From part (a), e 2\/ycosz =2cosx(2+sinz) = 4cosz + 2sinx cos x.
x
dy dy =
3. 2 2 =0s0o — = ——.
T+ yd SO ar J

5 dy dy dy  3y? — 322 y? — 2
4. 322 + 32 — 32 ey LY _ .
tY dx vt Wi dr 3y? —6zry Y2 — 2y

dy 1 —2zy — 3y°

d d . d
5. 2% + 2zy + 32(3y%) = Y +3y° —1=0, (:E2+9xy2)—y =1—2zy — 3y%, so —=

dz dz dx der 24 9xy?

dy dy dy dy  10xy — 32%y% — 1

6. 2°(2y)—= + 32%y* — 5z —= — 10 1=0, (22°y — 52%)—= = 102y — 32%y* — 1,50 — = :
v Ry)gy + 30y —saman = ey 1=0, (207 = 507) 7 - = 102y = 327y" — 1, s0 7 223y — b2

. 1 dy _0 dy y3/2
: _2x3/2_2y3/2 O% 1.3/2'

—y)(1 + dy/dz) — 1—dy/d dy d )2
8. 90 = WA dy/de) = (@ +y)A = dyfde) (2 g9, W W @ u) Y

(x —y) dx dx x

dy dy  1—2axy?cos(z?y?)
9. cos(z’y?) |2%(2y)—= + 2zy®| =1, 50 —= .
cos(z7y") {m (2y) dx +eny Ol T 222y cos(x?y?)

. dyl _dy dy _  y’sin(ay?)
10. — A 2 4+ 2zy=2 | = SN el od AV
sin(zy”) [;y + xydx] de ™ dx 2zysin(zy?) + 1
dy dy dy 1 — 3y? tan?(2y? + y) sec?(zy® + y)
11. 3tan®(zy? (zy? 2zy—= =) =1, :
an”(zy” +y)sec(zy” +y) xyd T dx ©dr 3(2zy + 1) tan?(zy? + y) sec?(zy? + y)
1 2(dy/d 3] — g3 t dy/d d
12. (14 secy)Bry”(dy/dr) +y7) = zy”(secytany)(dy/dz) = 4y3—y, multiply through by (1 4 secy)? and solve for
(1+secy)? dx
@ to get @ = y(1 +secy)
dr O 8 4r T 4y(1 +secy)? — 3z(1 + secy) + xysecy tany
3(w) _o
dy dy 2z dy d%y d%y (%) - 2(3y? — 22?) 8
13. 4z —6y—2 =0, 2L === 4-¢ — 6y~ =0,50 —2 = — = L0 .
T T A T 3y (dx Va2 =0 % da? 3y 9y° 9y3
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14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

dy _ Jﬁ, Py y*(2) —2?(2ydy/dx) 2y’ —22%y(—a?/y?) 72x(y3+x3)’ but 2% + 4% = 1, so
dr y2’ da? Y Y P
Py _ 2
dr?2 ys'
dy y &y a(dy/dr) —y(l)  w(-y/r)-y 2y
dx x da? x? x? x?
dy ,, dy dy y Ly d%y dy\* ., %y ?y _ 2y(z+y)
A 0l 4 28 1o (B 4oyt Y o SY 2T
R " dw z+2y dw T i \G) T Tdz? (x+2y)3
dy o d’y P . dy siny
Y _n St — “siny) Y = WY
Iy (1+cosy)™ ", Tz (1 + cosy) *(—siny) it~ (17 cosy)?
dy _ cosy @ (1 +xsiny)(—siny)(dy/dx) — (cosy)[(x cosy)(dy/dx) +siny]
dr  1+azsiny’ de? (1 + xsiny)? B

2siny cosy + (zcosy)(2sin? y + cos?y)
(14 zsiny)3
d?y  sin2y+ y(sin®y + 1)

, but zcosy =y, 2siny cosy = sin 2y, and sin®y + cos®y = 1, so

dz? (14 zsiny)3

T, . dy x dy
By implicit differentiation, 2z + 2y(dy/dz) = 0, it at (1/2,v/3/2), pri —V/3/3; at (1/2,—v/3/2),

i Y x
dy . . dy —z 1/2
—Z = ++/3/3. Directly, at the upper point y = V1 — 22, —= = = — = —1/v/3 and at the lower
e / y pper point y = v e~ ViceZ /
dy x
: J— _ 2 e

point y 1— a2, PR e +1/V3.

If y»? — 2+ 1 = 0, then y = vz — 1 goes through the point (10,3) so dy/dx = 1/(2v/z —1). By implicit
differentiation dy/dz = 1/(2y). In both cases, dy/dz|, 3 = 1/6. Similarly y = —v/z — 1 goes through (10, —3)
so dy/dx = —1/(2v/x — 1) = —1/6 which yields dy/dz = 1/(2y) = —1/6.

False; 2 = y? defines two functions y = £+/2. See Definition 2.7.1.

True.

False; the equation is equivalent to 2% = y? which is satisfied by y = |z|.

True.
" =1 xfmi(a:m) —mz " g™ =0 i(xm) =2 (maz" ™ Ha™ = ma™ !
’ dx " dx
d d
M = (Z‘T)n,mmm_l — n(xr)n—lﬁ( r)7 %(Z‘T) — %xm—l(mr)l—n — rxr—l
dy dy x> 1

3 399 _ g oYY _ b ~

dz° + 4y e =0, so Qe = 551 0.1312.
dy dy dy dy y+1

32 4+ 222 4 2y + 20— 6y=L = 0,80 2 = 25— —(atz=0.
Vige 7% gg TEV A by =0so g Tz rar—6y 0 F

25 — 4 2 2
A(2% + y?) <2m+2y;lz> =25 <2m—2ydy> dy w54yl oy W gy

@y
dr )’ dr  y[25+ 4(z2 + y2)]’ dx
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2 ( _i- _1/3dy dy yt/3
30. = 1/3 1329) =0, 2 = -2 =3 at (-1,3V3).
3<x L " dx xl/3 V3 at (-1.3v3)
sda da da da  2t3 + 3a?
31. 4a®— — 43 =6 | a® + 2at — lve for — t t — = ————.
“at (a+ War )2V O G T 203 —6at
1 du 1 du Vu
32, —u V2P 4 Y2 =0,50 — = —Y_.
2! dv + 2" 50 I Vu
dw dw b2\
33. 2a’w— +2b°A =0,80 — = ———.
et O T e
d 1
34. 1:(cosz)—,s0—m: = secz.
dy dy cosx
dy dy . . dy . - .
35. 2z + T +y+ de— = 0. Substitute y = —2x to obtain —3a:d— = 0. Since x = %1 at the indicated points,
x x x
d
ﬁ = 0 there.

36. (a) The equation and the point (1, 1) are both symmetric in 2 and y (if you interchange the two variables you get
the same equation and the same point). Therefore the outcome ”horizontal tangent at (1,1)” could be replaced
by ”vertical tangent at (1,1)”, and these cannot both be the case.

o . . dy 2x—y o . . . 9
(b) Implicit differentiation yields e 55 which is zero only if y = 2z; coupled with the equation x* — zy +
x T —2y
y? = 1 we obtain 22 — 222 + 42> = 1, or 322 = 1,2 = (v/3/3,2v/3/3) and (—/3/3, —2v/3/3).
y
\
| | | | | | r
-4 4
/o \
37. (a) |
N . . 3 dy dy . 4 9
(b) Implicit differentiation of the curve yields (4y” + 2y)d— =2r—1,s0 = Oonlyifx=1/2but y*+y* >0
x x
so x = 1/2 is impossible.
—1+/(2y2+1)2
(c) 22 -2 — (y* +9?%) =0, so by the Quadratic Formula, 2 = (2y +1) =1+192 or —y?, and we have
the two parabolas = —y%,z = 1 + y°.
d d 2y(2y? + 1
38. By implicit differentiation, 2y(2y? + l)d—y =2z —1, (Tx = % = 0 only if 2y(2y? + 1) = 0, which can only
x Y x —
hold if y = 0. From y* +4? = 2(x — 1), if y = 0 then 2 = 0 or 1, and so (0,0) and (1,0) are the two points where
the tangent is vertical.
39. The point (1,1) is on the graph, so 1 + a = b. The slope of the tangent line at (1,1) is —4/3; use implicit

d 2 2
differentiation to get Y ot (1,1),

4
Ir _x2+2ay ——,142a=3/2,a=1/4and hence b=1+1/4 =
5/4.

“1+2¢ 3
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40.

41.

42.

43.

44.

45.

The slope of the line x +2y —2 = 0 is m; = —1/2, so the line perpendicular has slope m = 2 (negative reciprocal).
d d 4
The slope of the curve y> = 222 can be obtained by implicit differentiation: 3y2d—y = 4z, d—y = 3—:1; Set
x x Y
d 4
d—y =2; 3—302 =2, 2 = (3/2)y* Use this in the equation of the curve: y* = 222 = 2((3/2)y?)? = (9/2)y*,y =
£ Y

3/2\% 2

Solve the simultaneous equations y = z, 22 —ay+y% = 4 to get 22 —x?+ 22 = 4, = +2,y = = £2, so the points

dy y-—2zx dy
= . Wh =y=2,—=—1;wh
- enr =y T ; when

of intersection are (2,2) and (—2, —2). By implicit differentiation,

rT=1y=-2, % = —1; the slopes are equal.

Suppose a? —2ab+b? = 4. Then (—a)? —2(—a)(—b) + (=b)? = a® — 2ab+b* = 4 so0 if P(a,b) lies on C then so does

d -2 d b—2
Q(—a, —b). By implicit differentiation (see Exercise 41), Y _ Y72 \When o = a,y = b then W _ a’ and
de  2y—= dr 2b—a
dy b—2a
when z = —a,y = —b, then — = , so the slopes at P and @ are equal.
de 2b—a

We shall find when the curves intersect and check that the slopes are negative reciprocals. For the intersection

1
solve the simultaneous equations 22 + (y — ¢)? = ¢? and (z — k)% + y? = k? to obtain cy = ka = 5(:102 +%?). Thus
y—c r—k

22 4+ y? =cy + kzx, or y? — cy = —2? + kz, and = - . Differentiating the two families yields (black)
T y
d d —k
d—y -7 , and (gray) d—y N . But it was proven that these quantities are negative reciprocals of each
x y—c T
other.

d d
Differentiating, we get the equations (black) xﬁ +y =0 and (gray) 2z — 2y% = 0. The first says the (black)

x
slope is _Y and the second says the (gray) slope is —, and these are negative reciprocals of each other.
x Y

(b) z~0.84

(c) Use implicit differentiation to get dy/dx = (2y — 322)/(3y? — 2x), so dy/dx = 0 if y = (3/2)x%. Substitute
this into 2° — 2zy + y* = 0 to obtain 272% — 162° = 0,2% = 16/27, = 2*/3/3 and hence y = 2°/3/3.
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y
2L
1 1 1 X
-3 -1 2
A
3L
46. (a)
(b) Evidently (by symmetry) the tangent line at the point = 1,y = 1 has slope —1.
(c) Use implicit differentiation to get dy/dx = (2y — 32%)/(3y* — 2z), so dy/dx = —1 if 2y — 322 = —3y* +
22,2(y — ) + 3(y — x)(y + ¥) = 0. One solution is y = x; this together with 2% + y3 = 22y yields x = y = 1.
For these values dy/dx = —1, so that (1,1) is a solution. To prove that there is no other solution, suppose y # x.
From dy/dx = —1 it follows that 2(y — z) + 3(y — 2)(y + ) = 0. But y # z, so  +y = —2/3, which is not true
for any point in the first quadrant.
d dy dt d 2y° + 3t2
47. By the chain rule, ﬁ di . . Using implicit differentiation for 2y3t + t3y = 1 we get d—i = ﬁ, but
da 1 dy 2y3 + 3t2y
dr  cost’ > dz ~ (6ty? 4 13) cost”
48. Let P(z0,y0) be a point where a line through the origin is tangent to the curve 22% — 4z + y? + 1 = 0. Implicit

differentiation applied to the equation of the curve gives dy/dx = (2—2x)/y. At P the slope of the curve must equal
the slope of the line so (2—22¢) /Y0 = yo/T0, or Y& = 2x0(1 —x0). But 223 — 4z +y2 +1 = 0 because (g, yo) is on
the curve, and elimination of 3 in the latter two equations gives 2o = 4z¢ — 1, 9 = 1/2 which when substituted
into y2 = 2x0(1 — x¢) yields y2 = 1/2, so yo = £v/2/2. The slopes of the lines are (£v/2/2)/(1/2) = +v/2 and
their equations are y = V2 and Yy = —/2z.

Exercise Set 2.8

3.

dy dx
a =~ a
dy dr dx 1
dx dy
TR
(a) 1+4‘lef 0s ig:—iwhenxzz (b) —+4():OSOZ—:§:—16whenx:3.
dx dy
Sr— + 18y =0
1 dy dy dx V5 dx
— = =2 b — —18~-.8= .
(a)8f3+83fdt 0, = ()8<>dt 85 8=0, - =6V5
dx dy dx dy
22— 4 2y— = 2— 44—
Ta TV T T
dy dy dy
2.3(=5)+2-1%Y —o(—5) 4% YW _
() 2:-3(=5) +2 -1, =2(-5)+4d—, — 0

dzx dzx V3
(b) 2(1+f)f+2(2+f) 6=2—+4-6, E——127:_3ff
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5.

10.

11.

12.

(b) A=2a2
dA dz
— 2 -
(©) G =2
A A
(d) Find aa given that dr = 2. From part (c), aa = 2(3)(2) = 12 ft*/min.
dt =3 dt =3 dt =3
. (b) A=mrZ
dA dr
(C) E = 271'7"@
dA d dA
(d) Find — given that & = 2. From part (¢), — = 27(5)(2) = 207 cm?/s.
dt r=5 dt r=5 dt r=5
av 5dh dr
= mr? — = — 4 2r .
(a) V thsodt 7r( dt+ h— )
., adv . dh dr av 9
(b) Find ry - given that p - =1land = - = —1. From part (a), e - = m[10%(1)+2(10)(6)(—1)] =

—207 in®/s; the volume is decreasing.

1
. (a) £2:x2+y2,80d€:(xdw+ dy)

dat ¢ at Yt

d 1 d 1
(b) Find ‘ given that d—f =3 and d—i =-1 From part (a) and the fact that £ = 5 when = 3 and y = 4,
d 11/ 1 1
= - =% [3 2) +4 (—4)] 10 ft/s; the diagonal is increasing.
xdy ydx ,
y 5 ,df dt Yt d0  cos” 0 dy dx
tang = 7 9L — Y _ @y,
(2) tanf =7, sosec” g 2 a2 \"at Va
do d d 1
(b) Find i ) given tha db: - =1 and dZZ - =-7 When =2 and y = 2, tanf =2/2 =1 500:%
Y= = y=
1 do 1/v2)? 1 5
and cos = cos% = 7 Thus from part (a), = - = % [2 <—4) - 2(1)} =~15 rad/s; 0 is decreasing.
., dz . dx dy dz dy 9 2dm dz
Find — that — = —2and =3 = =2 + 3z =(4)(3 12)(-2) =
T VT 7 T PR Vet dr’ dt |-y 1))+ 12)(=2)

—12 units/s; z is decreasing.

dA
Let A be the area swept out, and 6 the angle through which the minute hand has rotated. Find ’ given that

% = % rad/min; A = %TQQ =86, so % = 82—2 % in? /min.

Let r be the radius and A the area enclosed by the ripple. We want % given that % = 3. We know that
t=10

A=7r? so % = 2717“% Because r is increasing at the constant rate of 3 ft/s, it follows that » = 30 ft after 10

seconds so % = 27(30)(3) = 1807 ft/s.

t=10
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d dA dA d d 1 dA
13. Find & given that — = 6. From A = 7r? we get — = 2 so L= = %2 If A =9 then 12 = 9,
dt | 4_g dt dt dt dt  2mr dt
dr 1
r=3/\/mso — =———(6)=1/y/7 mi/h.
dt| gy 27(3/V/7)
. . 4 4 D . .
14. The volume V of a sphere of radius r is given by V = gm‘ or, because r = 0} where D is the diameter,

15.

16.

17.

18.

4 (DY 1 dD dv 1 v 1 __,dD
V = §7r <2> = 67TD3. We want T . given that i 3. From V = 67TD3 we get i §7TDQE,
dD 2 dV dD 2 3
e ay _ 3) = 5 f /min.
it " a0 a ar | T ap®) T gy /min

av d 4 av d dv
Find r L given that ditn = —15. From V = gmﬁ we get e 47rr2d—: 50— L = 47(9)%(—15) = —4860m.

Air must be removed at the rate of 48607 cm?/min.

d d
Let = and y be the distances shown in the diagram. We want to find il given that d—f = 5. From 22 +y? = 172

dt|,_q
d d d d
we get 2xd—f +2yd—‘z — 0, so d—i{ - —gd—j. When y = 8, 22 + 82 = 172, 22 = 289 — 64 = 225, = = 15 so
dy 15 75 : .
yr = —§(5) =3 ft/s; the top of the ladder is moving down the wall at a rate of 75/8 ft/s.
y=8
T /\17
y \
1 \/
D—
d d d d d d
Find d—f s given that d—lt/ = —2. From 22 +3? = 132 we get Qxd—gtc—i-de—?; =0so0 d—gtc = —%d—i Use 22 +y% = 169
dx 5 )
to find that = 12 when y =5 so0 — =——(-2) = - ft/s.
dt| 5~ 12 6

AN
-~

do
Let 6 be the acute angle, and x the distance of the bottom of the plank from the wall. Find — given

dt|,_,

d 1 de 1d
that d—f . =3 ft/s. The variables § and z are related by the equation cosf = 1% SO — sin QE = Ed—f,
do 1 d
=10 Sined—f. When x = 2, the top of the plank is /102 — 22 = /96 ft above the ground so sin 6 = +/96/10

do 1 1 1
and — =——|(—=) = ——= =~ 0.051 rad/s.

dt| _, /96 ( 2) 2v/96 /
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dx d
19. Let z denote the distance from first base and y the distance from home plate. Then 2%24-60% = y? and 2xa =2y dth
x dx 50 125
When z = 50 then y = 10v/61 so — = 25) = — ft/s.
y dt ydt  10v61 (25) V61 /
& .
First
Home
d d d d d
20. Find d—f - given that di: - = 2000. From z? + 52 = 3% we get 2xa =2 dit/ ditc gd—i Use 22 +25 = 32
d V4l
to find that y = v/41 when o = 4 so d—f = - (2000) = 500v/41 mi/h.
=4
Rocket
A
// I
PP
- |
Rad. al I
adar
station &I 5 mi I
d d dy d d d
21. Find d given that @ = 880. From y? = 22 + 3000% we get 2y— = 2z —w —y . x. If
dt |,_ 4000 At |._ 4000 dt at > dt y dt
dy 4000

x = 4000, then y = 5000 so —

= 704 ft
Bt = 2oog (880) = 704 ft/s.

Rocket

7
7
- |
- |
2
i |
Camera // I

ﬁ«— 3000 ft ———

d d d d
22. Find & given that a9 = 0.2. But z = 3000 tan ¢ so e 3000(sec? ¢) — d¢ do = 3000 (sec 7) (0.2) =
i P— dt | y—r /g dt dt’ dt $r /4 4
1200 ft/s.

23. (a) If z denotes the altitude, then r—z = 3960, the radius of the Earth. 6 = 0 at perigee, so r = 4995/1.12 ~ 4460;
the altitude is = 4460 — 3960 = 500 miles. 6 = 7 at apogee, so r = 4995/0.88 & 5676; the altitude is
x = 5676 — 3960 = 1716 miles.

(b) If 6 = 120°, then r = 4995/0.94 = 5314; the altitude is 5314 — 3960 = 1354 miles. The rate of change of the
dv dr drdf  4995(0.12sin6) df .

—=——=—————-=—_ Use § =120° and df/dt = 2.7° = (2.7 180
At dt  dodt  (1+012cos@) dt” ° and d/ fmin = (2.7)(r/180)
rad/min to get dr/dt ~ 27.7 mi/min.

altitude is given by —

d do
24. (a) Let x be the horizontal distance shown in the figure. Then = = 4000 cot ¢ and d—i = —4000 csc? GE, SO

dg sin® 0 da :
T = 1000 & Use § = 30° and dz/dt = 300 mi/h = 300(5280/3600) ft/s = 440 ft/s to get df/dt =
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—0.0275 rad/s ~ —1.6°/s; 0 is decreasing at the rate of 1.6°/s.
(b) Let y be the distance between the observation point and the aircraft. Then y = 4000cscf so dy/dt =
—4000(csc 6 cot 0)(df/dt). Use 8 = 30° and df/dt = —0.0275 rad/s to get dy/dt ~ 381 ft/s.
. dh . dv . . 1 5 .
25. Find T given that o 20. The volume of water in the tank at a depth h is V = gﬂ"l” h. Use similar
h=16
2
10 1 5 25 dVv 25 dh dh
triangles (see figure) to get % =507 = —h thus V = 3™ (12h> h = @ﬂh?’, i mﬂ'fﬂg; i
144 dV dh 144 9
- = = ——(20) = — ft/min.
rh? At dt|, . Zoe(16) 20 T gor [b/min
r
24
h
h dv 1 1 (hY 1 v 1 ,dh
26. that — = 8. V = —ar?h, but —fh V=cn|l=|h=—=rhd — = —ah’>—
a |, Even that gn T % 3 (2) 27 A T A
dh 4 dV dh 4 8
= 8 = — ft/min.
dt — whZ At dt |, (8) = g ft/min
av dh 1 1 1_(hY 1 v 1 ,dh dV
27. Find — i that — = 5. V = —mr?h,butr = —hsoV = -7 | = | h= —7h3, — = —7h®>—, — =
T P 7 gl DI T oY = aT <2) 127 T T A e dt |,y
0)%(5) = 125 ft*/min.
28. Let r and h be as shown in the figure. If C' is the circumference of the base, then we want to find d—f given
h=8
dv 1 dC dh 1
that o 10. It is given that r = fh, thus C = 27r = 7wh so o WE. Use V = §7TT2h = Eﬂh?’ to get
v 1 2dh S0 dn_ 4 4V Substitution of dn into ac ives E 1 4V S0 ac 1 —(10) = >
at 4" A A T wn? dt dt at 8V g T n2ar  dt|,_, 64 8
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ft /min.

dh d 1
29. With s and h as shown in the figure, we want to find q given that £ = 500. From the figure, h = ssin30° = 58

dh 1ds 1 )
w5 2(500) = 250 mi/h.

Ground
d d dx d d d
30. Find d—f . given that dit’ = —20. From 22 + 102 = 2 we get QxE =2 d—i d—f %d—@t/ Use 22 + 100 = 32
to find that x = /15,525 = 154/69 when 125 so dz 125 (—20) b0 The boat is approachin
= = W = _— = — = —
v= dt|,_ 155 15/69 31/69 bp 5
the dock at the rate of 00 ft /min.
3v69
Boat
d d dx d d d
31. Find diz given that dit” T — —12. From 22 4 10? = 32 we get 23;5 -9 dié S0 dig Editﬁ Use 22 + 100 = 32
d 1569 36169
to find that x = /15,525 = 15v/69 when y = 125 s d:l; 195 (—-12) = — T The rope must be pulled at
36169
the rate of 95 ft /min

dx d
32. (a) Let z and y be as shown in the figure. It is required to find — e , given that Y _ —3. By similar triangles,

dt
T T4y 1 dx ldy 1

- 18z = 61 + 6y, 120 = 6y, & — _ldy 1 a3
6= 18 o 18 =02+406y, 120 =0y, x =3y, 50 = 57 = 5(=3) = =5 ft/s
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Light

p
18
Man
Shadow, 6
—
i

(b) The tip of the shadow is z = x + y feet from the street light, thus the rate at which it is moving is given by

dz dxr dy dx 3 dy dz
e _ 2 Wy f hat — = —= when — = -3 so — = (-3/2 —3) = —9/2 ft/s; the ti
p dt+dt n part (a) we found that o 5 When — 3bOdt (=3/2) + (-3) 9/2 ft/s; the tip
of the shadow is moving at the rate of 9/2 ft/s toward the street light.
d dg 2 d do d
33. Find &% given that — = =TT rad/s. Then x = 4tané (see figure) so @ ec? §—, & =
dt 0= /4 dt 10 5 dt dt’ dt 0—r /4
(sec (751-) = 8n/5 km/s.
| X
|
|
4 0
.
|
|
Ship
. dz . dx dy
34. If x, y, and z are as shown in the figure, then we want — given that i —600 and U = —1200.
z=2, m:2,
y=4 y=4
d dy d 1/ d d
But 22 = 22 + 42 SOQZE—Q d—f + 2 dfztl di_z<xdftv+ di) When 2 = 2 and y = 4, 22 = 22 4 42 = 20,
1 3000
20 = 2¢/5 so — ——_[2(—=600) + 4(—1200)] = ——— = —600v/5 mi h; the distance between missile
=V dt T3 \/5[ (—600) + 4( )] 7 /
and aircraft is decreasmg at the rate of 6005 mi/h.
Aircraft
e
y :
Mlssﬂe
) dz ) dx dy . 2
35. We wish to find I given — = —600 and y = —1200 (see figure). From the law of cosines, z* =
r=2, =2,
y=4 y=4
dz dx dy dy dr dz
2 22 120° = 22 2 _2zy(—1/2) = 22 2 2.2 — 9,2 2y— — =
ml—i—y xzcos 0 xd+y xy(—1/2) = 2% 4+ y* + zy, so i dt+ dt+ dt+ T d
2 {(Qx—ky)dt +(2y—|—aﬁ)dﬂ. When 2 = 2 and y = 4, 22 = 22 + 42 + (2)(4) = 28, s0 z = /28 = 21/7, thus
z
dz 1 4200

= [(2(2) +4)(—600) + (2(4) + 2)(—1200)] = — —600v/7 mi/h; the distance between missile

22V

y=4

dt N
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36.

37.

38.

39.

40.

and aircraft is decreasing at the rate of 6007 mi/h.
P Aircraft

Missile

(a) Let P be the point on the helicopter’s path that lies directly above the car’s path. Let z, y, and z be the
d d
given that d—f = —75and d—i = 100. In order to find an equation

d
distances shown in the first figure. Find d—j
=2,

y=0
relating x, y, and z, first draw the line segment that joins the point P to the car, as shown in the second figure.

Because triangle OPC is a right triangle, it follows that PC has length /22 + (1/2)2; but triangle H PC is also a
. . 2 dz dz dy dz 1 dx dy

ht t 1 2:( 2—4—122)—4—2: 24942 +1/4and 2 =2r—+2y—+0, — = — + vy
right triangle so z x2 4+ (1/2) Yy =a"+y /4 and 2z— 7 dt Y 0, g\ Tty

L [2(=75)+0(100)] =

Now, when z =2 and y = 0, 22 = (2)% + 02+14:174,z:m2so— = —
y (22 + (0)? +1/4 =17/ 2% 5. =

—300/+/17 mi/h.
North
Fmis_ p
%mi P , | \\\

y L' X C‘a.r East BTN

West <
es P
Z Z
Helicopter a

d
(b) Decreasing, because d—i <0.

d 8 8
(a) We want ‘ given that d—f = 6. For convenience, first rewrite the equation as zy® = 5 + gy2 then
z=1,
y= 2 y=2
dy dr 16 dy dy Y3 dx dy 23 )
3oy 2 2 oge 2 =—————(6) = —60/7 units/s.
16 ’ o 16
dt dt 5 dt dt 2y 3xy2 dt dt y=;. 7(2) _ 3(1)22
5 5
: dy
(b) Falling, because I < 0.
d d d dy d 2y d
Find d given that i = 2. Square and rearrange to get z° = y% — 17, so 3z° — T =2y oot _ y2 —y,
(2,5) (2.5) dt Ya dt ~ 322 dt
dz (5) 5 .
— = = ) (2) = = units/s.
dt |5 5 6 3
The coordinates of P are (z,2z), so the distance between P and the point (3,0) is D = /(z — 3)2 + (22 — 0)2 =

dD d aD 5T — 3 d dD 12
V52 — 62 +9. Find — given that & =-2. i T s0 &2 =—(-2)=-4

dt |,_s dt|,_4 dt  VBa? —6x 19 dt’ dt |,_s /36
units/s.

. . . dD . dz
(a) Let D be the distance between P and (2,0). Find = given that % =4. D= /(z—2)24y% =
=3
a0 2z-3 da: dD 3
r—22+r=vV22-3rx+4,s0 — = 4—3un1tss
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de d
(b) Let 6 be the angle of inclination. Find — given that R =4 tanf = L = Ve , SO
dt|,_4 dt |, 4 x—2 T —2
de z+2 dxr df z+2 dx 1 de
2 2
sec’— = ————— — = —cos"0———-—. Wh =3, D=2 == d— =
VR T T oz(e—22dt dt O a(r — 2)2 dt o so R = g an -
15 5
————(4) = ———= rad/s.
42\/3( ) 23 /
dx dy 9 . e . dy
41. Solve — pri 3d— given y = z/(x2+1). Then y(z2+1) = z. Differentiating with respect to z, (z +1)d +y(2z) = 1.
d dy/dt 1 1
But & = y/dt _ o (22 +1)- +22y =1, 22 +1+62y = 3,22 + 1+ 622 /(2?2 +1) = 3, (x> +1)*+62* —32% -3 =

42.

43.

44.

45.

dx de/dt 3 3
0, 2* + 522 — 2 = 0. By the quadratic formula applied to z2 we obtain 2% = (=54 +/25 + 8)/2. The minus sign is

spurious since z2 cannot be negative, so 22 = (—5 ++/33)/2, and x = 44/ (—5 + /33)/2.

dy

321 d—+18 Y. it _

dx dx 16 256
— hen (322 +1 =0,320+18y =0,y = ——ua, so 1622 +9=——z% = 144
o o o t;«éO,t en (32x+ 8y)d =0,32z+18y =0, y g & 50 6x —|—981x ,
400 81 9 9 169 16 9 16
o r? = 144, 2% = 25 &= :I:g. If x = 5 then y = 95 "% Similarly, if z = —5 then y = = The
oints are 9 _16 and 916
P 55 55 )
. . s 1 1 1 1 ds 1 dS
Find ar| .. given that 7 o = —2. From 3 + 5 T % we get g ea - Y SO
dS S? ds 1 1 1 dS 225
— = ———. If s = 10, then — + — = = which gives S = 15. So — = ——(-2) =45 3.
dt s2at o ° Mgt g T g Whehaves © |y, 1002 cm/s

The image is moving away from the lens.

Suppose that the reservoir has height H and that the radius at the top is R. At any instant of time let h and

dh
r be the corresponding dimensions of the cone of water (see figure). We want to show that I is constant and

d
independent of H and R, given that g —kA where V is the volume of water, A is the area of a circle of radius

1
r, and k is a positive constant. The volume of a cone of radius r and height h is V = §7TT2h. By similar triangles

r R R 1 (RY av dh av
— = —,r= —hth =_n(=|n — = 22", But it is gi hat — = —kA
W I r Hh thus V 37‘(‘ <H) h”, so 7 T (H> h 7 ut it is given that 7 kA or, because

2 2

dv d

A ) h?, a —km <f1> h?, which when substituted into the previous equation for di‘t/ gives

RY  ,dh dh

— | h?=, and — = —k

i <H) a’
H

dr
Let r be the radius, V the volume, and A the surface area of a sphere. Show that — is a constant given

dt
av 4 av d
that i —kA, where k is a positive constant. Because V = gm“?’, - 47r7"2d—:. But it is given that
dv \% dv
o —kA or, because A = 4mr?, i —47r?k which when substituted into the previous equation for s gives
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—4mr?k = 47rr2%, and % = —k.

46. Let = be the distance between the tips of the minute and hour hands, and a and g the angles shown in the
figure. Because the minute hand makes one revolution in 60 minutes, CCZT(; = 2—8 = 7/30 rad/min; the hour
hand makes one revolution in 12 hours (720 minutes), thus % = % = 7/360 rad/min. We want to find
Z—f o given that Cfl—? = /30 and % = 7/360. Using the law of cosines on the triangle shown in the

p=3m/2
figure, 22 = 3% + 42 — 2(3)(4) cos(av — B) = 25 — 24 cos(a — fB), so 21:((% = 0+ 24sin(a — B) (Cclg - Zf),
Z—f = 1:53 (Cfg - Zf) sin(a — B). When o = 27 and 8 = 37/2, 22 = 25 — 24 cos(2m — 37/2) = 25, z = 5; so
(ji—f e T % (m/30 — 7/360) sin(2r — 37/2) = % in/min.

p=3m/2

47. Extend sides of cup to complete the cone and let Vy be the volume of the portion added, then (see figure)

1 ro4 1 1 1_(hY 1 v 1 ,dh
V = §7T7"2h—vo where E = E = g SO T = gh, and V = 371'(3)]74_% = ?777113_‘/0, E = §7Th2a,
a9 av a9 w0
dt — wh?dt’ dt|,_, m(9)? 97 ’
|
T ]
|
\ | 2 T
I NSk
6 \\ :/// J
1 N

Exercise Set 2.9
L (a) f(x)=f)+f()(x—1)=1+3(z-1).
(b) f(1+Az)~ f(1)+ f'(1)Azx =1+ 3Az.
(c) From part (a), (1.02)% ~ 1 4 3(0.02) = 1.06. From part (b), (1.02)® ~ 1 + 3(0.02) = 1.06.
2. (a) f(@)= f2)+ [ (Q(@—2)=1/2+(-1/2%)(z - 2) = (1/2) — (1/4)(z - 2).
(b) f(2+ Az) = f(2) + f'(2)Az = 1/2 — (1/4)Az.

(c¢) From part (a), 1/2.05 ~ 0.5 — 0.25(0.05) = 0.4875, and from part (b), 1/2.05 ~ 0.5 — 0.25(0.05) = 0.4875.
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10.

11.

12.

13.

14.

. (b) The approximation is v/ & /T +

1
. flx) = and zop =0, so

3. (a) f(x) =~ f(zo) + f'(x0)(x —x0) = 14 (1/(2V1)(z — 0) = 1 + (1/2)z, so with £ = 0 and z = —0.1, we have
V0.9 = f(—0.1) =~ 1+(1/2)(=0.1) = 1—-0.05 = 0.95. With z = 0.1 we have v/1.1 = f(0.1) ~ 1+(1/2)(0.1) = 1.05.

y
: = V\dy
Ay | Ay
AN

|

Sl

| |

| |
| | 5

(b) 0.1 0.1

(x —x0) >/ which is equivalent

\ﬁ(xf:ro), so show that \/zg+

1

2\/.’170
T /T T 1 1

to g(z) = V& - 57— < Y57 But g(xo) = Y37, and ¢/(x) = NN

positive for x < xg. This shows that g has a maximum value at x = g, so the student’s observation is correct.

which is negative for z > z¢ and

. f(@) =1+ 2)" and 29 = 0. Thus (1 + 2)'° =~ f(x0) + f'(z0)(x — zo) = 1 + 15(1)*(z — 0) = 1 + 15z.

=~ f(zo) + f'(zo)(x — x9) =1+ r—0)=1+=z/2.

1 1
Vi—=x Vi—x 2(1_0)3/2(

tanz ~ tan(0) + sec?(0)(x — 0) = .

Loyt
1+2  ~ (1+0)2

(x—0)=1-u=z.

Lt ()P +4(1)3(z —1). Set Az =2 — 1; then 2 = Ax + 1 and (1 + Az)* = 1 + 4Ax.

1
\/E%\ﬁ—i—ﬁ(x—l),andx:l—l—Ax,so\/l—i—Ax%l—l—Ax/Q.
1 1 1 1 1 1
~ — -1 d 2 =3+ A ~ - — —Ax.
22 a1 prp@ T Dand2ee=3+Arso smmm A g - oA

(4+2)3 =~ (4+1)34+3(4+1)%(xz — 1) so, with 4 + 2 = 5+ Az we get (5 + Ax)? ~ 125 + T5Ax.

1 .
f(|a:):\/x+3andx020,sox/x—|— %\/§+m( 0) = V3 + \/ga: and’ (z) — <f+\/§x)‘<0.11f
z| < 1.692.

-2/ 2

Z0.1
|f(x)— (3 + %x)|

1 1 1 1 1 1 1 1
f(a:)z\/9_9650\/g_x%\/§+2(9_0)3/2(m—0)=3—|—54x,and‘f(m)—(3 54)

< 0.1if |z < 5.5114.
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0.06

-6 S - = 6
0

Fo = (4 + £

15. tan 2z ~ tan 0 + (sec?0)(2z — 0) = 2z, and |tan 2z — 2| < 0.1 if |z| < 0.3158.

0.06

-0.8 \& - 0.8
0
|f(x) = 2«

16 ! L —5(2) (£ —0) =1—10z, and |f(z) — (1 —10z)| < 0.1
. =~ z—0)=1-10z, an z)— (1 —-10x 1.
(14+2z)5 "~ (14+2-05 ' (142-0)8

0.12
—0.04 \& , =~ 0.04
0

[f() = (1 - 10x)]
17. (a) The local linear approximation sinz ~ = gives sin1° = sin(7/180) ~ 7/180 = 0.0174533 and a calculator
gives sin 1° = 0.0174524. The relative error |sin(mw/180) — (7/180)|/(sinw/180) = 0.000051 is very small, so for

such a small value of z the approximation is very good.

(b) Use 29 = 45° (this assumes you know, or can approximate, v/2/2).

44 45 447 44
(c) 44° = Fj(; radians, and 45° = Fj(; = % radians. With x = 130 and zp = % we obtain sin 44° = sin é
44
sin% + (cos %) (1875 - D ‘2[ T ‘2[ (180) — 0.694765. With a calculator, sin 44° = 0.694658.

18. (a) tanz =~ tan0 + sec?0(z — 0) = z, so tan2° = tan(27/180) ~ 27/180 = 0.034907, and with a calculator
tan 2° = 0.034921.

(b) Use 2y = 7/3 because we know tan 60° = tan(m/3) = /3.

1
(c) Withzo = g = %andx— ?80 we have tan 61° —tan% ~tan3+(se(32 g) <67r_7r) — V344 =

1.8019, and with a calculator tan 61° = 1.8040.

19. f(z) = 2%, f'(z) = 423, 29 = 3, Az = 0.02; (3.02)* =~ 3% + (108)(0.02) = 81 + 2.16 = 83.16.
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20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

flz) =23, f(x) = 322, 39 = 2, Az = —0.03; (1.97)% ~ 23 + (12)(—0.03) = 8 — 0.36 = 7.64.

_ ) — L _ _ 1 ~ LT
f(x)_\/i,f(a;)_Qﬁ,xo_m,m_l,ﬁ~¢61+16(1)_8+16_8.0625.

f@) =V, f'(z) = ﬁ zo =25, Aw=—1; V24~ V25 + %(—1) =5-0.1=49.

1 1
flx) =z, f'(z) = 5 0 =81, Az = —0.1; V80.9 ~ /81 + 1—8(—0.1) ~ 8.9944.

Jz

1 1
flz) =, f(z) = N 36, Az = 0.03; v/36.03 ~ V36 + 5(0.03) = 6 +0.0025 = 6.0025.

f(z) =sinz, f'(z) = cosz, zg =0, Az = 0.1; sin0.1 & sin 0 + (cos0)(0.1) = 0.1.

f(z) =tanz, f'(z) = sec® x, 1o = 0, Az = 0.2; tan 0.2 ~ tan 0 + (sec? 0)(0.2) = 0.2.

1 3
f(z) =cosz, f'(x) = —sinx, xg = 7/6, Az = 7/180; cos 31° ~ cos 30° + (—2> <%) = g - % ~ 0.8573.

(a) Let f(z) = (1+2)* and 29 = 0. Then (1 +2)* ~ 1% + k(1)*~*(2 — 0) = 1 + k2. Set k = 37 and x = 0.001 to
obtain (1.001)37 ~ 1.037.

(b) With a calculator (1.001)37 = 1.03767.
(c¢) It is the linear term of the expansion.

V/8.24 = 81/3/1.03 ~ 2(1 + 10.03) ~ 2.02, and 4.08%/2 = 43/21.02%/2 = §(1 + 0.02(3/2)) = 8.24.

6° = /30 radians; h = 500 tan(/30) ~ 500[tan 0 + (sec? 0)—=] = 5007 /30 ~ 52.36 ft.

uy
30

(a) dy = (-1/2*)dz = (-1)(-0.5)=05and Ay=1/(x +Ax) —1/z=1/(1-05)-1/1=2—-1=1.

27A IA
y;
dy=0.5
17

(b) 05 1

y

T~

(a) dy = (1/2y/@)de = (1/(2-3))(—1) = —1/6 ~ —0.167 and Ay = vz + Az — /7 = /9 + (1) —vI = V8—3 ~
—0.172.

Ay

3r Tf dy=—0.167
I

a;\: ~0.171

(b) § 9
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33. dy = 3z%dx; Ay = (x + Ax)® — 2% = 2 + 322 Az + 32(Ax)? + (Az)® — 2° = 32°Ax + 3x(Ax)? + (Ax)®,
34. dy = 8dx; Ay = [8(z + Azx) — 4] — [8x — 4] = 8Ax.

35. dy = (22 —2)dx; Ay = [(z+Ax)? —2(z+Az) +1] - [2% — 22+ 1] = 2%+ 22 Az +(Az)? 22— 2Az+1—-22+22—1 =
2z Az + (Ax)? — 2Ax.

36. dy = cosz dx; Ay = sin(x + Azx) — sinz.
37. (a) dy = (1222 — 14x)dx.

(b) dy = xd(cosz) + cosx dx = x(—sinz)dx + cosxdx = (—zsinz + cos z)dz.
38. (a) dy = (—1/2?)dx.

(b) dy = 5sec? zdx.

x 2 -3z
39. dy=(vV1l—2— — | do = ———dx.
(a) dy ( v 2\/1—a:> W
(b) dy=—17(1+ z)"¥dz.
(23 = 1)d(1) — (V)d(z® — 1)  (2® —1)(0) — (1)322dz 322
40. dy = = = _ dz.
@ Y (@17 o
(b) dy = (2 — 2)(—32?)dz — (1 — 23)(~1)dz _ 223 — 622 + ldx.
(2—=)? (2—=x)
41. False; dy = (dy/dx)dzx.
42. True.
43. False; they are equal whenever the function is linear.
44. False; if f/'(z9) = 0 then the approximation is constant.
45. d —de x=2,dr=0.03; Ay = d —§(003)—00225
. y_2/731,72 ) — 4 — Y. ) y= y_4 . — Y. .
x
46. dy = ——=dz, x = 1, de = —0.03; Ay =~ dy = (1/3)(—0.03) = —0.01.
Y y~dy = (1/3)( )
47. d —id — 9 dr = —0.04 Ay~ dy = - (—0.04) = 0.0048
* y_($2+1)2 X, T = 4, AT = . 9 yN y— 25 . == U. .
4x
48. dy= | ———+ V8x + 1 ) dx, x = 3, de = 0.05; Ay ~ dy = (37/5)(0.05) = 0.37.
v= (o 4 VBT L) o =3, o = dy = (37/5)(0.05)

49. (a) A = z? where x is the length of a side; dA = 2z dx = 2(10)(40.1) = 42 ft>.

dr £0.1
(b) Relative error in x is within — = —— = £0.01 so percentage error in x is £1%; relative error in A is within

T 10
dA  2zd d
u = Lf =% = 2(+£0.01) = 40.02 so percentage error in A is +2%.
x x
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50. (a) V = 2 where x is the length of a side; dV = 3x?dx = 3(25)%(41) = £1875 cm?.
. o de £ L . . o
(b) Relative error in x is within — = o = +0.04 so percentage error in x is +4%; relative error in V is within
x
av  32%d d
7= % - 3% = 3(40.04) = +0.12 so percentage error in V is £12%.
3
51. (a) z = 10sinf, y = 10cosf (see figure), dz = 10cosfdf = 10 (COS%) (i%) =10 ({) (ilwﬁ> R~
T T 1 T
40.151 in, dy = —10(sin §)df = —1 ( 7>(ﬁ:—>:71 - (j:—) ~ +0.087 in.
0.151 in, dy 0(sin 0) 0 ( sin 5 180 0 3 180 0.087 in
10”
X
\e
y
d
(b) Relative error in z is within f = (cot H)df = (cot %) (i%) =3 (i%) ~ +0.030, so percentage error
d 1
in x is & +3.0%; relative error in y is within Zy = —tanfdf = — (tan %) (i%) = 7% (i%) ~ £0.010, so
percentage error in y is =~ +1.0%.
52. (a) = = 25cotf, y = 25csch (see figure); do = —25csc® 0dfh = —25 (csc2 f) (j:i> = —25 4 (:ﬁ:i> R~
' - Y= sHre) o = - 3)\"360) 3)\ 360/ ~
2 1
+£0.291 em, dy = —25 csc§ cot §df = —25 (csc g) (cot g) (ig%) — 95 <\/§> <\/§> (i%) ~ £0.145 cm.
y 25cm
A
X
d 20 4/3
(b) Relative error in z is within & B Ty = _ 48 (:tl> ~ £0.020, so percentage error in x is
x cot 1//3 \" 360
d 1
~ +2.0%; relative error in y is within Y cotfdd = —— (:ti) ~ 40.005, so percentage error in y is
y /3 \7360
~ +0.5%.
53 it (2k/r)dr —2ﬁ but ar_ +0.05 so ar _ —2(£0.05) = £0.10; percentage error in R is +10%
"R (k/r2) r’ ro R )= =LA P & -
54. h = 12sin6 thus dh = 12cosfdf so, with 6 = 60° = 7/3 radians and df = —1° = —x /180 radians, dh =
12 cos(m/3)(—n/180) = —7/30 &~ —0.105 ft.
1
55. A= 1(4)2 sin 20 = 4 sin 26 thus dA = 8 cos 20d# so, with § = 30° = 7/6 radians and df = +15" = +1/4° = +7/720
radians, dA = 8 cos(/3)(£nm/720) = £7/180 ~ 40.017 cm?.
dA  2zd d d dA
56. A = x? where z is the length of a side; a = % = 2%, but ?a: = +0.01, so u = 2(£0.01) = +0.02;

percentage error in A is +2%
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. d 2d d d d
57. V = 23 where z is the length of a side; 7‘/ = ?;acigac = 3£ , but @ _ +0.02, so 7‘/ = 3(£0.02) = +£0.06;
x x x

percentage error in V' is +6%.

d 4mtr2d d d d
58. —V L - 31, but —V = =£0.03 so 31 = £0.03, - 40.01; maximum permissible percentage error in r
Vo 4rr3/3 r % r r
is +1%.
1 dA D/2)dD dD dA dD
59. A = Ztz where D is the diameter of the circle; a = % = 267 but 0= 40.01 so 26 = +0.01,
dD
o= +0.005; maximum permissible percentage error in D is +0.5%.
60. V = 3 where z is the length of a side; approximate AV by dV if x = 1 and dz = Az = 0.02, dV = 32%dz =

3(1)2(0.02) = 0.06 in®.

61. V = volume of cylindrical rod = 7r2h = 7r2(15) = 157r?; approximate AV by dV if r = 2.5 and dr = Ar = 0.1.
dV = 30mr dr = 307(2.5)(0.1) ~ 23.5619 cm?.

2 _ o T g 4P LdD
Vi VI2VI JiVL P 2L

1
Thus the percentage error in P is ~ 3 the percentage error in L.

1
62. P = so the relative error in P = 5 the relative error in L.

63. (a) a=AL/(LAT)=0.006/(40 x 10) = 1.5 x 107°/°C.
(b) AL =2.3x 107°(180)(25) ~ 0.1 c¢m, so the pole is about 180.1 cm long.

64. AV = 7.5 x 107%(4000)(—20) = —60 gallons; the truck delivers 4000 — 60 = 3940 gallons.

Chapter 2 Review Exercises

fA)-fB) _ @2/2-(3)?%2 T

2. (a) Mgec = = =

4-3 1 2
o flw)y—fB) . w?/2-9/2 . w'-9 . (w+3)(w-3) . w+3
(B) moan = o e T T e T A s A 2w a2 o
_ 2 2 _ 2 2 2 _ .2
(©) muan = lim L =S@ w2 2w e v
wor W — T w— w—x w—z 2(w—x) woz
ol /
B Tangent
: //Secant
I I | /I \x
(d) /4 5
_ 2 1) — 2 1 2 _ .2
3. (a) mtan:hInM: g D@D W = lim (w+ z) = 2.
w—zT w—-2x w—zT w—2x w—r W —T w—T

(b) Man = 2(2) = 4.
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. Uinst = lim
h

. To average 60 mi/h one would have to complete the trip in two hours. At 50 mi/h, 100 miles are completed after

two hours. Thus time is up, and the speed for the remaining 20 miles would have to be infinite.

3(h +1)%5 + 580h — 3 1 d, 55 1 15
= _— : = —_— 2. 1 — . ft .
im on 58+ 15 -3¢ . 58+ 15(2:5)(3)(1) 58.75 ft /s

1 =/ 20
6. 164 ft/s 0
3(3)2+ 3] —[3(1)2 +1
7. (Q) Vaye = [33)" +3] = [3(1)" + ]:13mi/h.
3-1
B+t -4 L B+t -1 L
(b) Vinst = tlllgl tli—l = tlllgl tl——l = tlllgll(Stl + 4) =7 ml/h
—4 h) — —4 — - 9-
9. (a) Y = 1im VOt h) VI 9wt h) (90— dr)
dr  h—0 h h=0 h(\/9 — 4(z + h) + /9 — 4z)
. —4h —4 -2
= lim = = .
h=0h(\/9—4(z+h)+V9—4z) 2V9—-4z V9—4z
x+h x
d N h 1) — h+1 h 1
(b) Y iy 2 F] m'i_lzlim(:r—k Jetl)—al@tht ):im = .
dr  h—0 h h—0 hx+h+1)(x+1) 0 h(x+h+1)(z+1)  (z+1)2
10. f(x) is continuous and differentiable at any = # 1, so we consider x = 1.
(a) lim (2 —1) = lim k(z —1) =0 = f(1), so any value of k gives continuity at = = 1.
z—1— z—1+
(b) lim f'(z)= lim 2z =2,and lim f'(z)= lim k =k, so only if k = 2 is f(z) differentiable at = = 1.
r—1- r—1- x—1t z—1t
11. (a) €T = *23 717 173 (b) (7007 72)3 (717 1)3 (3a +OO) (C) (*23 71)7 (173)
(d) ¢"(x) = f"(z)sinx + 2f'(x) cosx — f(z)sinz; ¢’ (0) = 2f'(0) cos0 = 2(2)(1) = 4
y
1
X
12.
. 10—-2.2 - . . . .
13. (a) The slope of the tangent line ~ 5050 — 1950 — 0.078 billion, so in 2000 the world population was increasing

at the rate of about 78 million per year.

N .
(b) dT/dt ~ % =0.013 = 1.3 %/year
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14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

When 2t —z—1 >0, f(z) = 2* —22—1; when 2 —2—1 < 0, f(z) = —2?+1, and f is differentiable in both cases.
The roots of 2% —x — 1 = 0 are 21 ~ —0.724492, 25 ~ 1.220744. So 2* — 2 — 1 > 0 on (—o00, 1) and (22, +0),

and z* —2 —1<0on (x1,22). Then lim f'(z) = lim (42® —2) =42} —2and lim f'(z) = lim —42® = —42?

which is not equal to 423 — 2, so f is not differentiable at # = 1; similarly f is not differentiable at x = xs.
1.5

iRanvi

-1.5
(a) f'(z) =2zsinx + 2% cosx (c) f"(z) =4xcosz+ (2 —2?)sinz
1 —2y/xsin 2z —1 —82%/2 cos 2z

1 — ") —

(@) Flo) = (&) ') =
62% 4 8z — 17 118

’ _ " _

o (T4 a2?)sec?z — 2z tanw
(a) f (‘T) - (1 + 332)2
(© f'(x)= (2 + 422 + 22%) sec? z tanx — (4a + 423) sec® v + (—2 + 622) tanz

B (14 22)3

d d
(a) d—vz/ =200(t — 15); at t = 5, d—vf = —2000; the water is running out at the rate of 2000 gal/min.

W(5)—-W(0 10000 — 22500
(b) ( E)) 0 ©) = 3 = —2500; the average rate of flow out is 2500 gal/min.

8- 56 , ,
(a) T — 3 " 28 (b) (dV/dl)|,_5 =3|,_, =3(5)* =175
(a) f'(x)=2x,f'(1.8)=3.6 (b) f(z) = (2 —4x)/(x — 2)2, f(3.5) = —7/9 =~ —0.777778
(a) f'(x) =32% -2z, f/(2.3) = 11.27 (b) f'(x) = (1 —22)/(x®+1)%, f/(-0.5) = 0.48
f is continuous at = 1 because it is differentiable there, thus }Linlo f(1+h) = f(1) and so f(1) = 0 because

—

lim @ exists; f/(1) = lim JEFW=SA) ) JA+ED

h—0 h—0 h h—0 h
Multiply the given equation by 1in12(x —2)=0toget 0= 1in12(x3f(x) — 24). Since f is continuous at x = 2, this
— r—

equals 22 f(2) — 24, so f(2) = 3. Now let g(z) = 23 f(z). Then ¢'(2) = lim 9(x) = 9(2) = lim M

z—2 T —2 z—2 r—2
2P f(x) — 24 / 3 g1 2 ' 3 1 2 /
h_>m2x72:28. But ¢'(x) = z°f'(x) + 32° f(z), so 28 = ¢'(2) = 2°f'(2) + 3 -2°f(2) = 8f'(2) + 36, and
s _

F1(2) = —1.

The equation of such a line has the form y = ma. The points (zg, yo) which lie on both the line and the parabola
and for which the slopes of both curves are equal satisfy yo = mzo = 3 —92% — 162, so that m = 2% —9z¢—16. By
differentiating, the slope is also given by m = 323 — 18x¢ — 16. Equating, we have 22 — 9z — 16 = 323 — 18z — 16,
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or Qx% — 929 = 0. The root g = 0 corresponds to m = —16,y; = 0 and the root zy = 9/2 corresponds to
m = —145/4,yo = —1305/8. So the line y = —16x is tangent to the curve at the point (0,0), and the line
y = —1452/4 is tangent to the curve at the point (9/2, —1305/8).
d
26. The slope of the line z+4y = 10 is m; = —1/4, so we set the negative reciprocal 4 = mg = d—(2x3 —2?) = 62% -2z
x
1++v1424
and obtain 62% — 2x — 4 = 0 with roots x = % =1,-2/3.
a2 — b2
27. The slope of the tangent line is the derivative 3’ = 2x L (atb) = a+b. The slope of the secant is =a+Db,
r=5(a+ a —
so they are equal. ’
y
(b,b?)
(a,a?
L1 X
a atb p
2
g (1) — F(D)g' (1) —2(3) — 1(~1 5
2. (2) S(g()+ () =32 +1(-=-7 (b DL TWIL 2O S0
g9(1) (-2) 4
© —— )= —_z=3 (d) 0 (because f(1)g'(1) is constant)
27 () 212 !
3

29. (a) 8z"— NG 152* (b) 2-101(2z +1)00(522 — 7) +10z(2x + 1)1t = (224 1)199(103022 + 10z — 1414)

30. (a) cosz —6cos® rsinx (b) (1 +secz)(2z —sec?z) + (2% — tanz) secz tanx

31. (a) 20— VBT F I+ — o (p— 12 = DU HD)

' 2V3x+1 o 2Ba+1
3¢+ 1\ 22(3) — 3z + 1)(2z) 3(3z + 1)2(3z + 2)
(b) 3 2 4 - 7
x x x
32. (a) —csc? (CSC 2z > —2(23 + 5) csc 2z cot 2z — 3z% csc 2z (b) — 243 sin.2 mgcosx
z3+5 (23 +5)2 (2z + sin® z)?

33. Set f'(z) =0: f'(z) =6(2)(2x+T7)%(x —2)°+ 522+ 7)%(x—2)* =0,s022+7 =0 or x —2 = 0 or, factoring out
(22 + 7)5%(x — 2)*, 12(x — 2) + 5(22 + 7) = 0. This reduces to x = —7/2, z = 2, or 222 + 11 = 0, so the tangent
line is horizontal at x = —7/2,2,—1/2.

4(a? 4 22)(z — 3)° — (20 + 2)(z — 3)*
34. Set f'(z) =0: f'(z) = (27 + 2)( ( ?;)+ 3 (); +2@=3) , and a fraction can equal zero only if its numerator
x x
equals zero. So either z —3 = 0 or, after factoring out (x —3)3, 4(22 +2x) — (22 +2)(z —3) =0, 222+ 122 +6 = 0,
—-6£v36—-4-3
whose roots are (by the quadratic formula) z = 5 = —3+ /6. So the tangent line is horizontal at
r=3,-3+6.
35. Suppose the line is tangent to y = 2 + 1 at (x9,y) and tangent to y = —2% — 1 at (x,y;). Since it’s tangent to

y = 22 + 1, its slope is 2xg; since it’s tangent to y = —x? — 1, its slope is —2x;. Hence z; = —x¢ and y; = —yo.
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36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

— -2 22 +1 x2+1

Since the line passes through both points, its slope is 1% _ Yo _ Y% _ Tot . Thus 2z¢ = =2 + , SO
r1 — To —2.’170 o Zo o

222 = 23+ 1, 22 = 1, and 29 = £1. So there are two lines which are tangent to both graphs, namely y = 2z and

Yy = —2x.

(a) Suppose y = maz + b is tangent to y = 2™ + n — 1 at (z9,y0) and to y = —a™ —n + 1 at (z1,y1). Then
m = nxg_l = fn:c?_l; since n is even this implies that 1 = —x(. Again since n is even, y; = —z —n+1 =
-z —n+1=—(zf +n —1) = —yo. Thus the points (xo,y0) and (x1,y1) are symmetric with respect to
the origin and both lie on the tangent line and thus b = 0. The slope m is given by m = mcgfl and by
m = yo/xo = (zf +n — 1)/x0, hence nal = af +n—1, (n — 1)af =n—1, zj = 1. Since n is even, xy = £1.
One easily checks that y = nx is tangent to y = 2™ +n — 1 at (1,n) and to y = —2™ —n+ 1 at (—1, —n), while
y = —nx is tangent toy =z" +n—1at (—1,n) and toy = —z" —n+1 at (1, —n).

(b) Suppose there is such a common tangent line with slope m. The function y = 2™ +n — 1 is always increasing,
so m > 0. Moreover the function y = —x™ — n + 1 is always decreasing, so m < 0. Thus the tangent line has

slope 0, which only occurs on the curves for z = 0. This would require the common tangent line to pass through
(0,n — 1) and (0,—n + 1) and do so with slope m = 0, which is impossible.

d

The line y — x = 2 has slope m; = 1 so we set my = d—(Sx—tanx) =3 —sec’z =1, orsec?z =2, secx = +2
T

sox =nmw+7/4 where n =0,£1,+2,....

Solve 322 — cosz = 0 to get x = +0.535428.

3= f(n/4) = (M+N)v2/2and 1 = f'(r/4) = (M—N)+/2/2. Add these two equations to get 4 = v/2M, M = 23/2,
3
Subtract to obtain 2 = V2N, N = /2. Thus f(z) = 2v/2sinz + v2cosz. f’ (Z) = —3, so the tangent line is

3T
y13<:c4>.

f(z) = Mtanaz + Nsecz, f'(z) = Msec?z + Nsecxtanz. At 2 = 7/4, 2M +v/2N,0 = 2M ++/2N. Add to get
M = —2, subtract to get N = /2 4+ M/\/2 = 2v/2, f(x) = —2tanz + 2v2secz. f/(0) = —2, so the tangent line
isy— 22 = —22x.

fl(x) =2xf(z), f(2) =5

(a) g(x) = f(secz), g (x) = f'(secx)secrtanz = 2-2f(2) - 2- /3 = 40/3.

(b) K (z) =4 U(—x)lr @ 1()5/_(:”1)); 1@ h(g) = 4?“2) - 1@ 2 Zf(? — 1) _4.53.5.5 = 7500.
% = %(690—5)_3/4(6).

dy 1 _

= g(ﬁ +2)723(2z + 1).

dy  2*(4/3)(3 — 2x)'/3(=2) — 22(3 — 22)*/®

de x4 ’

(a) 3x2+x%+y—2:0,%:#.

) y=Q+2zx—2%)/z=1/z+2— 2% dy/de = —1/2* — 2z.

dy 2—(1/x+2—2?) — 32?2 9
kA =-1 — 2.
(c) o - /x x
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dy dy dy 1-y
46. —r—y a2 4y=1--2 L= .
(@) ey ==z-y, Tar Y de’ dx x+1
(b) ylr+ 1) =ry= /=
4 N ’y_x—|—17y_(x—|—1)2‘
C _——= = = .
de  x+1 1+ (x +1)2
1 dy 1 dy y?
a7. -~ —0s0o 2 =-L
y2dr  x? 50 Ur x?
dy dy dy dy % -2y
48. 32° — 3y°—= = 6(z—= —(3y* + 62)—= = 6y — 32% s0 —— = .
v . (Idm +y), —By x)dx Yoo S0 y2 + 2z
dy dy dy ysec(zy) tan(zy)
49. (22 t =Y oY .
(QIj dx + y) sec(zy) tan(wy) dx’ dx 1 — xsec(xy)tan(zy)
1 —csc?y)(dy/dz) — (cot y)(— ty)(dy/d d
50. 9p — (LFescy) (= esc®y)(dy/dx) — (coty)(— escy coty)(dy/ w)’%(HCSCy)z — _ esey(escytosc? y—cot?y) Y
(1+ cscy)? dz
d 2x(1
but csc?y — cot?y =1, so & _ _22(1 +cscy) +cscy).
dx cscy
51, Qv _ 37 Py _ (4y)(3) — (3x)(4dy/dx) _ 12y —122(3x/(dy)) _ 12y —9a® _ —3(32” — 4y2)7 but 322 — 4y% —
de 4y’ dx? 1642 162 1693 1693
d? —
Tso oY = 3(7) = 72—1.
dz? 16y3 16y3
2 (y—a:)( Y )—y( Y _1> 2
dy y A%y (y—=)(dy/dr) —y(dy/dz—1) y—x y—z _ oyt —2ay 2
52. — = , — = = = , but y* —
dv  y—a’ da? (y—=)? (y—=)? (y —x)?
d?y 3
2y = —3,80 —2 = ——— .
xy )80 oo TEE
dy dy o y dy dy 2
53. — = tan(ny/2) + x(w/2) == sec*(ny/2), —— =14 (n/4)—= (2), == = .
dx dx dx y=1/2 dx y=1/2 dx y=1/2 2—T

54. Let P(z,yo) be the required point. The slope of the line 42 — 3y + 1 = 0 is 4/3 so the slope of the tangent to
y? = 223 at P must be —3/4. By implicit differentiation dy/dx = 322 /y, so at P, 3x3/yo = —3/4, or yo = —4a?.
But y2 = 2z} because P is on the curve y? = 223, Elimination of yo gives 1623 = 223, 23(8z9 — 1) = 0, so
xo = 0 or 1/8. From yo = —4z3 it follows that yo = 0 when zg = 0, and yo = —1/16 when zo = 1/8. It does not
follow, however, that (0,0) is a solution because dy/dx = 3z%/y (the slope of the curve as determined by implicit
differentiation) is valid only if y # 0. Further analysis shows that the curve is tangent to the z-axis at (0,0), so
the point (1/8,—1/16) is the only solution.

55. Substitute y = maz into 22 + xy + y? = 4 to get 22 + ma? + m?x? = 4, which has distinct solutions z =
+2/v/m? + m + 1. They are distinct because m? +m +1 = (m + 1/2)% + 3/4 > 3/4, so m? + m + 1 is never zero.
Note that the points of intersection occur in pairs (xg,yo) and (—zg, —yo). By implicit differentiation, the slope of
the tangent line to the ellipse is given by dy/dx = —(2z + y)/(x + 2y). Since the slope is unchanged if we replace
(x,y) with (—z, —y), it follows that the slopes are equal at the two point of intersection. Finally we must examine
the special case = 0 which cannot be written in the form y = maz. If x = 0 then y = +2, and the formula for
dy/dx gives dy/dx = —1/2, so the slopes are equal.

56. By implicit differentiation, 322 —y — zy’ + 3y?y’ = 0, so v/ = (322 — y)/(x — 3y?). This derivative is zero when

y = 3z2. Substituting this into the original equation 23 —xy+y* = 0, one has 2% —3234+272% = 0, 23(2723-2) = 0.
The unique solution in the first quadrant is z = 21/3/3,y = 322 = 22/3/3.
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57. By implicit differentiation, 322 —y—xy’ +3y%y’ = 0, s0y’ = (322 —vy)/(x—3y?). This derivative exists except when
x = 3y?. Substituting this into the original equation 3 —zy+y> = 0, one has 27y% —3y3 +y3 = 0, y3(27y>—2) = 0.
The unique solution in the first quadrant is y = 2/3/3,z = 3y? = 22/3/3

58. By implicit differentiation, dy/dz = k/(2y) so the slope of the tangent to y* = kx at (xo,y0) is k/(2y0) if yo # 0.

The tangent line in this case is y — yg = (x — 20), or 2yoy — 293 = kx — kxo. But y2 = kxg because (0, o)

240
is on the curve y?> = kz, so the equation of the tangent line becomes 2yoy — 2kzo = kx — kxo which gives
Yoy = k(z + 20)/2. If yo = 0, then x¢ = 0; the graph of y? = kx has a vertical tangent at (0,0) so its equation is
x =0, but yoy = k(z + z0)/2 gives the same result when xy = yo = 0.

59. The boom is pulled in at the rate of 5 m/min, so the circumference C' = 2rr is changing at this rate, which means
dr dC 1 d dA  dAdr

hat &8 %% L eion) A= p2 T 5/02 22T o21) = —2 h
that il 5/(2m) mr? and o 5/(2m), so o pn 7r(=5/2m) 50, so the area
is shrinking at a rate of 250 m? /min.
do d d
60. Find — s given ji = a and dit/ = —b. From the figure sinf = y/z; when z =y = 1, z = v/2. So 8 = sin"*(y/2)
rz=1
y=1
adda 1 ldy y dz b a he 1
n - = — _ = —0— — W 11 = = 1.
dt ~ JT—y2/22 \zdt  22dt V2 Y
y 2
[
X
61. (a) Az =15-2=—0.5; dy = LI (=0.5) = 0.5; and Ay = LIRS S S
‘ T T AT TR W E G T T g Y T YTas-ny 2-1) -

(b) Az =0—(—n/4) =7/4; dy = (sec?(—n/4)) (n/4) = 7/2; and Ay = tan 0 — tan(—7/4) = 1.

- -0
V25 —22 /25— (0)2

(c) Ax=3-0=3;dy= (3)=0;and Ay =+v25-32 —/25-02=4—-5=—1.

4 4
62. cot46° = cot — om s let zg = il and ¢ = ﬁ Then
180’ 4 180"
' oot T (D) (- D) =1 -2 (BT T g gg1; .
cot 46 cot x =~ cot 1 (csc 1) &7 1-2 <180 1 0.9651; with a calculator, cot 46 0.9657.
2 : o 51 o :
63. (a) h = 115tan¢, dh = 115sec® ¢ dp; with ¢ = 51° = = 1a0" radians and d¢ = +0.5° = £0.5 (180) radians,

h £ dh = 115(1.2349) + 2.5340 = 142.0135 £ 2.5340, so the height lies between 139.48 m and 144.55 m.

) 51
(b) If |dh| < 5 then |d¢| < TiE cos? 8"~ 0.017 radian, or |d¢| < 0.98°.

Chapter 2 Making Connections

1. (a) By property (i), f(0) = f(0+0) = f(0)f(0), so f(0) = 0 or 1. By property (iii), f(0) # 0, so f(0) =

(b) By property (i), () = £ (2 +2) = (£)" > 0. 1 f() = 0, then 1 = f(0) = f(2+(~2)) = f(2)f(~2) =
0- f(—z) =0, a contradiction. Hence f( ) > 0.
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. (a) By the chain rule and Exercise 1(c), y’ = f'(2z) -

(c) f(x) = lim

h—0 h—0 h h—0 h h—0 h

f(@)f(0) = f(=)

%(23:) = f(2z) -2 =2y.

(b) By the chain rule and Exercise 1(c), v’ = f'(kx) - di(kx) = kf'(kzx) = kf(kz).
T

(c)k By the product rule and Exercise 1(c), ¢y’ = f(z)¢'(z) + g(z) f'(z) = f(x)g(z) + g(z) f(z) = 2f(z)g(x) = 2y,
so k = 2.

(d) By the quotient rule and Exercise 1(c), h'(z) = 9(@)f(x) = f(x)g'(x) = 9(@)f (@) = f)g(w) = 0. As we

g(x)? g(x)?
will see in Theorem 3.1.2(c), this implies that h(z) is a constant. Since h(0) = f(0)/g(0) = 1/1 = 1 by Exercise
1(a), h(z) =1 for all z, so f(z) = g(x).

. (a) For brevity, we omit the “(x)” throughout.

(Feg ) =00 B = (o) Gorne (foa)=fegsne (522 g )

dz
:f/gh+fgl.h+fg.h/

(b) (g bk = {7 g )K= (Fg-h) 5 k(7 g)

=f-g-hk+k-(f-g-h+f-g ht+f-gh)=f-g-h-k+f-g hk+f-gh -k+f-gh¥
(¢) Theorem: If n > 1 and fy, ---, f, are differentiable functions of x, then

(fr-for o 'fn)/:Zfl' o fim fi fir o
i=1
Proof: For n =1 the statement is obviously true: f; = fi. If the statement is true for n — 1, then

(fr-foro 'fn)/:%[(fl'fZ' o fum) Sal = (e fam) St s (fu 2 fam)

n—1 n
= fiofor o fur fat fa S fre S Sl S fai =3 o f £ fia o
i=1 i=1

so the statement is true for n. By induction, it’s true for all n.

o

he(flg) = (flg)- 0 h-SEEEE B e g h—fagl

(@) [(ffg)/n) = - - - e

) (/o)) =17/ myy = LT g 0 g hm Folg W hg)

(g'h)2 o g2h?
:f/'g'h_f'gl'h—f-g-h/
g2h2
c (g/h) - f' — [~ (g/hy Lt —f-omgh g hfg hfogH
(c) [f/(g/M)] = (g T2 - T _ g
(d) [f/(g/h)]'—[(f'h)/g]’_g'(f'h)/f(f'h)’gl_9'(f'h'+h!;2f’)f.g'.h_

_f/.g.h_f.g/.h+f.g.h/
= 92
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/
—[g(x)]%¢ (z) = — g(x) By the product rule,

lg()]*

5. (a) By the chain rule, %([g(x)]—l)

(b) By the product rule, f'(z) = %[h(:c)g(x)] = h(z)g'(z) + g(x)h' (z). So
" :L ") — h(x)d (z :L /x_@/x :g(x)f’(:v)—f(x)g’(x)
W (x) @) [f'(z) = h(z)g' ()] @) f'(x) g(x)g( ) Tk :
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